MATH 174E LECTURE NOTE 2: ESSENTIALS OF OPTION PRICING

HANBAEK LYU

1. HEDGING AND REPLICATION IN THE TWO-STATE WORLD

In the previous note, we have determined the price and value of the forward contracts by using
no-arbitrage principle (or replication principle), without assuming how the price of the underlying
asset evolves in time. On the contrary, in case of the options, we do need to consider the evolution
of market to determine their price and value. In this section, we start with the most basic example
— 1-step 2-state (binomial) model. Even though this model is very simple, it contains many of the
essential ideas in option pricing.

Recall that we model the market as a probability space (Q2,[P), where Q consists of sample paths w
of the market, which describes a particular time evolution scenario. For each event E < Q, P(E) gives
the probability that the event E occurs. A portfolio is a collection of assets that one has at a particular
time. The value of a portfolio A at time ¢ is denoted by V. If ¢ denotes the current time, then V/
is a known quantity. However, at a future time T = ¢, qu depends on how the market evolves during
[t, T, soitis a random variable. Also recall the definition of an arbitrage portfolio:

Definition 1.1. A portfolio A at current time ¢ is said to be an arbitrage portfolioifits value V4 satisfies
the followings:

@ vAm =o.

(ii) There exists a future time T = ¢ such that P(VA(T) = 0) = 1 and P(VA(T) > 0) > 0.

Example 1.2 (A 1-step binomial model). Suppose we have an asset with price (S¢);=o. Consider a
European call option at time ¢ = 0 with strike K = 110 and maturity ¢ = 1 (year). Suppose that S = 100
and at time 1, S; takes one of the two values 120 and 90 according to a certain distribution. One can
imagine flipping a coin with unknown probability, and according to whether it lands heads (H) or
tail (T), the stock value S; takes values S;(H) = 120 and S;(T) = 90. Assume annually compounded
interested rate r = 4%. Can we determine its current value ¢ = C;1¢(0,1)2 We will show ¢ = 14/3 =~ 4.48
by using two arguments — hedging and replication.

/ S,(H) = 120

S = 100

\ S,(T) =90

r=4%

t=0 t=1
FIGURE 1. 1-step binomial model

First we give a ‘hedging argument’ for option pricing. Consider the following portfolio at time ¢ = 0:
1
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Portfolio A: [x shares of the stock] + [y European call options with strike 110 and maturity 1].
The cost of entering into this portfolio (at time ¢ = 0) is 100x + cy. Hence the profit of this portfolio
takes the following two values
{ VIA(H) —(100x + cy)(1.04) = [120x + y(120— 110)*] — [104x + (1.04)cy] = 16x + (10— (1.04)c) y
VIA(T) —(100x + cy)(1.04) = [90x + ¥(90 — 110)*] — [104x + (1.04)cy] = —14x — (1.04)c}y.
1)
In order for a perfect hedging, consider choosing the values of x and y such that the profit of this
portfolio at maturity is the same for the two outcomes of the stock. Hence we must have
16x+ (10— (1.04)c)y = —14x — (1.04)cy. 2)
Solving this, we find
3x+y=0. 3)
Hence if the above equation is satisfied, the profit of portfolio A is
VIA —(104x+ (1.04)cy) = —14x— (1.04)c(—3x) = ((3.12)c — 14) x. 4)

If (3.12)c > 14, then portfolio A is an arbitrage portfolio; If (3.12)c < 14, then the ‘dual’ of portfolio
A, which consists of —x shares of the stock and —y European call options, is an arbitrage portfolio.
Hence assuming no-arbitrage, the only possible value of c is ¢ = 14/(3.12).
Second, consider the following portfolio:
Portfolio B: [A shares of the stock] + [ ZCBs maturing at 1].

Here we want to choose A and p so that portfolio B replicates the European call option in this example.

By matching out the payoff in the two cases, this gives
1201+ p=(120-110)* =10 5)
901 +u=(90-110)" =0.

Solving this, we find A = 1/3 and u = —30. Hence for such choices, portfolio B and long one European
call has the same value at maturity. By the monotonicity theorem, their values at current time ¢ = 0
must also be the same. Hence we get

C110(0,1) =100 + uZ(0,1) (6)
=100(1/3) + (-30)(1.04) ! = i (7)
3.12
This is called a replication argument for option pricing. A

2. THE FUNDAMENTAL THEOREM OF ASSET PRICING

The observation we made in Example 1.2 can be generalized into the so-called ‘fundamental the-
orem of asset pricing. For its setup, consider a market where there are n different time evolution
w1, -+ ,wy, between time ¢ = 0 and ¢ = 1, each occurs with a positive probability. Suppose there are
assets AW,-.., A whose price at time ¢ is given by S for i = 1,2,---,m (see Figure 2). For each
l<si<mandl<j<n,define

o profit at time ¢ = 1 of buying one share of asset A"”)
"7\ attime ¢ = 0 when the market evolves via w ;.

(8)
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Let A = (a; j) denote the (m x n) matrix of profits:

a1 12 0 Qln
a1 Q22 -+ Q2p

A= | . . 9
Am,1 Am2 ° Amn

Consider the following portfolio at time ¢ = 0:
Portfolio A: [x; shares of asset AV] +---+ [x,, shares of asset A"™].

5P (wy)
4 51 (@,)

t=0 t=1

5O

FIGURE 2. 1-step n-state model for asset A,

Theorem 2.1 (The fundamental theorem of asset pricing). Consider portfolio A and the profit matrix
A = (aj,j) as above. Then exactly one of the followings hold:

(i) Thereexists an investment allocation (x,- -+, Xm) such that portfolio A is an arbitrage portfolio, that
is, the n-dimensional row vector

a1 @12 0 Qln
a1 Q22 -+ Q2p

[X1,X2,++, Xm] ) ) ) (10)
Am,1 Am2 *° Amn

has nonzero coordinates and at least one strictly positive coordinate.

(ii) There exists a strictly positive probability distribution p* = (py,---, p,) under which the expected
profit of each asset is zero:

a1 a2 o ayn | [P 0
ax1 Q2 - Qn| | P 0 a1
Om1 Am2 °° Amn p:l 0

Remark 2.2. Theorem 2.1 (i) states that the portfolio A is an arbitrage portfolio for some (x1, -, xp,).
The probability distribution p* in the above theorem is called the risk-neutral probability distribution.
Hence Theorem 2.1 states that there is no way to make A into an arbitrage portfolio if and only if there
exists a risk-neutral probability distribution under which the expected profit of each asset A" is zero.
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Example 2.3 (Example 1.2 revisited). Consider the situation described in Example 1.2. Let AV be the
asset of price (S;) ;>0 and A®) denote the European call with strike K = 110 on this asset with maturity
T. Then the matrix A of profits is given by

16 -14
10— (1.04)c —(1.04)c|’

(12)

where ¢ = Cy19(0,1) denotes the price of this European option. Assuming no-arbitrage, the funda-
mental theorem implies that there exists risk-neutral probability distribution p* = (pi‘ , p; ) such that
A(p*)T =07, Namely,

16p* —14pk =0
{ p:—14p} 13

(10-(1.04)c)p; — (1.04)cp; =0
Since pj +p; = 1, the first equation implies p; = 7/15 and p; = 8/15. Then from the second equation,
we get
. 14
(1.04)c=10p; = 3 (14)
This gives ¢ = 14/(3.12). A
Exercise 2.4. Rework Examples 1.2 and 2.3 with following parameters:

So=100, S;(H)=130, $;(T)=80, r=5%, K=110. (15)

Proof of Theorem 2.1. Suppose (i) holds with x = (x1,---, x). We want to show that (ii) cannot hold.
Fix a strictly positive probability distribution p = (p1,---, p»)’, where’ denotes the transpose so that p
is an n-dimensional column vector. By (i), we have

X(Ap) = (xA)p > 0. (16)

It follows that Ap cannot be the zero vector in R”. Hence (11) cannot hold for p* = p, as desired.

Next, suppose that (ii) holds for some strictly positive probability distribution p* = (p],---, p;)".
We use a linear algebra argument to show that (i) does not hold. For each m-dimensional row vector
x = (x1, -, Xm) € R™, one can correspond a n-dimensional column vector xA € R". The condition
(11) says that Ap* = 0, where T denotes the transpose. Hence for each x € R™, by using associativity
of matrix multiplication,

xA)p* =x(Ap*) =x0=0. (17)

This shows that the image of the linear map x — xA, which is a linear subspace of R", is orthogo-
nal to the strictly positive vector p*. Hence this linear subspace intersects with the positive orthant
{(y1,"*,¥n) 1 y1,-+, yn = 0} only at the origin. This shows that (i) does not hold, as desired. O

Exercise 2.5 (A 1-step 3-state model). Consider a 1-step 3-state model, where there are three possi-
ble time evolution w1, w2, ws and a stock with current price Sy = 100 and time-1 price S; (w;) = 120,
S1(wy) =110, S;(w1) = 90. Assume one-time interest rate r = 4% during [0, 1]. Now consider a Euro-
pean call option on this stock with strike price K = 110.

(i) Consider the following portfolio
[Ag shares of the stock] + [Short one call option with strike 110 and maturity 1]. (18)

Can one find Ag such that the above portfolio is perfectly hedged?
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(ii) Consider the following portfolio
[Ag shares of the stock] + [x cash]. (19)

Can one find Ay and x such that the above portfolio replicates one long European call option?
(iii) Write down the (2 x 3) profit matrix whose first and second row corresponds to one share of the
stock and one long European call option, respectively. Show that there exists a risk-neutral
probability distribution p* = (p}, p;, p3), but it is not necessarily unique.
(iv) Based on (i)-(iii), how should one price the European call option at time ¢ = 0? Is it possible at
all? Give your reasoning.

S, (w,) = 120
S, = 100 S, (w,) = 110
S1(w3) =90
| r=4% |

FIGURE 3. A 1-step 3-state model

3. BINOMIAL TREE

In this section, we consider the general binomial model, where each time the stock price can go up
or down by multiplicative factors u and d, respectively.

3.1. 1-step binomial model. Suppose we have an asset with price (S;) ;0. Assume that a future time
t = 1, the stock price S; can take two values S;(H) = Sou and S;(T) = Spd according to an invisible
coin flip, where u, d > 0 are multiplicative factors for upward and downward moves for the stock price
during the period [0, 1]. Assume the aggregated interested rate during [0, 1] is r > 0, so that the value
of ZCB maturing at 1 is given by Z(0,1) = 1/(1 +r).

Consider a general European option on this stock, whose value at time ¢ = 0,1 is denoted V;. We
would like to determine its initial value (price at ¢ = 0) V} in terms of its payoff V;. In the previous
section, we have seen that there are three ways to proceed: 1) hedging argument, 2) replication argu-
ment, and 3) risk-neutral probability distribution.

Proposition 3.1. In the above binomial model, the followings hold.
(i) There exists a risk-neutral probability distribution p* = (py, p;) if and only if
0<d<l+r<u. (20)
Furthermore, if the above condition holds, p* is uniquely given by

_ 1+r)—-d
 u-d

«_u—(Q1+r) 1
pZ_ u—d .

*

P



6 HANBAEK LYU

Stock Option
/ 81 (H) = Sou / v, (H)
SO VO
\ Sl(T) _ SOd \ Vl(T)
: Interestrate =71 | | Interest rate =1 |
t=0 t=1 t=0 t=1

FIGURE 4. 1-step binomial model with general European option

(ii) Suppose (20) holds. Then the initial value Vy of the European option is given by

Ve = 1 Ey (V] = 1 ((1+r)—d
0_1+r P 1_1+r

Vi (H) + u—N1+r)
—d u—d
Proof. To begin, we first need to compute the (2 x 2) profit matrix A = («;, j), whose rows and columns
correspond to the two kinds of assets (stock and European option) and outcomes (coin flips), respec-
tively. We find

i (T) ) . (22)

S1(H)=So-(A+1) Si(T)—So-(1+71)

Az[%Uﬂ—WyH+r)‘GHU—%-U+ﬂ' (e3)
The risk-neutral probability p* = (py, p;)’ satisfies Ap* =0, so
[S1(H) = So-(1+1)]py +[S1(T)=So-(1+1)]p; =0 (24)
(Vi(H) - Vo-(1+1)]py +[Vi(T) = V- (1 +1)]p; =0.
Using the fact that p; + p; = 1, the first equation gives
. So(l+nr-=-85(T) A+r-d « SIH)=So(1+r) u-Q1+r)
P = = , Py = = . (25)

S1(H) = 8:1(T) u-d S1(H) = 81(T) u—d

Hence the desired expression for the risk-neutral probabilities p; and p; holds. Note that this gives
a strictly positive probability distribution if and only if (20) holds. This shows (i). (Why does this
condition make sense?)

Assuming (20), the second equation in (24) then gives

Vo-(L+1)=Vi(H)p] +Vi(T)p;. (26)
The right hand side can be regarded as the expectation Ep+[V1] of the value V; of the European option
at time ¢ = 1 under the risk-neutral probability distribution p*. Then (ii) follows from (i). ([

Proposition 3.2. In the 1-step binomial model as before, consider the following portfolios:

Portfolio A: [Ag shares of the stock] + [Short one European option).
Portfolio B: [A shares of the stock] + [x cash],

Then the followings hold:
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(i) Portfolio A is perfectly hedged (i.e., constant payoff at time t = 1) if and only if
_ Wi(H)-W(T)

= . 27)
° 7 S1(H) - $1(T)
(ii) Portfolio B replicates long one European option if and only if we have (27) and
1 Si(H)Vi(T)- S (T)V1(H)
x= (28)
1+r S1(H) - 8§1(T)
Furthermore,
Vo = x4 AgSo = —— [ (D1 4y (2 D) (29)
0~ 00T e U u-d ! u-d )
Proof. To show (i), we equate the two payoffs of portfolio A at time ¢ = 1 and obtain
AoS1(H) = Vi(H) = AgS1(T) = Vi (D). (30)
Solving this for Ay shows the assertion.
To show (ii), note that portfolio A replicates long one European option if and only if
AoS1(H)+x-(1+71)=Vi(H) 31)
AoS1(T)+x-(A+1r) =V (D),
or in matrix form,
S1(H) 1+r]||Ap _ Vi (H) (32)
ST 1+r||x]| |[Vi(D]|
This is equivalent to
Aol 1 1+r —l—r] [Vl(H) (33)
x| A+0SH)-S(T) [-Si(D) Si(E)] [ Vi(D) ]’

which is also equivalent to (27) and (28), as desired.

Lastly, suppose portfolio B replicates long one European option. Then by the monotinicty theorem,
intitial value Vj of the European option should equal to the value of portfolio A at time ¢ = 0. This
shows

Vo =x+2MpSy. (34)

Using (28), we also have

I SiIIW(T) =Si(MVi(H)  Vi(H)So = Vi(T)So

X+ AoSp = + (35)
1+r S1(H) - 851(T) S1(H) - 8:1(T)
_ 1 (VI(H)SO-(1+T)—51(H)+V1(T)81(H)—S()'(l+r)) 36)
+r S1(H) = §1(T) S1(H) = §1(T)
Tt u—d ! u-d |’

This shows (ii). (Remark: By using Proposition 3.1, one can avoid using the monotonicity theorem
here.) U
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Example 3.3 (Excerpted from [Dur99]). Suppose a stock is selling for $60 today. A month from now
it will be either $80 or $50, i.e., u = 4/3 and d = 5/6. Assume the interest rate r = 1/18 for this period.
Then according to Proposition 3.2, the risk-neutral probability distribution p* = (p7, p;) is given by

A+ -2 4 5
* == *:_. 38
pl g_g 9 p2 9 ( )

Now consider a European call option on this stock with strike K = 65 maturing in a month. Then
Vi(H) = (80-65)" = 15 and V;(T) = (50-65)" = 0. By Proposition 3.2, the initial value V; of of this
European option is

1 18 4 120
=———p-[V1l=—-15-—=— =6.3158. (39)
1+(1/18) 19 9 19

Working in an investment bank, you were able to sell 10,000 calls to a customer for a slightly higher
price each at $6.5, receiving up-front payment of $65,000. At maturity, the overall profit is given by

Vo

{ (19/18) - $65,000 — 10,000 (80 — 65)" = —$81,389 if stock goes up (40)

(19/18) -$65,000 — 10,000 - (50 —65)" = $68,611 if stock goes down.
Being worried about losing a huge amount if the stock goes up, you decided to hedge and lock the
profit. According to Proposition 3.2, the hedge ratio Ay is given by
_ (80-65"—-(50-65* 15 1
0 80— 50 T30 2
Since you have shorted 10,000 calls, this means you need to buy 5,000 shares of the stock owing 5,000-
60 — $65,000 = $235,000 to the bank. This forms a portfolio of

(41)

[5,000 shares of stock] + [10, 000 short calls]. (42)

The overall profit at maturity is then

{5, 000-$80—10,000- (80 —65)" — (19/18) - $235,000 = $1,944 if stock goes up 43)
5,000-$50 — 10,000 (50 —65)" — (19/18) - $235,000 = $1,944 if stock goes down.
A
Exercise 3.4. Rework Example 3.3 for the following parameters:
So=50, S$1(1)=70, S;(H)=40, r=4%, K=60. (44)

3.2. The 2-step binomial model. In this subsection, we consider the 2-step binomial model. Namely,
staring at the current time ¢ = 0, we flip two coins at time ¢ = 1 and ¢ = 2 to determine the market
evolution. More precisely, now the sample space of the outcomes is Q = {HH, HT,TH, TT}, and the
stock price S; for t = 0,1,2 are determined by the 2-step time evolution. We also consider a general
European stock option with value V; for ¢ = 0,1, 2, and we also assume the interest rate for each period
[0,1] and [1,2] are some constant r > 0,

As a developer of the European stock option, we determine the payoff of the option V(w) at time
t = 2 depending on the 2-step market evolution w € Q. We would like to determine the right price
of this option at time ¢ = 0. This can be done by using the same argument as in the 1-period case
backward in time.
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Stock Option

S,(HH)
/ S1(H)
So

Vi(H)

S,(HT) /
Vo \

ava

S,(TH) V,(TH)
5,(T) v (T)
S,(TT) Vo, (TT)
Interest rate =1 Interest rate =1
\ | | \ | |
t=0 t=1 t=2 t=0 t=1 t=2

FIGURE 5. 2-step binomial model with general European option.

Proposition 3.5. Consider the 2-step binomial model as before. Define the following quantities
(1+71)So—51(T) Si(H)-1+71)Sy

(@) = , > (@) = , 45

PO = =5 =Sy (D) P2 =~ s 45

e (1+1)S1(H) - S2(HT) v So(HH)—(1+1)81(H)

P = S;(HH) - SHT) P 2 (H) = So(HH) - S2(HT) ' (46)
1 S1(T)-=S>(TT S>(TH)-(1 S1(T

pi‘(T)=( +NSUT) = S(T'T) p3(T) = 2(TH) — (14 1Si(T). an

S2(TH) = S2(TT)
Suppose0 < p7, py (H), pj (T) < 1. Then the followings hold:

S2(TH) = S2(TT)

1

Vi(H) = — (Vo(HH) p} (H) + V2(HT) p; (H)) (48)
1

V1(T)=m(Vz(TH)PT(T)+V2(TT)P§(T)), (49)
1

Vo= 17— (Vi(H) p; (@) + Vi(T) p; () (50)

_ 1 Vo(HH) ps (8) pi (H) + Vo (HT) p3 (@) p5 (H)
(1+1r2\ +Va(TH)p; @) p; (T)+Va(TT)py(8)p;(T))

Remark 3.6. We can give a probabilistic interpretation of the expression for 1} in the 2-step case as
stated in Proposition 3.5. Recall that we do not know the probabilities that the Market goes up or down
at each step. Suppose that these probabilities are given as the risk-neutral probabilities in Proposition
3.5; the first coin lands heads with probability p;’; depending on whether it lands on heads or tails, the
second coin lands on heads with probability p; (H) or pj (H), respectively. This yields a risk-neutral
probability distribution P* on the space of 2-step market evolution Q ={HH,HT, TH, T T} by

P*({HH}) = p1p; (H), P*{HTY) =pip,(H), P*UTH)=p,p;(T), P*UTTY)=pyps(T). (52)

Then the result in Proposition 3.5 can be rewritten as

(51)

1
W= mﬂfw [Val. (53)



10 HANBAEK LYU

That is, the price of the European option V} is the discounted expectation of its payoff V> under the
‘risk-neutral probability measure’ P*.

Example 3.7. Consider the following 2-step binomial model, were the stock price S; for t =0,1,2 are
given by
So=10, S;(H)=15, S§1(T)=6, Sy(HH)=22, Sy(HT)=12, S2(TH)=9, S:(TT)=4. (54)

Assume constant interest rate of 4% during each step. Consider a European call option on this stock
with strike K = 11 and maturity ¢ = 2. Let V; denote the value of this European option at time ¢. Its
payoff at maturity, V, = (S, — 11)*, is given by

Vo(HH) =11, Vo(HT)=1, V»o(TH)=0, V»(TT)=0. (55)

Stock European call, K=11

S,(HH) = 22 ‘w V,(HH) = 11
S, (H) =15 pi(®) Vi(H) =7
/ S,(HT) = 12 / % V,(HT) =1

ava

Se =10 Vo =7?
SZ(TH)=9 \ y VZ(TH)=O
S:(1)=6 P:(®) AGEN
S,(TT) = 4 % V,(TT) =0
Interest rate = 4% Interest rate = 4%
L ! | | | |
t=0 t=1 t=2 t=0 t=1 t=2

FIGURE 6. 2-step binomial model with a European call option with strike K = 11.

To determine V) and Vp, we compute the risk-neutral probabilities:
(1.049)10-6 4.4

p (@) = s "9 (56)
(D) = (1.04)15-12 3.6 57
P =" " 10’
. (1.04)6—4 2.24
i) =—— —="— (58)

Then according to Proposition 3.5, we can compute

1 3.6 6.4\ 39.6+6.4 46
nWH)=——[11"—+1-—| = = ) (59)
1.04 10 10 10.4 10.4
1 2.24 2.76
Vi(T) = 0- +0- =0, (60)
1.04 5 5
1 4.4 4.6 1 46 4.4 4.6 6325
Ww=—ViH)—+VI(T)—|=—|— —+0-— | = =—==2.0792 (61)
1.04 9 9 1.04\104 9 9 3042

We can also directly compute V; as the discounted risk-neutral expectation of the payoff:

1 44 3.6 44 6.4 46 2.24 4.6 2.76
= _ ket I C—_ 00— -——]=2.0792 (62)
(1.04)2 5

Vo . +1-—-—+0 —+
9 10 9 10 9 5 9
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In the rest of this subsection, we justify Proposition 3.5. To begin, let us first determine V3 (H).

Proposition 3.8. Consider the 2-step binomial model as before, conditional on the first coin flip being
H. Then the followings hold.
(i) Definep*(H) = (p; (H), p; (H)) by
(1+7r)8(H)=-S2(HT) " So(HH)—-(1+1r)S;1(H)
: 2 piH) =2 L, 63)
S2(HH) = S2(HT) S2(HH) = S2(HT)
This defines the risk-neutral probability distribution during the period [1,2] if and only of 0 <
pi(H)<1.
(ii) Letp](H) be as defined in (i) and suppose0 < py (H) < 1. Then

py (H) =

Vi(H) = rlr[Ep*(H) [V5 | first coin flip = H] (64)
1
= 17 (Vo(HED pi (HD + Vo (HT) p3 (H)). (65)

Proof. The argument is exactly the same as in the 1-period case. Namely, we first compute the (2 x 2)
profit matrix A(H) = (a;,;) conditional on the first coin flip being H, whose rows and columns corre-
spond to the two kinds of assets (stock and European option) and outcomes (coin flips), respectively.
Letting the first and second rows to be for the stock and European option, we find

[So(HH) = S1(H)-(1+7)  So(HT) = Sy(H)-(1+7)
AlH) = [VZ(HH)—VI(H)-(Hr) Vo(HT) Vi (H)- (14 1) (66)
The risk-neutral probability p* (H) = (p} (H), p; (H)) satisfies A(H)p* (H)' = 0, so
[Sa(HH) = Sy (H) - (1+ 1)l pt (H) + [So(HT) = Sy (H) - (1+ 1) p3 (H) = 0 o
[Va(HH) - Vi(H) - (1 + 1) p: (H) + (Vo (HT) = Vi (H) - (1 + 1)l p} (H) = 0.

Using the fact that p} (H) + p; (H) = 1, the first equation gives (63). Hence this p* (H) defines a valid
probability distribution if and only if 0 < p} (H) < 1. This shows (i).
On the other hand, the second equation in (67) then gives
Vo(H)-(1+1)=Vi(HH)p; (H)+ Vi (HT)p; (H) = Ep+(m [ V2 [ first coin flip= H]. (68)
Then (ii) follows from (i). U
An entirely similar argument shows the following, when the first coin flip is T
Proposition 3.9. Consider the 2-step binomial model as before, conditional on the first coin flip being
T. Then the followings hold.
(i) Definep*(T) = (pi(T), p5(T)) by
" (1+1)851(T) = S2(TT) " S2(TH)—(1+1)5:(T)
p (1) = ) p, (1) = .
S2(TH) = S2(TT) S2(TH) = S2(TT)
This defines the risk-neutral probability distribution during the period [1,2] if and only of 0 <
pi(I)<1.
(ii) Lerpi(T) be as defined in (i) and suppose0 < p;(T) <1. Then

(69)

1

Vi(T) = m[Ep*(T) [V, [first coin flip = T (70)
1

=— (Vz(TH)Pf(T) + Vz(TT)pS(T)). (71)

1+r
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Proof. Omitted. g

Now that we have an expression for both V;(H) and Vi (H), we can apply the 1-period case for the
interval [0, 1] to deduce Proposition 3.5.

Proof of Proposition 3.5. The first equation for V; follows from the 1-step binomial model. Then the
second equation follows by substituting V; (H) and V;(T) for the expressions given in Propositions 3.8
and 3.9, respectively. U

3.3. The N-step binomial model. In this subsection, we consider the general N-step binomial model.
Namely, staring at the current time ¢ = 0, we flip N coins at times t =1,2,---, N to determine the mar-
ket evolution. More precisely, now the sample space of the outcomes is Q = {H, T}V, which consists of
sequences of length N strings of H’s or T’s. We assume constant interest rate for each periods [k, k+1]
fork=0,1,---,N—1.

S+1(wH)
7\\‘\ / Vi1 (wH)

""""""""""""""""" P 4 Si(w)
So g @ T
Vies1(@T)
Interest rate = r
L l |
t=0 t=k t=k+1

FIGURE 7. Tllustration of the N-step binomial model. w is a sample path of the market evolu-
tion in the first k steps. In the next period [k, k + 1], either up or down evolution occurs and
the same path is extended to wH or wT accordingly. S; and V; denote the stock price and
option payoff.

The following result for the general N-step binomial model is a direct analog of the 2-step case we
have discussed in the previous subsection. To better understand its second part, recall the remark on
a probabilistic interpretation on the 2-step value formula as in Proposition 3.5.

Proposition 3.10. Consider the N -step binomial model as above. Consider a European option on this

stock wit value (Vy)p<t<n-

(i) Foreach integer0 <k < N and a sample pathw € {H, T}* for the first k steps, define the risk-neutral
probability distribution p* (w) = (p] (w), p; (w)) by

(14 1r)Sk(w) = Sg+1(wT) Sk+1(wH) = 1+ 1)Sk(w)

% — , * — . 72
P = ol -SimD) . P2 s 0H =S @T) (72)
If0 < p] (w) <1, then
1 . .
Vi(w) = m[Ep*(w) [Vi+1 [first k coin flips = w] (73)
1
= (Vir1 (wH) p} (@) + Vi (@ T) p5 (). (74)

1+r)
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(ii) Consider N consecutive coin flips such that given any sequence x1 X, - - - X of the first k flips, the (k+
1)st coin lands on heads with probability p} (x1x2 -+ X). Let P* denote the induced probability
measure (risk-neutral probability measure) on the sample space Q = {H, T W, Then

W= Ep+[VN]. (75)

1+nrN

Proof. The argument for (i) is exactly the same as in the proof of Proposition 3.8. For (ii) we use an
induction on the number of steps. The base case is verified by (i). For the induction step, we first use
(i) to write

1
Vo= E(Vl (H) p5 (@) + V1(T) ps (8)). (76)

Let Xj, Xy,--+, Xy be a sequence of N (random) coin flips given by the risk-neutral probability mea-
sure P*. Denote the expectation under P* by E*. By the induction hypothesis, we have

1

Vi(H) = ——F*[Vy | X = H], Vi(T) = ——FE"[VN| X1 = T1. 77

1(H) 11N 1 (VNI X1 ] 1(T) 11N 1 [VNIX1 ] (77

Hence we have

1

Vo= —— [E*[VN| X1 = Hlpy (@) +E* [VN| X1 = Tp, 78

0 (1+r)N[ (VN | X1 = Hlp; (@) +E" [V | X1 = T1p; (@)] (78)
1

=—F"[E* [VyI X1]] = E*[Vn], 79

L [E" [VNIX3]] R [VNI (79)

where we have used iterated expectation for the last equality. This shows the assertion. O

Example 3.11 (Callback option). Consider a European option on a stock with price S; which allows
one to buy one share of the stock at time ¢ = 3 at its current price S3, and to sell it at its highest price
seen in the past. In other words, the payoff of this option V3 is given by

V3 = max S; — Ss. (80)
1<k<3

o S3(HHH)=126  V,(HHH) =0
S,(HH) = 22
TTTTTT—— S,(HHT) =20  V,(HHT) =2

S,(H) =15 /
\ __——— S;(HTH)=16 Vs(HTH) =0
S,(HT) = 12
T S,(HTT) =10 Vi(HTT) =5

S, =10
_——— S3(THH)=13  V,(THH) =0
S,(TH) =9
_— T STHD =7 V,(HT) =3
Sl(T) =6
\ — S(OTH)=7 Vo(TTH) = 3
S,(TT) = 4
T S,(TTT) =2 Vi(TTT) =8
Interest rate = 4%
| | | |
t=0 t=1 t=2 t=3

FIGURE 8. Illustration of a 3-step binomial model.
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Consider the stock price (S;)1<s<3 follows the following binomial model in Figure 8. Assume con-
stant interest rate r = %4 for each step. The payoff V3 of the European option at time ¢ = 3 is given in
red.

In order to compute its price Vj at time ¢ = 0, we first compute the risk-neutral probabilities:

(1.04)10-6 4.4

1(@) = ) 81
PrL@) 15-6 9 (81)
ED = (1.04)15-12 _ 3.6 T = (1.04)6—4 2.24 )
=" ~100 "YW T o9y T
o LO022-20 288 L (1L0912-10 248 .
P1 T T 26-20 8 M T 16-10 6’
(T H) = (1.049)9-7  2.36 TT) = (1.04)4-2 216 o
pl - 13_7 - 6 ) P1 - 7_2 = 5 .

From these data, we can compute the risk-neutral probability distribution P* on the sample space
Q=1{H,T}P as

. P 44 36 2.88

P*UHHHY) = p}(@)p] (H)p} (HH) = —=- T+ == =0.0845 (85)
\ . 44 36 3.12

PTQHHTY = pi (@)pi (H)p; (HH) = —= - S == =0.0915 (86)
) e 44 64 2.48

P*UHTHY) = pj (@)p; (H)p; (HT) = =+ == =0.1293 87)
\ P 44 6.4 3.52

P*UHTTY = p} (@)p; (H)p; (HT) =~ - == =0.1836 88)
. e 4.6 224 236

P*UTHHY) = p; @)p} (T)p; (TH) =~ == == =0.0901 89)
\ e 46 2.24 3.64

P*UTHTY = p; (@) p; (T)p3 (TH) = =+ =~ = — =0.1389 (90)
) o e 4.6 2.76 2.16

PUUTTHY = p; @)p3 (T)pi (TT) = = == == =0.1219 91)
. e 4.6 2.76 2.84

P*UTTTY = p; (@)p3 (T)p3 (TT) = —=- ==+ =— =0.1603. 92)

According to Proposition 3.10, we deduce that
1 0-0.0845+2-0.0915+0-0.1293+5-0.1836

1
Vo= (1.04)3 Ep- (V3] = (1.04)3 +0-0.0901+3-0.1389 +3-0.1219+ 8-0.1603) ~ 28144 (93)
We can also compute all the intermediate values of V; using the backward recursion in Proposition
3.10 (). A

Exercise 3.12 (Put option). Consider the 3-step binomial model with stock price (S;)o<s<3 as given in
Figure 8. Assume constant interest rate r = %4 for each step. Consider a European put option with
strike K = 13 maturing at ¢ = 3, so that is payoff Vj is given by V3 = (13 — S3)*. If we denote its value at
time ¢ by V;, compute (V;)p<:<3 for all corresponding sample paths.

Exercise 3.13 (Bull spread). Consider the 3-step binomial model with stock price (S¢)o<:<3 as given
in Figure 8. Assume constant interest rate r = %4 for each step. Consider a bull spread consisting of
European call options with stike K; = 10 and K = 30, both maturing at ¢ = 3. If we denote its value at
time ¢ by V;, compute (V;)p<;<3 for all corresponding sample paths.
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Exercise 3.14 (Knockout options). Consider the 3-step binomial model with stock price (S¢)g<;<3 as
given in Figure 8. Assume constant interest rate r = %4 for each step. Consider a European call with
strike K = 11 and knockout barrier at 5, meaning that the option becomes worthless whenever the
stock price drops below 5. If we denote its value at time ¢ by V;, compute (V})<;<3 for all correspond-
ing sample paths.

Next, we consider hedging and replication for the N-step binomial model.

Proposition 3.15. Consider the N -step binomial model with given stock price Sy, S1,- -+, Sy and con-
stant 1-step interest rate r. Consider a European option on this stock wit value (Vy)o<t<n. Consider the
following (dynamic) portfolios:

portfolio A: Short one European option at time t = 0 with maturity N, and for each k =0,1,---,N -1,
hold Ay shares of stock during [k, k + 1].

portfolio B: Starting from initial wealth Wy, for each k=0,1,---,N -1,
[Af shares of stock during [k, k + 1]] + [rest of cash deposited at bank] (94)

Then the following holds.

(i) Then portfolio A is perfectly hedged at each timet =0,1,---, N ifand only if foreach k =0,1,--- ,N—
1 andw € {H, T},

Viri(H) = Vi1 (wT)

Ag(w) = )
Sk+1(@H) = Sgy1(@T)

(95)

(ii) Let Wy = Vy and choose (Ap)o<k<n by (95). Then portfolio B replicates long one European call
option.

Proof. Fix 0 < k < N and a sample path w € {H, T}* of the first k coin flips. Then portfolio A at time
k +1 given the market evolution w up to time k if and only if

AgSks1(H) = Vg (@H) = AgSpy1(@T) = Vg1 (@T). (96)

This is equivalent to (95). This shows (i).

Let Wy denote the value of portfolio B at time ¢ = k. The stochastic process (Wy)g<;<n is called
the wealth process. We will show that if we use the hedging strategy (95) for each 0 < k < N, then we
have Viy = Wy. This is shown by an induction. The base step holds since we take Wy = V. For the
induction step, suppose we have W = V. for some 0 < k < N. Fix any k-step sample path w € {H, T}*.
Let x; (w) = Wi(w) — A Sk (w) denote the amount of cash holding at time k assuming sample path w
(why?). Then Wy, = Vi, if and only if

{Aksk((UH) + X5(@) - 1+ 1) = Vi1 (0H) o7

AS1(T) + xp () -1 +71) = Vi (wT).
Subtracting these equations gives (96), so Ay (w) is given by (95). This completes the induction. O

Exercise 3.16. In Example 3.11, compute the hedge ratio Ay (w) for each 0 < k < N and w € {H, T}*.
Verify that the portfolio A in Proposition 3.15 is indeed perfectly hedged all the time.
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4. CONDITIONAL EXPECTATION AND MARTINGALES

4.1. Conditional expectation. Let X,Y be discrete RVs. Recall that the expectation E(X) is the ‘best
guess’ on the value of X when we do not have any prior knowledge on X. But suppose we have ob-
served that some possibly related RV Y takes value y. What should be our best guess on X, leveraging
this added information? This is called the conditional expectation of X given Y = y, which is defined
by

E[X|Y =yl =) xP(X =x|Y = y). (98)
X
This best guess on X given Y = y, of course, depends on y. So it is a function in y. Now if we do

not know what value Y might take, then we omit y and E[X|Y] becomes a RV, which is called the
conditional expectation of X given Y.

Exercise 4.1. Let X, Y be discrete RVs. Show that for any function g: R — R,
Ex[Xg(Y)|Y]=g(YV)Ex[X]|Y]. (99)
Exercise 4.2 (Iterated expectation). Let X, Y be discrete RVs. Use Fubini’s theorem to show that
E[X] =Ey[Ex[XIY]]. (100)

In order to properly develop our discussion on martingales in the following sections, we need to
generalize the notion of conditional expectation E[X | Y] of a RV X given another RV Y. Recall that
this was the a collection of ‘best guesses’ of X given Y = y for all y. But what if we only know, say,
Y =12 Can we condition on this event as well?

More concretely, suppose Y takes values from {1,2,3}. Regarding Y, the following outcomes are
possible:

Ey ={Y =1L,{Y =2L,{Y =3L{Y =1,2,{Y =2,3},{Y = 1,3}, {Y = 1,2,3}}. (101)

For instance, the information {Y = 1,2} could yield some nontrival implication on the value of X, so
our best guess in this scenario should be

[E[XI{Y:1,2}]:ZxIP(X:xI{Y:I,Z}). (102)
X
More generally, for each A € &y, the best guess of X given A € &y is the following conditional expec-
tation
E[X|A] :ZxIP(szIA). (103)
X
Now, what if we don’t know which event in the collection &y to occur? As we did before to define

E[X|Y]from E[X|Y = y] by simply not specifying what value y that Y takes, we simply do not specify
which event A € &4 to occur. Namely,

E[X|&y] = best guess on X given the information in &y. (104)

In general, this could be defined for any collection of events & in place of &y. Mathematically, we
understand E[X | &) as’

E[X |&] = the collection of E[ X | A] forall A€ &. (105)

LEor more details, see [Durl9].
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Exercise 4.3 (Jensen’s inequality). Let X be any RV with E[X] < co. Let ¢ : R — R be any convex
function, that is,

PAx+1-Dy) = Apx)+ 1 -AN)(p(y), VAel0,1] and x,y € R. (106)

Jensen’s inequality states that

p(E[X]) = Elp(X)]. (107)
(i) Let c:=E[X] < co. Show that there exists a line f(x) = ax + b such that f(c) = ¢(c) and ¢(x) = f(x)
forall x e R.
(ii) Verify the following and prove Jensen’s inequality:

Elp(X)] =E[f(X)] = ak[X]+ b= f(c) =¢(c) = pE[X]). (108)

(iii) Let X be RV, A an event, ¢ be the convex function as before. Show the Jensen’s inequality for the
conditional expectation:

@(E[X]AD = E[p(X) | Al (109)

4.2. Definition and examples of martingales. Let (X;);>o be the sequence of observations of the
price of a particular stock over time. Suppose that an investor has a strategy to adjust his portfolio
(M}) =0 according to the observation (X;) ;0. Namely,

M, = Net value of portfolio after observing (Xy)o<j<s- (110)

We are interested in the long-term behavior of the ‘portfolio process’ (M;) ;>¢. Martingales provide a
very nice framework for this purpose.

Martingale is a class of stochastic processes, whose expected increment conditioned on the past is
always zero. Recall that the simple symmetric random walk has this property, since each increment is
ii.d. and has mean zero. Martingales do not assume any kind of independence between increments,
but it turns out that we can proceed quite far with just the unbiased conditional increment property.

In order to define martingales properly, we need to introduce the notion of ‘information up to time
t. Imagine we are observing the stock market starting from time ¢. We define

&; := collection of all possible events we can observe at time ¢ (111)
t
F1:= |J & = collection of all possible events we can observe up to time . (112)
k=1

In words, &; is the information available at time ¢ and %, contains all possible information that we can
obtain by observing the market up to time t. We call &; the information up to time ¢. As a collection
of events, %, needs to satisfy the following properties’:

(i) (closed under complementation) Ae F; — A € Fy;
(ii) (closed under countable union) Ay, Ay, As,--- € F; = U?’:I Ay € Fy.

Note that as we gain more and more information, we have
Fs S F; Vi=s=0. (113)

In other words, (%) ;>0 is an increasing set of information, which we call a filtration. The roll of a
filtration is to specify what kind of information is observable or not, as time passes by.

2We are requiring %; to be a o -algebra, but we avoid using this terminology.
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Example 4.4. Suppose (%)= is a filtration generated by observing the stock price (X;);>o of com-
pany A in New York. Namely, &; consists of the information on the values of the stock price X; at day
t. Given %, we know the actual values of Xy, Xj,- -+, Xj9. For instance, Xg is not random given %,
but X;; could still be random. On the other hand, if (Y;);>¢ is the stock price of company B in Hong
Kong, then we may have only partial information for ¥y, -, Y1 given &;. A

Now we define martingales.

Definition 4.5. Let (%)= be a filtration and (M;) ;¢ be discrete-time stochastic processes. We call
(M}) =0 a martingale with respect to (&) ;> if the following conditions are satisfied: For all ¢ = 0,

(i) (finite expecmtipn) E[|M;]] < oo.
(ii) (measumbililys) M;=m}e F,forallmeR.
(iii) (conditional increments) E[M;.1— M| Al =0 forall Ae %;,.

When appropriate, we will abbreviate the condition (iii) as
E[M;y1 — M| Z;] =0. (114)

In order to get familiar with martingales, it is helpful to envision them as a kind of simple sym-
metric random walk. In general, one can subtract off the mean of a given random walk to make it a
martingale.

Example 4.6 (Random walks). Let (X;);>1 be a sequence of i.i.d. increments with E[X;] = u < co. Let
St =80+ Xy +---+ X;. Then (Sy) ¢ is called a random walk. (Think of S; as the stock price at time ¢
and X; as the increment of stock price during [i — 1, i].) Define a stochastic process (M;) ;= by

Mt:St—/.lt. (115)

For each t = 0, let &#; be the information obtained by observing Sp, S1,:-+,S;. Then (M;) ;¢ is a mar-
tingale with respect to the filtration (%;) ;9. Indeed, we have

E[IM ] =E[S; — ptl] < E[Se|+ |ptl] = E[1S¢1] + pt < oo, (116)
and for any m e R,
{My=m}={S;—put=m} ={S; = m+ ut} € &;. 117)

Furthermore, Since X;; is independent from Sy,---,S;, it is also independent from any A € ;.
Hence

E[Mgy1 — M| Al = E[Xpy1 — ] Al (118)
=E[X¢41 — pl =E[Xpp1] —p=0. (119)
A

Example 4.7 (Products of indep. RVs). Let (X;);>¢ be a sequence of independent RVs such that
X;=0and E[X;] =1 for all £ = 0. For each t = 0, let &#; be the information obtained by observing
M(),X(), ce ,Xt. Define

M;=MyX1Xo--- Xy, (120)

31n this case, we say “M; is measurable w.r.t. &;”, but we avoid using this terminology.



MATH 174E LECTURE NOTE 2 19

where M, is a constant. Then (M) > is a martingale with respect to (%) ;0. Indeed, the assumption
implies E[|M;|] < co and that {M; = m} € &, for all m € R since M; is determined by My, X; -+, X;.
Furthermore, since Xy, is independent from Xj,---, Xy, for each A € &,

E[M¢1— M| Al = E[M Xt1 — M| A (121)
=E[(Xr1 —D(Mo Xy -+ X¢) | Al (122)
=E[X¢+1 — 1 AIE[(Mo Xy -+~ X1) | A (123)
=E[Xp41 — HE[(Mo Xy --- X¢) | A] = 0. (124)

This multiplicative model a reasonable for the stock market since the changes in stock prices are
believed to be proportional to the current stock price. Moreover, it also guarantees that the price will
stay positive, in comparison to additive models. A

Exercise 4.8 (Long range martingale condition). Let (M;);>¢ be a martingale with respect to a filtra-
tion (%}) 1=0. For any 0 < k < n, we will show that

E[(My, — M) | Z] = 0. (125)
(i) Suppose (125) holds for fixed 0 < k < n. For each A € %, to show that

E[Mp+1— My | Al = E[Mp+1 — Mp | Al + E[My, — My | Al (126)
=E[M;1— Myl Al =0. (127)

(ii) Conclude (125) for all 0 < k < n by induction.

4.3. The N-step binomial model revisited. In this subsection, we revisit the N-step binomial model
in the framework of martingales. First recall the model. Staring at the current time ¢t = 0, we flip N
coins at times ¢t =1,2,---, N to determine the market evolution. The sample space of the outcomes
is Q = {H, T}V, which consists of sequences of length N strings of H’s or T’s. We assume constant
interest rate for each periods [k, k+ 1] for k=0,1,---, N —1.

Let #; denote the information that we can obtain by observing the market up to time ¢. For in-
stance, &; contains the information of the first ¢ coin flips, stock prices Sy, S1,:--,S;, European op-
tion values Vy, V1,---, V4, and so on. Then (%;) ;>0 defines a natural filtration for the N-step binomial
model. Below we reformulate Proposition 3.10.

Proposition 4.9. Consider the N -step binomial model as above. LetP* denote the risk-neutral proba-
bility measure defined in Proposition 3.10. Consider a European option on this stock wit value (V;)p<r<nN-

(i) The process ((1+r)~"V;) o0<¢<n Jorms a martingale with respect to the filtration ()0 under the
risk-neutral probability measure P*. That is,

Ep- [(1 +r) Dy —a+ r)‘th|grt] =0, (128)
which is also equivalent to
V= — Ep [V,f+1 %] - 0. (129)
1+r

(ii) We have
Vo=Ep- [A+1) NVy]. (130)
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Proof. To show (i), we first note that, conditioning on the information %; up to time ¢, we know all
the coin flips, stock prices, and European option values up to time ¢t. Hence we have

Ep- |1+ 1) "Dy,

Fft] = (1+7r) " DE,,

Vin

g:t] (131)

=Q+rn" "V 1+nNV,=0+n""V,. (132)

This shows that (1 +r)~"V; is a martingale with respect to the natural filtration (&;);>¢ under the
risk-neutral probability measure P*.
Now (ii) follows from (i) and Exercise 4.8. Namely, for each A € %, by Exercise 4.8,

Ep-[(1+7) NVy—(1+1°Vy| Fol =0. (133)

This yields
Vo = Ep+ [Vo | Fol =Ep- [(1+1) "NV | Fo), (134)
as desired. ]

Exercise 4.10 (Risk-neutral probabilities make the stock price a martingale). Consider the N-step bi-

nomial model with stock price (S¢)o<t<n. Let P* denote the risk-neutral probability measure defined

in Proposition 3.10 in Lecture note 2. 3.10.

(i) Show that the discounted stock price (1 + r)~tS; forms a martingale with respect to the filtration
(%) =0 under the risk-neutral probability measure P*. That is,

Ep- (1+r)‘“+”st+1—(1+r)‘fs[’%] =0, (135)

which is also equivalent to
1
St = ——Fp- St
1+r

(Hint: Use the fundamental thm of asset pricing.)
(ii) Show that

9}] - 0. (136)

So=Ep- [1+1)VSy]. (137)

5. PRICING AMERICAN OPTIONS

In this section, we consider pricing general path-dependent American options under the N-step
binomial model.

5.1. Definition and examples of American options. Denote the stock price by (S¢)p<:<n and assume
constant interest rate r. We will be considering a general American option on this stock such that the
payoff at time k if exercised is a function on both the stock price Sy and the sample path w € {H, T}*
that the market takes up to time k. Namely, we fix a nonnegative function g so that

gx(w) = payoff of the American option at time k assuming time evolution w. (138)

Proposition 5.1. Consider the path-dependent American option as above. For each sample path w of
length < N, let (p} (w), p; (w)) denote the risk neutral probabilities at node w in the binomial tree. Then
the value (Vi.(w)) . of this American option satisfies the following recursion

Vir1(@H) py (@) + Vi1 (@T) p; (0) }

(139)

Vi (w) zmaX{gk(w), 147
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Proof. Given a sample path w of length k, the payoff of the American option at time k, if exercised, is
gx(w) by definition. On the other hand, if not exercised, then we can regard the American option as a
1-step European option during [k, k + 1] with payoff Vi (wH) and Vi, (wT), depending on whether
the market goes up or down from w. Hence the value at time k in this case equals the discounted
risk-neutral expectation of Vi,(w#), which is the second term in the maximum in the assertion.
Since one can decide to exercise or not at time k by comparing these two values, the stated recursion
follows. ([l

Example 5.2 (American put option). Consider an American put option on a stock with price S;, which
allows one to buy one share of the stock at times t =0, 1,2, 3 for a fixed strike price K = 11. Hence the
payoft is given by

gr(w) = (11— Sp(w)™. (140)

Consider the stock price (Sy)1<;<3 follows the following binomial model in Figure 11. Assume constant
interest rate r = %4 for each step.

_— S;(HHH)=26  V,(HHH)=0
S,(HH) = 22
T S;(HHT)=20  V,(HHT)=0

\ _—— S;(HTH) =16 Vs(HTH) =0
S,(HT) = 12
T S,(HTT) =10 V,(HTT) =1

S, =10
— S(THH)=13  V,(THH) =0

S,(TH) =9
/ TTT———— S(THT) =7 Vo(THT) = 4

S (T)=6

\ S (TH)=7 Vo(TTH) = 4

S,(TT) = 4
T S5(TTT) =2 Vo(TTT) =9

Interest rate = 4%
\ \ 1 |
t=0 t=1 t=2 t=3

FIGURE 9. Illustration of a 3-step binomial model and an American put option with strike K = 11.

First we have V3 (w) = (11— S3(w))*, so
Vs(HHH)=0, V(HHT)=0, V3(HTH)=0, V(HTT)=1, (141)
WB(THH)=0, WB(THT)=4 W(ITTH)=4 W(TTT)=9. (142)

Recall the risk-neutral probabilities that makes the discounted stock price (1 + r)~’S; a martingale:
(1.04)10-6 4.4

1(@) = ) 143
g < LODI5 1236 oy < (LONE—4 _ 224 14
P =" “100 PV T 9y T
o < (L0822-20 2.8 < 0912-10 248 a5
P1 T T s-20 8 M “ T 16-10 a1’
oy < (L0997 _ 236 coppy o LOD4=2 216 16)
P1 TT3-7 e MU UTETLTLT T
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From these data, we can compute V; as

0-(2.88/6) +0-(3.12/6)
Vo(HH) = max< (11-22)%, 102 ax{0,0} = (147)
0-(2.48/4) +1-(1.52/4)
Vo(HT) =max1 (11-12), 102 = max{0, 0.3653} = 0.3653 (148)
+ 0-(2.36/6) +4-(3.64/6)
Vo(T H) =max4(11-9) 104 =max{2, 2.3333} = 2.3333 (149)
4-(2.16/5)+9-(2.84/5)
Vo(TT)=max4 (11-4)", 102 = max{7, 6.5769} = 7. (150)
For V1, we have
+ 0-(3.6/10) +0.3653 - (6.4/10)
V1(H) =max4(11-15)7, 104 = max{0, 0.2248} = 0.2248 (151)
2.3333-(2.24/5)+7-(2.76/5)
Vi(T) =max<{ (11-6)", 104 = max{5, 4.7204} = 5. (152)
Finally, we have the initial value V; as
+ 0.2248-(4.4/9) +5-(4.6/9)
Vo =maxy(11-10)", 104 =max{l, 2.5629} = 2.5629. (153)

This computes the value of the European put option as well as and the optimal strategy: Stop or
continue at each node depending on which value is larger. Observe that when we compute V,(T T)
and V7 (7), it is beneficial to exercise at that point rather than continuing. Hence in this case this
American put option has strictly larger value than that of the corresponding European version. A

Exercise 5.3. In Example 5.2, compute the price Vj of the European put option with the same payoff.
Verify that the American version of the put option indeed has strictly larger value than the European
version.

Example 5.4 (American call option). Consider an American call option on a stock with price S;, which
allows one to buy one share of the stock at times ¢t =0, 1,2, 3 for a fixed strike price K = 11. Hence the
payoff is given by

gr(w) = (Spw) - 11", (154)

Consider the stock price (S;)1<;<3 follows the following binomial model in Figure 11. Assume con-
stant interest rate r = %4 for each step.
First we have V3(w) = (S3(w) —11)F, so
V3(HHH) =15, V3(HHT)=9, V3(HTH)=5, V3(HTT)=0, (155)
V3(THH) =2, V3(THT)=V3(TTH)=V3(TTT)=0. (156)

We use the same risk-neutral probabilities we computed in Example 5.2. From these data, we can
compute V, as

+ 15-(2.88/6) +9-(3.12/6)

Vo(HH) = maxy (22-11)7, 104 =11.4230 (157)
4+ 5-(2.48/4)+0-(1.52/4)

Vo(HT) =max4(12-11)7, 104 =2.9808 (158)
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_— Si(HHH)=26  V,(HHH)=15
S,(HH) = 22
T S;(HHT) =20  V,(HHT)=9

S, (H) = 15 /
\ __— S, (HTH)=16 Vs(HTH) =5
S,(HT) = 12
T S,(HTT) =10 Vo(HTT) = 0

Sy =10
_—— S3(THH)=13  V,(THH) =2
S,(TH) =9
/ T S(THT) =7 Vo(THT) = 0
$,(T) =6
\ — S(ITH)=7 Vi(TTH) = 0
S,(TT) = 4
T S,(TTT) =2 Vo(TTT) =0
Interest rate = 4%
L | |
t=0 t=1 t=2

FIGURE 10. Tllustration of a 3-step binomial model and an American call option with strike K =11.

+ 2-(2.36/6) +0-(3.64/6)

Vo(TH) =max4(9-11)7, 104 =0.7564 (159)
+ 0-(2.16/5)+0-(2.84/5)

Vo(TT) =max4(4-11)", 104 =0 (160)

For V1, we have

+ 11.4230-(3.6/10) +2.9808 - (6.4/10)
Vi(H) =max4 (15-11)", 104 =5.7884 (161)
+ 0.7564-(2.24/5) +0-(2.76/5)
Vi(T) =max4(6-11)", =0.3258. (162)
1.04
Finally, we have the initial value V; as
4+ D.7884-(4.4/9) +0.3258-(4.6/9)
Vo =max4 (10-11)", 104 =2.8816. (163)

Observe that when we compute Vj, V1, V», not exercising and the option always yield a better value.
Hence the optimal strategy of using this American call is to wait until the end. Consequently, the price
Vo we have obtained from this American option is the same as that for the corresponding European
option. In Exercise 8.5 in Lecture note 1, we have seen that the American call and European call on
a stock without dividend have the same value. This was essentially since it is optimal to not exercise
the American option until the end, as we can see from this example. A

5.2. Optimal strategies and stopping times for American options. In Examples 5.2 and 5.4, we have
seen optimal strategies to exercise the given American option. Note that the decision for stopping or
exercising an American option at time ¢ = n is based on the information available by that time. To
capture this concept more properly, we introduce stopping times.

Definition 5.5 (Stopping time). A random variable 7 taking values from {1,2,---} U {oo} is a stopping
time with respect to a given filtration (&) (> if

{t=n}eZF, Vne{l,2,---}. (164)
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In other words, think of 7 as an algorithm (or decision tree) that tells us to hold or exercise a given
American option at each node in the binomial tree.

In the example below, we will see that once we fix a stopping time 7 for an American option, then
we can compute its value under 7 just like in the European case using reverse recursion.

Example 5.6 (American put under a fixed stopping time). Consider the same American put option
on a stock with price S;, which allows one to buy one share of the stock at times ¢ =0, 1,2, 3 for a fixed
strike price K = 11. The underlying stock price (S;)1<s<3 follows the same 3-step binomial model.
Assume constant interest rate 7 = %4 for each step.

Now suppose we use the following algorithm for this American put:

{Exercise attime t =3 if the first coinis H (165)

Exercise attime ¢t =1 if the first coinis T.

This algorithm can be represented as a stopping time 7 where
T(HHH)=1(HHT)=1t(HTH)=t(HTT)=3 (166)
T(THH)=1(THT)=1(TTH)=1(TTT)=1. (167)

This is indeed a stopping time since

Attime 0:{t #1} € Fy (168)
Attime l:{r =1} ={H}, {t Z1} ={T} e % (169)
Attime 2:{t #2} ={TT,HT, TH, TT} € S, (170)

Attime 3:{t =3} ={HHH,HHT,HTH,HT T}, {1 =00} ={THH,THT, TTH, TTT} € %, (171)

_—— S3(HHH)=26  V,(HHH) =0
S,(HH) = 22
T S,(HHT) =20  V,(HHT) =0
S;(H) =15

\ — S3(HTH)=16 VB(HTH):O
S,(HT) =12
— S3(HTT) =10 V3(HTT) =1

Ss(THH) = 13
e SH(TH)=9
P S,(THT) =7
Si (M =6
e — S;(ITH) =7
e S, (TT) = 4
Ss(TTT) = 2
Interest rate = 4%
L | ! |
t=0 t=1 t=2 t=3

FIGURE 11. Tllustration of a 3-step binomial model and an American put option with strike
K =11. Bold blue lines represent the decision tree (stopping time) corresponding to the algo-
rithm (165).

Under this stopping time 7, the time that we exercise this American put is given, so we can use the
same recursion for the European options to compute V. Namely, for each 0 < k < 3 and a sample
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path w € {H, T}¥, denote the value of this American put under the stopping time 7 as Vi(w|7). Then
the value at exercise is given by

V3(HHH|1) = (11-26)" =0 (172)
V3(HHT|1)=(11-20)*=0 (173)
V3(HTH|7)=(11-16)" =0 (174)
V3(HTT|1)=(11-10)" =1 (175)

Vi(TIt)=(11-6)"=5 (176)

From these values at the end of the decision tree given by 7, we can use the recursively compute the
values under 7 at prior times:

1 0-(2.88/6)+0-(3.12/6)
Vo(HH|t) = —Ep« V3| HH] = =0 (177)
1+r 1.04
1 0-(2.48/4)+1-(1.52/4)
Vo(HT|1) = —FEp:[V3|HT] = =0.3653 (178)
1+7r 1.04
1 0-(3.6/10) +0.3653-(6.4/10)
Vi(H|t)=—1Ep«[Vi | H] = =0.2248. (179)
1+r 1.04
Finally, we have the initial value Vy(@|71) as
1 0.2248-(4.4/9) +5-(4.6/9)
W@ 1) = ——Ep-[V1|8] = =2.5629. (180)
1+r 1.04
Notice that we can also compute V(@ | 1) as
(11 _ST)+
7 =FEp+ | —mM— 181
o(@l7) =Ep TG (181)
= P*({ThH+ P*({HHH}) + P*G(HHT 182
L (T TEE { 1) TEE { )] (182)
+ P*({HTH}) + P*({HTT 183
TEE { D TEE ({ )] (183)
=5'P§(¢) +1-pf(®)p§(H)p§ (HTT) (184)
4.6 44 6.4 1.52
=5-—+1-— . — .- — =2.5629. (185)
9 9 10 4

Also note that V(@ | 1) equals the (unconditional) value Vj of the same American put that we com-
puted in Example 5.2. This is since the stopping time 7 we used here agrees with the optimal strategy.
A

The observation in Example 5.6 leads us to the following general result.

Theorem 5.7. Consider the N-step binomial model as before and an American option with payoff
gk (w) for each sample path o of length k. Then

(186)

gr]

Vo = max Ep-
0 T I+n)°

where the maximum is over all stopping times T with respect to the filtration (¥)o<:=nN 0f the N-step
binomial model andP* is the risk-neutral probability measure.
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Proof. As before, for each 0 < k < N and a sample path w € {H, T}¥, denote the value of this Amer-
ican option under the stopping time 7 as Vi(w|7). Then the value Vj of the American option is the
maximum of the values V(@ | T) we can obtain from all possible stopping times. Hence

Vo= max Vo(@|71). (187)
On the other hand, since the exercise time is determined under 7, we can write
8t
\%, 7) = Ep- . 188
0(@]7)=Ep Atr7 (188)
Combining these two equations gives the assertion. g

Exercise 5.8 (A 2-step American option). Consider an American option on a stock with price S;, which
evolves according to the 2-step binomial model with constant interest rate r = 5% given in Figure 12
(left). The American option is defined by the payoff function g (w) given in Figure 12 (right).

Stock American option

S,(HH) = 22 ‘y g>(HH) =15
(@) gi(H) =4
$,(HT) = 12 / % g2(HT) = 2

go(@) =0

S,(TH) =9 \ pi(T) 9-(TH) =4
() 91(T) - 13 /
S,(TT) = 4 (% 9.(TT) = 14

Interest rate = 5% Interest rate = 5%

/Sl(H) -
e \

S (T =6

Ava

t=20 t=1 t=2 t=20 t=1 t=2

FIGURE 12. A 2-step American option with payoff function gi (w) as given in the right.

(i) Compute the value V} of this American option using the recursive formula in Proposition 5.1.

(ii) Write down all possible stopping time 7 for this model (there are 5 of them).

(iii) Compute the value Vj(|7) of this American option under each stopping time 7. Verify that the
maximum value among all 7 agrees the result of (i).

Recall that when stock pays no dividend, an American call with payoff (S; — K)* is optimal to wait
until the end, so it has the same value as its European counterpart. The following theorem generalizes
this into more general payoff functions.

Theorem 5.9. Consider the N-step binomial model as before and an American option with payoff
g(Sk(w)) for each sample path w of length k. Suppose g is a nonnegative convex function with g(0) = 0.
Then it is optimal to wait until the end to exercise.

Proof. Fix 0 < k < N and a sample path w € {H, T}*. Recall that since g is convex, for each A € [0,1]
and x, y € R, we have

gAx+(1-Ny) =Ag(x)+ (1 -N)g(). (189)
By setting y = 0 and using the fact that g(0) = 0, we have
gAx)=Ag(x)+(1-21)g(0) =A1g(x). (190)
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Also recall that the discounted stock price (1 + r)~'S; is a martingale under P* (Exc. 4.10), so by
Jensen’s inequality (see Exc. 4.3) and the above observation,
S
8 (Sk) )w
+r

Sk (Sk)|a)
& 1+r 1

1+7r
Note that, if we do not exercise at node w, then at time k + 1, we can get at least the values g(Sx(wH))
or g(Si(wT)) (depending on the k + 1st coin flip) by exercising at time k+ 1. Hence

< Ep-

. (191)

£ (Sk(©)) =g([E|P* | )S[E[P*

Vi1 (wH) = g(Sg(wH)), Vit1(@T) = g(Sk(wT)). (192)
It follows that
V S
Vi (w|hold at time k) = Ep- kel w] > Ep- é;(_’_ ’;) |w] (193)
= g(Sk(w)) (194)
= Vi (w|exercise at time k). (195)

Thus at time ¢ given the sample path w, it is better to continue than to exercise. This shows the
assertion. ]

Remark 5.10. For an American put with strike K > 0, the payoff function g is g(Sx) = (K — Si)™. This
is a convex function, but g(0) = (K —0)* = K # 0. Hence American put does not satisfy the hypothesis
of Theorem 5.9. Indeed, in Examples 5.2 and 5.6, we have seen that one can get strictly higher value
from an American put by exercising early.

6. CONTINUOUS-TIME LIMIT AND BLACK-SCHOLES EQUATION

6.1. Continuous-time limit of the binomial model with i.i.d. coin flips. Consider modeling the evo-
lution of stock price during an year. If one measures the stock price every month, then maybe one
can try to use the N-step binomial model with N = 12; If one uses daily measurements, then one
should use N = 365; One can use hourly data to go with N = 8760, and so on. The question is, what
happens if we keep subdividing a given time interval and use finer binomial model? Can we describe
the ‘limiting model’ in some sense?

In this subsection, we consider the binomial model as a discrete model for the continuously evolv-
ing stock price, and obtain a continuous-time model by take a limit binomial model as the physical
duration of each step goes to zero. This will be the basis of Black-Scholes formula that we will derive
in the next subsection.

Suppose there is a stock with price Sy at maturity T. Let Sy denote the initial stock price, and
introduce p and o > 0 by

log(i) =uT, Var(log(S—T)) =0'2T, (196)
So So

where the expectation and variance are taken under the physical probability measure on the coin
flips. We would like to model the time evolution of this stock price using an N-step binomial model
where each step has duration 7 = T/ N.

Recall that complete market evolution of the N-step binomial model is determined by the N coin
flips, that is, a length N string of H’s and T’s. We denote the stock price at step k with sample path
w € {H, T}* by S, (w). In order to take a continuous-time limit of the binomial model, we make the
following assumptions on the general model:

E
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(a) (constant up- and down-factors) There exists constants u, d > 0 such that
Stkeanyp(@H) = Sp(@)u,  Sgrnr(@T) = Spp(w)d (197)

forallo< k< Nand w € {H, T}*.
(b) (i.i.d. coin flips) The underlying (physical) coin flips are independent and identically distributed.

Both (a) and (b) are are not realistic assumptions, but they allow us to take a continuous-time limit of
the model and obtain stronger results.
To begin, we introduce a the logarithmic return

X =1 ( Sun ) logu if the nth coin lands heads (198)
=10 —_— =
. g St-1)n logd if the nth coin lands tails,

where the second equality follows from the assumption (b). Moreover, by (c), we see that (X,,),>1 is a
sequence of i.i.d. RVs. Then observe that

log(snh):log(ﬁ-%---—s(n_nh~—snh ) (199)
So So Sn Sm-2n Sm-1h
S S S
:log(—h)+log(ih)+~--+log(—"h ) (200)
So Sh St-1n
=X 4+ Xo 4+ Xy (201)

Note that the last expression is a sum of i.i.d. RVs, so we may apply the standard limit theorems such
as the law of large numbers (LLN) and the central limit theorem (CLT). Essentially, the passage to
continuous-time limit is provided by applying the CLT.

Theorem 6.1 (CLT). Let (Xi)i>1 bei.i.d. RVs and let S, = Z:I Xi, n=1 be a random walk. Suppose
E[X1] = p < oo and E[X?] = 02 < co. Let Z ~ N(0,1) be a standard normal RV and define

_Sp—un _Spln—p

Zy = . (202)
" oovn olvn
Then Z, = Z ~ N(0,1) asn — oo. That is, forall z € R,
1 z x2
Iim P(Z,<2)=P(Z<2z)= —f e 2 dx. (203)
n—00 " V21 J-o00

Proposition 6.2. Consider the N -step binomial model for the period [0, N] under the assumptions (a)
and (b). Then as N — oo,

Sy = Spexp (uT + aﬁz) , (204)
where = denotes convergence in distribution.

Proof. First note that
S S
log(—T) :log(ﬂ) = X1+ + Xn. (205)
So So
Using (196) and since X;’s are i.i.d., we must have

uT =E[X) +---+ Xyl =E[X1] +- -+ E[Xn] = NE[X]] (206)
02T =Var(Xy +-+- + Xy) = Var(Xy) + - -- + Var(Xy) = NVar(X)). (207)
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Note that the second equality in the first line follows from the linearity of expectation, whereas the
second equality in the second line uses the independence of X;’s (otherwise there will be covariance
terms). This shows that we can apply CLT to the sum Xj +---+ Xy. Namely, it gives

YN X)) -uT
X0l o, (208)
oV'T
where = denotes convergence in distribution. In other words, as N — oo,
N
Y Xi|=puT+oVTZ. (209)
i=1
Again using the relation log (Sy/Sp) = X1 + -+ + Xn, ST = Syp, this shows
S
S—T — exp (uT+oﬁZ) (210)
0
as N — oo. This shows the assertion. O

Note that the N-step binomial model was simply a mathematical framework to model the stock
price (S;)o<:<7- Hence Proposition 6.2 suggests that we may take the limit N — co and simply write

STzSoexp(pT+UﬁZ). (211)

Of course, the validity of the above stock pricing model would depend on that of the assumptions (a)
and (b) we made.

In order to extend the continuous-time stock pricing formula (211) at maturity T to all times 0 <
t < T, we introduce the Brownian motion (a.k.a. Wiener process).

Definition 6.3 (Brownian motion). A continuous-time stochastic process (B(f))o<;< is called a Brow-
nian motion if B(0) = 0 and it satisfies the following conditions:

(i) (independentincrements) Whenever 0=ty <t <--- <t =T,
B(t)) — B(ty), B(t2) = B(t), -++, B(tx) — B(tx-1) are independent. (212)

(ii) (stationary increment) The distribution of B; — B, for each s < tis N(0, t — s).
(iii) (continuity) The map t— B(¢) is continuous.

Proposition 6.4. Consider the N -step binomial model for the period [0, N] under the assumptions (a)
and (b). Linearly interpolate the stock prices Sy, Sy, -+, Snn and denote the resulting continuous-time
stock price as (Sy;N)o<i<T- Then there is a Brownian motion (B(t))o<s<T Such that foreach0<t<T,

Sun = Soexp (ut+0B;) (213)
as N — oo.

Proof. Proof uses Donsker’s theorem, which is a ‘process-level’ CLT for the random walk ©7" | X;. In
contrast that CLT shows the last random walk location }.?" ; X; is asymptotically distributioned as a
standard normal RV after standardization, Donsker’s theorem states that the entire sample path of
the random walk from step 0 to step N, after linear interpolation, ‘converges’ to the sample path of a
Brownian motion. Details are beyond the scope of this course and is omitted. ([

Definition 6.5. The parameters y and o > 0 in Proposition 6.4 are called the exponential growth rate
and the volatility of the stock.
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Example 6.6 (MGF of standard normal RV). Given a random variable X, its moment generating func-

tion (MGF) is defined by the function t — E[e’*]. A RV X is said to follow the normal distribution

N(u,o?) if it has the following probability distribution function (PDF)

—
Xp | — .

27X P 202
Furthermore we say X is a standard normal RV if X ~ N(0,1). Below we will show that the MGF of a
standard normal RV Z ~ N(0, 1) is given by

fx(x) = (214)

E[e'%] =" 2. 215)
To see this, we first note
Ele'?] = foo oL g L foo e gy (216)
—00 vV 27 vV 27 J-oc0
By completing square, we can write
LINPOR YSCSP PR SN 217)
2 2 2 2"
So we get
E[e'#] = L foo e 0M2 G812 g etzlzfoo L e 02 gy (218)
vV 27 J-oc0 -0 V271
Notice that the integrand in the last expression is the PDF of a normal RV with distribution N(t,1).
Hence the last integral equals 1, so obtain (215). A

Exercise 6.7 (MGF of normal RVs). Show the followings.
(i) Let X be aRV and a, b be constants. Let Mx (t) be the MGF of X. Then show that

El[e!@X*D)] = P My (ar). (219)
(ii) Let X ~ N(u,0%) and Z ~ N(0,1). Using the fact that E[e?4] = et’2 (Example 6.6) and part (i),
show that
E[e!Y] = eazt2/2+t,u. (220)
Exercise 6.8. Suppose the stock price (S;)p<;<1 during a period of 1 month is given by
S¢=Soexp(ut+0B;), (221)

where (B)o<<1 is the standard Brownian motion, and the exponential growth rate u = 1% per month
and volatility o = 1.

(i) What is the expectation of the stock prices Sy, S1/2, and S;? (Hint: Use MGF of normal RVs in the
previous exercise.)
(ii) What is the probability that the stock price increase by more than 2% in a month?

Exercise 6.9. Suppose the stock price (Sy)o<;<7 during a period [0, T] is given by
S¢=Soexp(ut+0By), (222)

where (B{)g<:<7 is @ Brownian motion.
(i) Using the fact that B; ~ N(0, t) and the MGF of normal RV, show that

Elexp (ut +0B;)] = exp((u+0?/2)1). (223)
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(ii) Using (i), show that the discounted stock price e "’S, forms a martingale if and only if

=u+—. 224
ruz (224)

6.2. Continuous-time limit of the binomial model under the risk-neutral measure. In this sub-
section, we establish a similar continuous-time limit of the binomial model under the risk-neutral
probability measure, without assuming the condition (b) about the underlying coin flips being i.i.d.

Suppose there is a stock with price St at maturity T. Let Sy denote the initial stock price. As before,
we would like to model the time evolution of this stock price using an N-step binomial model where
each step has duration & = T/N. instead of the assumptions (a) and (b) in the previous subsection,
here we make the following assumption:

(c) Fixconstants g and o > 0. For each N = 1, the up- and down-factors of the N-step binomial model
for the period [0, T] are given by
u= exp(ph+a\/ﬁ), d:exp(uh—ax/ﬁ), (225)

where h=T/N.

Also we will assume that interest is continuously compounded at a constant rate r. So after each
step in the binomial model, which has duration & = T/N, $1 deposited at bank becomes $e’”.

Notice that in this setup, we do not need to assume anything about the physical coin flips. However,
it is beneficial to consider i.i.d. coin flips to understand the choice of the up- and down-factors in
(225). For this see the following exercise.

Exercise 6.10. Suppose that in the N-step binomial model for the interval [0, T'], the physical coin
flips are i.i.d. with equal probabilities for H and T. Let p and o > 0 be constants satisfying
S
=uT, Var (log (—T)) =g? T, (226)

s[5

& So SO
where (S;)o<:<7 denotes the stock price during [0, T]. Show that the up- and down-factors of the
N-step binomial model are given by (225).

E

Since the up- and down-factors do not depend on the location in the binomial tree, the risk-neutral
probabilities also do not depend on the location. More precisely, the risk-neutral probability of going
up is given by
e’ —d

u—-d -
In order to construct the risk-neutral probability measure IPZ for the binomial model, consider a se-
quence of i.i.d. RVs Xj.p,, Xo., -+, Xn.;, where

iy = (227)

P(X;., =logu) = pih, P(X;.,=logd)=1- p;‘;h. (228)

Think of these as the N risk-neutral coin flips for the N-step binomial model. Now let P; denote
the risk-neutral probability measure on the space {H, T}V of N risk-neutral coin flips, where for each
sample path w € {H, T} of risk-neutral coin flips,

PZ({w}) — (pih)#H’s inw(l _ pih)#T's ina). (229)
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Remark 6.11. In the general binomial model, the risk-neutral coin flips can be made independent
but not necessarily identically distributed, as the risk-neutral probability p; (w) may depend on the
market evolution w leading to the point of the coin flip. However, when the up- and down-factors are
constant as in our case in this section, the risk-neutral probabilities are constant so all risk-neutral

coins have the same distribution.
Proposition 6.12. We have the following asymptotic expressions

1 r—-u—o?/2
o L TTREOT2 o
PLn=3 20 ")

E[X;.5] = (r—0%/2)h+ O(hV'h)
Var(X; ) = 0*h+ O(hVh).

Proof. By using the power series expansion e* = 1+ x + x2/2!+ x3/3! +---, we can write

2
e"=1+rh+ (rh) +

h+ovh)?
u:1+uh+0\/ﬁ+m+m

h—ovh)?
d:1+uh_0\/ﬁ+m+...

This gives the following asymptotic expression

B 0\/E+(r—u—02/2)h+0(h\/ﬁ) 1 r—p—02/2

Prn= ~+ Vh+0(h).

20v'h 2 20
For the expectation of X;.;, observe that
E[X;,;] = (log u)p;h +(logd)(1 - py)
=log(u/d)py,;, +logd
= 20\/Epf;h +(uh-oVh)
=oVh+(r—pu—0212)h+ (uh—oVh)+O(hvVh)
= (r—o%/2)h+O0(hVh).
For the variance, first note that
ELX?,] = Aogu)* py,), + logd)* (1 - py.;,)
= pf;h [(logu—logd)(logu +logd)] + (logd)2
= py.2oVh)uh) + (uh—oVh)?
=0?h+0(hVh).

This gives Var(X; ,) = 0>h + O(hv'h), as desired.

(230)

(231)
(232)

(233)

(234)

(235)

(236)

(237)
(238)

(239)
(240)
(241)

(242)
(243)
(244)
(245)

O

Proposition 6.13. Consider the N-step binomial model for the interval [0, T with the assumption (c).
Suppose the interest is continuously compounded at a constant rate r. Let (Spx)o<k<N denote the stock
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price in the N -step binomial model and let Z ~ N(0, 1) denote the standard normal RV. Then under the
risk-neutral probability measure P}, as N — oo,

St = Spexp ((r—o%/2)T+oVTZ). (246)

Proof. Define the logarithmic return X;,;, = log(Sy,;/Sp;-1)) as in (198). Then under the risk-neutral
probability measure P}, we can write

S
log(SL;V) = Xijp + X+ -+ X (247)

From this the argument is essentially the same as in the i.i.d. coin flip case (Prop. 6.2), but here
we need to appeal to a stronger type of central limit theorem since the risk-neutral probability pf; h
depends on N. In other words, we have a different set of RVs for each N and we want to take the limit
N — oo. This type of situation is captured as the following ‘triangular array’

N=1 Xyr (248)
N=2  Xurr X272 (249)
N=3 X713, Xo,1/3, X3,7/3 (250)

(251)

A more general CLT for the partial sums from the triangular array of RVs (like the one above) is known
as the Lindeberg-Feller CLT. The precise statement of this result and its proof is out of the scope of
this note.
To apply the Lindeberg-Feller CLT, we first need to compute the mean and variance of the partial
sum Xy +- -+ Xn;p. As Xy, -+, Xy are ii.d. and h = T/ N, Proposition 6.12 yields
E[(X1.p+ -+ Xnop)] = NE[Xy,] = (r —0%/2) T + O(N3/2) (252)
Var(Xyp, + -+ Xn:p) = NVar(Xy.,) = 02T+ O(N3/2). (253)
From this it is not hard to check if the Lindeberg condition is satisfied. Therefore by the Lindeberg-
Feller CLT,
Xp;p+-+ Xnp) = (r—0?/2)T
oV'T

as N — oo. This shows the assertion. O

= Z~N(0,1) (254)

Theorem 6.14. Consider the N-step binomial model for the interval [0, T] with the assumption (c).
Suppose the interest is continuously compounded at a constant rate r. Linearly interpolate the stock
prices Sy, Sp, -+, Sy and denote the resulting continuous-time stock price as (Sy;n)o<t<T. Then there is
a Brownian motion (By)o<:<T Such that under the risk-neutral probability measureP*, as N — oo,

St:n = Soexp ((r —a?/2)t+0By). (255)

Proof. Argument is the same as before, but apply the process-level Lindeberg-Feller CLT (e.g., [Bro71,
Thm. 3]) to show convergence to the Brownian motion. g

The result in Theorem 6.14 suggests the following continuous-time risk-neutral stock pricing

S & Spexp((r—c2/2)t+0B). (256)



34 HANBAEK LYU

Proposition 6.15. The discounted stock price (e”"'S;)o<;<7 forms a martingale under the risk-neutral
probability measure P*. That is, for any 0 < s < t < T, conditional on the information & up to time
O=<ss=T,

Eple 'S | Fsl=e "*Ss. (257)
Proof. We will sketch the key part of the argument, assuming s = 0. Rewriting (256), we have
e 'S, = Spexp(-o2t/2+0By). (258)

Taking risk-neutral conditional expectation on both sides, and using the fact that the MGF of a normal
RV with distribution N(0, £) is given by e~ /2,

Ep-[e™"'S: | Fol = Soe™ "2Ep-[exp(0By) | Fol = Spe ™ 127 112 = &, (259)

Hence the discounted future stock price is a martingale under the risk-neutral probability measure.
O

Proposition 6.16. Consider a European option with payoff g(St) on stock with price (S¢)o<i<T in the
continuous-time model. Then the value Vy of this European option is given by

Vo =Ep:[e”" T g(Sp)l. (260)

Proof. The same formula holds for the discrete N-step binomial model. The key part of the argument
is to show that one can interchange the order of continuous-time limit N — oo and the risk-neutral
expectation. This is omitted. ]

6.3. The Black-Scholes partial differential equation. In this subsection, we derive the Black-Scholes
partial differential equation for the value of European options, and obtain a simple formula for the
value of the European call option.

The rigorous derivation of the Black-Scholes equation requires a careful development of the the-
ory of It6 integrals and stochastic calculus, which is not going to be covered in this note. Below we
present a less rigorous but more transparent derivation of the equation, following the approach in
[Dur99]. The starting point is the now-familiar backward recursion for the European option values in
the binomial model:

Vi(w) = %[Vku(wmpf () + Viy1 (@T) p; (0)]. (261)
If we use the N-step approximation of the continuous time model for the period [0, T] using the bino-
mial model, then the above recursion describes an instantaneous change (for duration % = T/N) of
the option values. By taking the limit N — oo and using our risk-neutral stock pricing formula (Thm.
6.14), we will obtain a partial differential equation for the European option value in the continuous
model, which is the Black-Scholes equation stated below.

Theorem 6.17 (The Black-Scholes equation). Consider a European option with payoff g(St) on stock
with price (Sy)o<t<T in the continuous-time model. Let V (t,s) denote the value of the option at time
t < T when the stock price iss. Thenfor0<t<T,

o 9 -rvi )+( L)V 9 TSV g o (262)
—(t,8)—rV(t,s —|s=— )+ ——=(,8) =

ot HT5 ) as 2 052

with the boundary condition V (T, s) = g(s), wherer is the continuously compounded interest rate and
o denotes the volatility of the stock.
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Remark 6.18. In the rigorous derivation of the Black-Scholes equation using Itd integral and stochas-
tic calculus, one assumes that the stock price is given by a ‘geometric Brownian motion’

S:=Spexp(ut+oBy) (263)

and derives the following PDE
0%s% 0°V
2 0s?
for the European option value V (¢, s) with payoff g(St). This equation is equivalent to the one in

(6.17) up to the relation r = u+ 0?/2, which guarantees the discounted stock price e %S, to be a
martingale. (See Exercise 6.9.)

ov ov
—(,8)—rV(t,s) +rs—(t,8) + (£,8)=0 (264)
ot 0s

Before we give the proof, note that since the option payoff g(St) depends only on the stock price
St at maturity and not on the sample path, the value of the option at time ¢ € [0, T] depends only
on the time ¢ and the stock price s at that time t. Hence the value function V (¢, s) in the assertion is
indeed well-defined”.

Proposition 6.19. We have the following asymptotic expressions

A-wpi+Q-d)1-p)) 2
P1 . P1 :—(u+%)+0(\/ﬁ), (265)
1-w?p;+A-d)*1-p})
Pr - PU_ 52 owh). (266)
Proof. Follows from the power series expansions for pf (230), u (234), and d (235). Details are omit-
ted. OJ

Proofof Theorem 6.17. Consider the approximation of the continuous-time model for the period
[0, T] via the N-step binomial model. Let & = T/N denote the duration of each step in the binomial
model with the following constant up- and down-factors

u= exp(ph+a\/ﬁ), d:exp(uh—(f\/ﬁ), (267)
Let p; = p;‘; n= (e — d)/(u— d) denote the risk-neutral up-probability. Then®
erhV(t— h,s)=[V(t,swpy+V(t,sd)1-p))l. (268)
Taking difference with the equation V (t,s) = V (¢, s) pi‘ +V(t,s)(1-p*), we get
V(t,s)—e"V(t—h,s) = pilV(t, )= V(t,swl+ Q- p)IV(L,s) - V(L sd)l. (269)
Dividing by £, this gives

« | V(E,8) =Vt su)

V(t,s)-V(t—hs) 1-e
(t,8)-V( s) l-e V(t—hys) = p’ .

h

. (270)

Vi(t,s)-VI(t,sd
g [ L9V

4A more rigorous coupling argument (optional): Under the risk-neutral probability meausure P*, the future stock evo-
lution is independent from the past, so one can couple two stock price evolution so that they evolve the same way once the
two path intersects (at the same time and the same price). Then they both end up at the same price St at maturity, so the
option value corresponding to the two sample paths are the same.

SHere the value V(z, s) has implicit dependence on & (or on N), but we ignore this for simplicity.
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Now, we are going to take the limit 2 — 0, which corresponds to the limit N — oco. Using definition
of derivatives, the left hand side becomes

ov
—(t,8)—1rV(t,s). (271)
ot
For the right hand side of (270), we use the second order Taylor expansion of V in the second variable:
) W 0PV (s—s)? '3
V(t,s)-V(t,s)=——(t8)(s—5) - (t,9) +0(s—sT). (272)
ds 0s2 2

Using s’ = su and s’ = sd, the right hand side of (270) becomes

v A-wpi+A-dA-p})| s20°V 1-w?p; +1-d)*(1-p3)
35 Y h 2 52 h &79)
+hto(-wd+1-a)?® (274)

Since 1 - u = O(h) and 1—d = O(h) due to (234) and (235), the last term above goes to zero as h — 0.
Hence by Proposition 6.19, the above equation converges as h — 0 to

( +02)6V(t ) 0?s? 62V(t ) 275)
-s — | —=(t,8) — ———(1,9).

BT ) s 2 0s?

Thus equating (271) and (275), we obtain the desired partial differential equation. U

In the particular case of European call, we can explicitly compute the solution of the Black-Scholes
equation.

Theorem 6.20. In the continuous model, the price Cx (0, T) of the European call with payoff g(St) =
(St —K)* is given by

Cx(0, T) = So®(dy) — ™" TKD(do), (276)
where ®(x) =P(N(0,1) < x) and

log(So/K) + (r+02/2)T
d1= Og( 0 ) (7’ g ) , dgzdl—aﬁ. (277)
oVT
Proof. According to Proposition 6.16, we have
Cx(0,T) =Ep-[e”" " (ST - K)7], (278)

where P* denotes the risk-neutral probability measure. By the risk-neutral stock pricing (Theorem
6.14), we can write

St 2 Syexp ((r—02/2)T +0By). (279)
Note that under P* we have
St=K <= Spexp((r-o%/2)T+0Br)=K (280)
— (r—-o0°/2)T +0Br =log(K/Sy) (281)
2
12) —1)T +log(K/S
— By /2= NT+logK/S) _ (282)
g
Since Br ~ N(0, T'), thus we have
1 7
Vo = f [Soe™ 0 112ty _ 7T o 21 g (283)
0 Sr=K 0 V2rnT Y
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1 2 2
:Soe_UZT/zf %V dy-e 'K e dy (284)
y=a

1
VanT yza V2n T

By completing the square in the exponent, we can rewrite the first integral above as

Soe_asz ! exp (—L(y—UT)2+ﬂ) dy (285)
y=a V2nT 2T 2
1 1 )
=5 f ex (—— -oT )d (286)
)y Vamz P2 VT
=S5PN@0T,T)=a) (287)
a—-oT ol —a
=§P (N(O, 1) = ) =SoP (N(O, 1)< ), (288)
VT

where the last equality uses the symmetry of the standard normal distribution. Note that (o T —
a)/VT = d; as defined in the assertion. On the other hand,

1 2
e"TKf e mdy=e"TKP(NO,T)=a)=e " TKP(N©,1) = a/VT) (289)
yza V2unT
=e "TKP(N(0,1) < -a/VT). (290)
Since (6T — a)/V'T = dy, we also have —a/v'T = d; — VT = d,. This shows the assertion. O

Remark 6.21. Recall the put-call parity (Prop. 8.2 in Lecture note 1), which states that
Ck(0,T) = Pk(0,T) = Vk(0,7), (291)

where Vi (0, T) is the value at time ¢ = 0 of the forward contract on the stock with maturity T and
delivery price K. Recall that

Vk(0,T)=(FO,T)—-K)e T =(Spe’ T =K)e " T =5y —Ke "7 (292)

Hence (6.20) also gives the following price formula for the European put with payoff (K — S7)*:

Pg(0,T)=Ck(0,T)—-Vk(0,T) (293)
= So(@(d) - 1) — e "TK(@(dy) - 1) (294)
=e "TK(1-®(dy) - So(1 - D(dy)) (295)
= e_rTKIP(N(O, 1) =dy) — SoP(N(0,1) = dy) (296)

= e "TK®(~dy) — So®(—dy). (297)
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