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Contingency tables

▶ Contingency tables are matrices with non-netative integer entries with fixed row an
column margins.

▶ margins: a = (a1, . . . , am) ∈ Nm, b = (b1, . . . , bn) ∈ Nn,
∑

ai =
∑

bj = N
▶ Let T (a, b) be the set of all (n× n) contingency tables of row sum a and column

sum b:

T (a, b) :=
{
(xij) ∈ Nn×n

∣∣∣∣ n∑
k=1

xik = ai,

n∑
k=1

xkj = bj ∀1 ≤ i, j ≤ n
}

• T(a, b) := |T (a, b)| (= # of bipartite graphs with degree sequences a and b)

▶ Sampling CT: X ∼ Uniform(T (a, b))
▶ Counting CT: Compute T(a, b)
▶ Sampling ↔ Counting (self-reduction):

P (X11 ≥ t) =
T
(

a = (a1 − t, a2 . . . , am)

b = (b1 − t, b2 . . . , bn)

)
T
(

a = (a1, a2 . . . , am)

b = (b1, b2 . . . , bn)

)
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Uniform contingency tables in statistics

 

  

3 5 3 0 3 5 
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9 13 9 19 11 21 

1 0 3 2 0 7 

0 3 4 0 2 1 

0 0 1 2 5 7 

9 3 1 3 0 0 

2 0 8 1 3 0 

13 

10 

15 

16 

14 

19 

9 13 9 19 11 21 

𝑋 = ൫𝑋௜௝൯ 𝑣. 𝑠. 

Data Null model 

▶ Contingency tables are fundamental tools in statistics for studying dependence
structure between two or more variables

▶ Uniform contingency table X = (Xij) serves as the maximum entropy null model
given margins

▶ It motivates to study the structure of X for given margins
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Sampling random CTs in statistics

▶ To sample from T (a, b), first consider a 0-1 block matrix of size N×N = (a1 + · · ·+
am)× (b1 + · · ·+ bn):

 

 

  𝐵ଶ(1 + 𝐶)

(𝐵௖ − 𝐵)(𝐵 + 𝐵௖ − 2)
 

Data Null model 

𝐶 

𝐵𝐶 

𝐵𝐶 𝐶 

𝐵௖C 

𝐵௖𝐶 

𝐶(𝐵 − 𝐵௖)𝑛
ଵିఋ 

𝐵 < 𝐵௖  𝐵 > 𝐵௖  

𝑟ଵ 
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𝑐ଵ 

𝑐ଶ 

𝑐ଷ 

1 

1 

1 

1 

1 

1 

1 

1 1 

2 

2 

2 0 

0 

0 0 
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Sampling random CTs in statistics

▶ Fill in the block matrix with a uniform random permutation matrix:
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Sampling random CTs in statistics

▶ Collapse each block into each cell in the contingency table
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𝐶 
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▶ Resulting contingency table follows hypergeometric distribution: (not uniform)

P(Y = (yij)) ∝
∏

ij

1
yij!
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Counting CTs — Numerical examples (Uniform margins)

▶ row sums = s, column sums = t, total sum = ms = nt (= N)

Figure: Excerpted from [3]

▶ UB1, LB1 = Barvinok’s first upper and lower bounds [1]
▶ UB2, LB2 = Barvinok’s first upper and lower bounds [2]
▶ UB3 = Shapiro’s upper bound [13]
▶ New LB = Brändén, Leake, Pak [3]
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Counting TCs — Numerical examples (Non-uniform margins)

Figure: Excerpted from [3]

▶ UB1, LB1 = Barvinok’s first upper and lower bounds [1]
▶ UB2, LB2 = Barvinok’s first upper and lower bounds [2]
▶ UB3 = Shapiro’s upper bound [13]
▶ New LB = Brändén, Leake, Pak [3]

▶ Large gap between rigorous upper and lower bounds on T(a, b) for non-uniform
margins
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Uniform and smooth margins

Uniform margins: a = b = (⌊Cn⌋, ⌊Cn⌋, · · · , ⌊Cn⌋) ∈ Nn.

▶ Sharp volume estimate (Canfield and MacKay ’10 [4]):

logT(a, b) = [(1 + C) log(1 + C)− C log(C)]n2 − n log n
− n log 2πC(1 + C) + log n + O(1).

▶ Convergence to geometric RVs of mean C (Chatterjee, Diaconis, and Sly ’10 [5]):
dTV(Xij,Geom(C))→ 0 as n→∞

Asymptotically independent entries

 

  
!

𝐵!(1 + 𝐶)
(𝐵" − 𝐵)(𝐵 + 𝐵" − 2)

* 

Geom(𝐶) 

Geom(𝐵𝐶) 

Ge
om

( 𝐵
𝐶)

 

Geom 

𝐵 < 𝐵+  

Geom(𝐶) 

Geom(𝐵+𝐶) 

!𝐶(𝐵 − 𝐵!)𝑛"#$( 

𝑛 → ∞ 

𝐵 > 𝐵+  

𝑛,  𝑛 

𝑛,  

𝑛 

𝐵𝐶𝑛 

𝐶𝑛 

𝐶𝑛 
𝐶𝑛 

𝐶𝑛 𝐶𝑛 𝐶𝑛 𝐵𝐶𝑛 

⋮ 

⋮ 

⋮ 

𝐵𝐶𝑛 

𝐶𝑛 𝐶𝑛 𝐶𝑛 ⋮ 

𝐶𝑛 

𝐶𝑛 

⋮ 

𝐶𝑛 

𝑛 → ∞ 
Geom(𝐶) 

▶ Empirical distribution of eigenvalues ⇒ circular law (Nguyen ’14 [12])

Smooth margins: a, b ∈ Nn so that max a
min a ,

max b
min b ≤ ϕ = (1 +

√
5)/2 ≈ 1.618.

▶ Polynomial time approximate algorithm for computing T(a, b)
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min a ,

max b
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Uniform and smooth margins
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Good’s Independent Heuristic

Conjecture (Independent heuristic, Good ’50)

T(a, b) ≈ G(a, b)

where

G(a, b) :=

(
N + mn− 1

mn− 1

)−1 m∏
i=1

(
ai + n− 1

n− 1

) n∏
j=1

(
bj + m− 1

m− 1

)
.

Reasoning:
• X ∼ Uniform (SN), SN :=

{
CT’s with total sum N =

∑
ai =

∑
bj
}

• Rn(a) :=
{

X has row margins a
}
, Cm(b) :=

{
X has column margins b

}
.

• P
(
Rn(r) ∩ Cm(c)

)
=

T(a, b)
|SN|

, P
(
Rn(r)

)
=
|Rn(r)|
|SN|

, P
(
Cn(c)

)
=
|Cn(c)|
|SN|

̇

•
∣∣SN
∣∣ = (N + mn− 1

mn− 1

)
,
∣∣Rn(a)

∣∣ = m∏
i=1

(
ai + n− 1

n− 1

)
,
∣∣Cm(b)

∣∣ = n∏
j=1

(
bj + m− 1

m− 1

)

•
P
(
Rn(a) ∩ Cm(b)

)
P
(
Rn(a)

)
P
(
Cm(b)

) =
T(a, b)
G(a, b)
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Good’s Independence Heuristic — Uniform and small margins

History of the Independence Heuristic (IH) T(a, b) ≈ G(a, b):

• Given implicitly by Good in 1963 [10] and later formally in 1963 [8] and 1976 [9]
• Experimentally verified by Good and Crook [7] in 1977 and Diagonis and Gangolli

[6] in 1995
• In 2008, Greenhill and MacKay [11] proved that

T(a, b) ∼
√

e G(a, b)(1)

for small margins: max(a1, . . . , am) ·max(b1, . . . , bn) = O(N2/3)

• In 2010, Greenhill and MacKay [4] proved (1) for uniform linear margins n = m,
a = b = (Cn,Cn, . . . ,Cn), C > 0
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Two margins

• Two margins: a = b = (

nδ︷ ︸︸ ︷
BCn, . . . ,BCn,

(n−nδ)︷ ︸︸ ︷
Cn, . . . . . . ,Cn), 0 ≤ δ ≤ 1

 

𝐵 1 2 0 1 + √2 

c !
=
𝐵 −
1	 

c! ≡ √2	 

c "
≡
𝐵 −

1	 

c!	 
c"	 

c"≡
𝐵/2

		 

1 

√2 

𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

𝐵𝐶𝑛 

𝐵𝐶𝑛 

⋮ 

𝐶𝑛 𝐶𝑛 𝐶𝑛 𝐵𝐶𝑛 𝐵𝐶𝑛 ⋯ 

⋮ 

⋯ 

𝑛 𝑛!  

𝑛!  

𝑛 

"
𝐵!(1 + 𝐶)

(𝐵" − 𝐵)(𝐵 + 𝐵" − 2)
+ 

Geom(𝐶) 

Geom(𝐵𝐶) 

Ge
om

( 𝐵
𝐶)

 

Geom 

𝐵 < 𝐵,  

Geom(𝐶) 

Geom(𝐵,𝐶) 

Ge
om

( 𝐵
,𝐶
)  

Geom %𝐶(𝐵 − 𝐵!)𝑛"#$, 

𝑛 → ∞ 

𝐵 > 𝐵,  

𝑛!  𝑛 

𝑛!  

𝑛 

𝐵𝐶𝑛 

𝐶𝑛 

𝐶𝑛 
𝐶𝑛 

𝐶𝑛 𝐶𝑛 𝐶𝑛 𝐵𝐶𝑛 

⋮ 

⋮ 

⋮ 

𝐵𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

𝐵𝐶𝑛 

𝐵𝐶𝑛 

⋮ 

𝐶𝑛 𝐶𝑛 𝐶𝑛 𝐵𝐶𝑛 𝐵𝐶𝑛 ⋯ 

⋮ 

⋯ 

𝑛 𝑛!  

𝑛!  

𝑛 

• IH undercounts: For δ = 1, Barvinok [1] shows that

lim
n→∞

1
n2 logT(a, b) > lim

n→∞

1
n2 logG(a, b).

In other words, the rows and columns of CTs attract each other
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A second-order phase transition in T(a, b)

Theorem (L., and Pak ’20)
Let 0 < δ < 1 and a = b = (

nδ︷ ︸︸ ︷
BCn, . . . ,BCn,

n−nδ︷ ︸︸ ︷
Cn, . . . . . . . . . ,Cn) ∈ Nn.

Let Bc := 1 +
√

1 + 1/C and f(x) := (x + 1) log(x + 1)− x log x.

(i) lim
n→∞

1
n2 logT(a, b) = lim

n→∞

1
n2 logG(a, b) = f(C)

(ii)

lim
n→∞

1
n1+δ

log
T(a, b)
G(a, b) =

{
0 if B ≤ Bc
C(B − Bc) log

(
1 + 1

C
)
− 2

(
f(BC)− f(BcC)

)
> 0 if B > Bc.
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• Asmptotic independence B↗−→ Positive correlation
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Barvinok margin

 

𝐵 1 2 0 1 + √2 

cଵ ≡ √2  
cଵ  
cଶ  

1 

√2 

𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

𝐵𝐶𝑛 

𝐵𝐶𝑛 

⋮ 

𝐶𝑛 𝐶𝑛 𝐶𝑛 𝐵𝐶𝑛 𝐵𝐶𝑛 ⋯ 

⋮ 

⋯ 

𝑛 𝑛ఋ  

𝑛ఋ  

𝑛 

ቆ
𝐵ଶ(1 + 𝐶)

(𝐵௖ − 𝐵)(𝐵 + 𝐵௖ − 2)
ቇ 

Geom(𝐶) 

Geom(𝐵𝐶) 

G
e

o
m

( 𝐵
𝐶

)  

Geom(𝐶) 

Geom(𝐵௖𝐶) 

G
e

o
m

( 𝐵
௖
𝐶

)  

Geom Geom ൫𝐶(𝐵 − 𝐵௖)𝑛ଵିఋ൯ 

𝐵𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

⋮ 

𝐶𝑛 𝐶𝑛 𝐶𝑛 𝐶𝑛 ⋮ 𝐵𝐶𝑛 

𝑛 1 

1 

𝑛 

▶ Let a = b = (⌊BCn⌋, ⌊Cn⌋, · · · , ⌊Cn⌋) ∈ Nn+1.
Let X = (Xij) be the uniform contingency table
with this margin.

▶ Do we still have convergence to geometric
entries for all B,C ≥ 1?

▶ If so, what are the means of the geometric
distribution in each block?
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Barvinok’s conjecture

▶ Based on his typical table computation, Barvinok conjectured in 2010 that each
entry in X is asymptotically distributed as a geometric variable;

▶ Furthermore, for C = 1, he conjecture that E[X11] = O(1) for B < 2 and
E[X11] = Θ(n) for B > 1 +

√
2.

 

  

G
eo

m
( 𝐵

)  
3 5 3 0 3 5 

13 

10 

15 

16 

14 

19 

9 13 9 19 11 21 

1 0 3 2 0 7 

0 3 4 0 2 1 

0 0 1 2 5 7 

9 3 1 3 0 0 

2 0 8 1 3 0 

13 

10 

15 

16 

14 

19 

9 13 9 19 11 21 

𝑋 = ൫𝑋௜௝൯ 𝑣. 𝑠. 

Data Null model 

Geom(1) Geom(1) 

Geom (𝑧ଵଵ), zଵଵ ≥ ൫𝐵 − 1 − √2൯𝑛  Geom (𝑧ଵଵ), zଵଵ = 𝑂(1)   

Geom(𝐵) 

B < 2 B > 1 + √2 ≈ 2.414 
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Barvinok’s conjecture

▶ In 2018, Dittmer and Pak tested Barvinok’s conjecture using a new MCMC
algorithm to sample a uniform contingency table of reasonable size

▶ They conjectured that Bc = 1 +
√

2 is the critical value and X11 actually converges
to a normal variable with growing mean

 

  

G
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m
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19 

9 13 9 19 11 21 

𝑋 = ൫𝑋௜௝൯ 𝑣. 𝑠. 

Data Null model 

Geom(1) Geom(1) 

Normal (𝑧ଵଵ, ? ), zଵଵ ≥ ൫𝐵 − 1 − √2൯𝑛  Geom (𝑧ଵଵ), zଵଵ = 𝑂(1)   

Geom(𝐵) 

B < 1 + √2 B > 1 + √2 

Geom൫1 + √2൯ 

G
eo

m
൫1

+
√

2
൯ 
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Simulation of corner entry X11
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Phase transition in asymptotic distribution

Theorem (Dittmer, L., and Pak ’19+)

Let 1/2 < δ < 1 and a = b = (

nδ︷ ︸︸ ︷
BCn, . . . ,BCn,

n−nδ︷ ︸︸ ︷
Cn, . . . . . . . . . ,Cn) ∈ Nn. Let

Bc := 1 +
√

1 + 1/C and X ∼ Uniform(T (a, b)). Then X marginally converges to the
following matrix in total variation distance:

 

𝐵 1 2 0 1 + √2 

cଵ ≡ √2  
cଵ  
cଶ  

1 

√2 

𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

𝐵𝐶𝑛 

𝐵𝐶𝑛 

⋮ 

𝐶𝑛 𝐶𝑛 𝐶𝑛 𝐵𝐶𝑛 𝐵𝐶𝑛 ⋯ 

⋮ 

⋯ 

𝑛 𝑛ఋ 

𝑛ఋ 

𝑛 

Geom(𝐶) 

Geom(𝐵௖𝐶) 

G
eo

m
( 𝐵

௖
𝐶

)  

Geom ൫𝐶(𝐵 − 𝐵௖)𝑛ଵିఋ൯ 𝑛ఋ 𝑛 

𝑛ఋ 

𝑛 

𝑛 → ∞ 

ቆ
𝐵ଶ(1 + 𝐶)

(𝐵௖ − 𝐵)(𝐵 + 𝐵௖ − 2)
ቇ 

Geom(𝐶) 

Geom(𝐵𝐶) 

G
eo

m
( 𝐵

𝐶
)  

Geom 

𝐵 < 𝐵௖ 𝐵 > 𝐵௖  

𝐵𝐶𝑛 

𝐵𝐶𝑛 

𝐶𝑛 

𝐶𝑛 
𝐶𝑛 

𝐶𝑛 𝐶𝑛 𝐶𝑛 𝐵𝐶𝑛 

⋮ 

⋮ 

⋮  

• We also show polynomial rate of convergence in dTV.
• But where is this phase transition coming from?

Hanbaek Lyu On the number of contingency tables



Phase transition in asymptotic distribution

Theorem (Dittmer, L., and Pak ’19+)

Let 1/2 < δ < 1 and a = b = (

nδ︷ ︸︸ ︷
BCn, . . . ,BCn,

n−nδ︷ ︸︸ ︷
Cn, . . . . . . . . . ,Cn) ∈ Nn. Let

Bc := 1 +
√

1 + 1/C and X ∼ Uniform(T (a, b)). Then X marginally converges to the
following matrix in total variation distance:

 

𝐵 1 2 0 1 + √2 

cଵ ≡ √2  
cଵ  
cଶ  

1 

√2 

𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

𝐵𝐶𝑛 

𝐵𝐶𝑛 

⋮ 

𝐶𝑛 𝐶𝑛 𝐶𝑛 𝐵𝐶𝑛 𝐵𝐶𝑛 ⋯ 

⋮ 

⋯ 

𝑛 𝑛ఋ 

𝑛ఋ 

𝑛 

Geom(𝐶) 

Geom(𝐵௖𝐶) 

G
eo

m
( 𝐵

௖
𝐶

)  

Geom ൫𝐶(𝐵 − 𝐵௖)𝑛ଵିఋ൯ 𝑛ఋ 𝑛 

𝑛ఋ 

𝑛 

𝑛 → ∞ 

ቆ
𝐵ଶ(1 + 𝐶)

(𝐵௖ − 𝐵)(𝐵 + 𝐵௖ − 2)
ቇ 

Geom(𝐶) 

Geom(𝐵𝐶) 

G
eo

m
( 𝐵

𝐶
)  

Geom 

𝐵 < 𝐵௖ 𝐵 > 𝐵௖  

𝐵𝐶𝑛 

𝐵𝐶𝑛 

𝐶𝑛 

𝐶𝑛 
𝐶𝑛 

𝐶𝑛 𝐶𝑛 𝐶𝑛 𝐵𝐶𝑛 

⋮ 

⋮ 

⋮  

• We also show polynomial rate of convergence in dTV.

• But where is this phase transition coming from?

Hanbaek Lyu On the number of contingency tables



Phase transition in asymptotic distribution

Theorem (Dittmer, L., and Pak ’19+)

Let 1/2 < δ < 1 and a = b = (

nδ︷ ︸︸ ︷
BCn, . . . ,BCn,

n−nδ︷ ︸︸ ︷
Cn, . . . . . . . . . ,Cn) ∈ Nn. Let

Bc := 1 +
√

1 + 1/C and X ∼ Uniform(T (a, b)). Then X marginally converges to the
following matrix in total variation distance:

 

𝐵 1 2 0 1 + √2 

cଵ ≡ √2  
cଵ  
cଶ  

1 

√2 

𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

𝐵𝐶𝑛 

𝐵𝐶𝑛 

⋮ 

𝐶𝑛 𝐶𝑛 𝐶𝑛 𝐵𝐶𝑛 𝐵𝐶𝑛 ⋯ 

⋮ 

⋯ 

𝑛 𝑛ఋ 

𝑛ఋ 

𝑛 

Geom(𝐶) 

Geom(𝐵௖𝐶) 

G
eo

m
( 𝐵

௖
𝐶

)  

Geom ൫𝐶(𝐵 − 𝐵௖)𝑛ଵିఋ൯ 𝑛ఋ 𝑛 

𝑛ఋ 

𝑛 

𝑛 → ∞ 

ቆ
𝐵ଶ(1 + 𝐶)

(𝐵௖ − 𝐵)(𝐵 + 𝐵௖ − 2)
ቇ 

Geom(𝐶) 

Geom(𝐵𝐶) 

G
eo

m
( 𝐵

𝐶
)  

Geom 

𝐵 < 𝐵௖ 𝐵 > 𝐵௖  

𝐵𝐶𝑛 

𝐵𝐶𝑛 

𝐶𝑛 

𝐶𝑛 
𝐶𝑛 

𝐶𝑛 𝐶𝑛 𝐶𝑛 𝐵𝐶𝑛 

⋮ 

⋮ 

⋮  

• We also show polynomial rate of convergence in dTV.
• But where is this phase transition coming from?

Hanbaek Lyu On the number of contingency tables



Outline

Introduction

Indpendence heuristic and second-order phase transition

Barvinok’s conjecture and first-order phase transition

Typical table

Sketch of proof for TV convergence

Conjectures

Hanbaek Lyu On the number of contingency tables



Typical table

Definition
Fix margins a, c ∈ Nn. Let P(a, b) ⊆ Rn×n

≥0 denote the set of all matrices with
non-negative real entries with margins r and c. For each X = (xij) ∈ P(a, b), define

g(X) =
∑

1≤i,j≤n
(xij + 1) log(xij + 1)− xij log(xij).

The typical table Z ∈ P(a, b) for T (a, b) is defined by

Z = arg maxX∈P(a,b)g(X).
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Typical table

Theorem (Barvinok ’09, ’10)
Fix any margins a, b ∈ Nn. Let Z = (zij) be the typical table for T (a, b). Let
N =

∑m
i=1 ai =

∑m
j=1 bj denote the total sum.

(i) There exists some absolute constant γ > 0 such that

g(Z)− γ(m + n) logN ≤ logT(a, b) ≤ g(Z),

(ii) Let Y = (Yij) be the (n× n) random matrix of independent entries,
Yij ∼ Geom(zij). Then Y is uniform on T (a, b) conditional on being in T (a, b).

(iii) For the constant γ > 0 in (i), we have

P(Y ∈ T (a, b)) = e−g(Z)T(a, b) ≥ N−γn.
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Typical table

Theorem (Barvinok ’09, ’10)
Fix any margins a, b ∈ Nn. Let Z = (zij) be the typical table for T (a, b). Let
N =

∑m
i=1 ai =

∑m
j=1 bj denote the total sum.

(i) There exists some absolute constant γ > 0 such that

g(Z)− γ(m + n) logN ≤ logT(a, b) ≤ g(Z),

• For (i): Lower bound is hard; Upper bound is immediate from the GF:
n∏

i=1

n∏
j=1

1
1− xiyj

=
∑

a∈Nm, b∈Nn
T(a, b)

m∏
i=1

xai
i

m∏
j=1

ybj
j

T(a, b) ≤ inf

 m∏
i=1

xai
i

m∏
j=1

ybj
j

−1
n∏

j=1

1
1− xiyj

= exp

(
sup

[∑
i

ai log xi +
∑

j
bj log yj +

∑
ij

log(1− xiyj)

])
= exp(g(Z))
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• For (i): Lower bound is hard; Upper bound is immediate from the GF:
n∏

i=1

n∏
j=1

1
1− xiyj

=
∑

a∈Nm, b∈Nn
T(a, b)

m∏
i=1

xai
i

m∏
j=1

ybj
j

T(a, b) ≤ inf

 m∏
i=1

xai
i

m∏
j=1

ybj
j

−1
n∏

j=1

1
1− xiyj

= exp

(
sup

[∑
i

ai log xi +
∑

j
bj log yj +

∑
ij

log(1− xiyj)

])
= exp(g(Z))
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Phase transition in typical table

Lemma (Dittmer, L., and Pak ’19+)

Let 0 < δ < 1 and a = b = (

nδ︷ ︸︸ ︷
BCn, . . . ,BCn,

n−nδ︷ ︸︸ ︷
Cn, . . . . . . . . . ,Cn) ∈ Nn.

Let Z be the typical table for T (a, b). Let Bc := 1 +
√

1 + 1/C. Then for 0 ≤ δ < 1,
the first order asymptotics of the entries of Z are given by:

 

 

  𝐵ଶ(1 + 𝐶)

(𝐵௖ − 𝐵)(𝐵 + 𝐵௖ − 2)
 

Data Null model 

𝐶 

𝐵𝐶 

𝐵𝐶 𝐶 

𝐵௖C 

𝐵௖𝐶 

𝐶(𝐵 − 𝐵௖)𝑛
ଵିఋ 

𝐵 < 𝐵௖  𝐵 > 𝐵௖  

• We also show polynomial rate of convergence ← Crucial in volumn phase transition
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Concentration in blocks of volume ≫ n

` 

𝐵 1 2 0 1 + √2 

cଵ ≡ √2  
cଵ  
cଶ  

1 

√2 

𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

𝐵𝐶𝑛 

𝐵𝐶𝑛 

⋮ 

𝐶𝑛 𝐶𝑛 𝐶𝑛 𝐵𝐶𝑛 𝐵𝐶𝑛 ⋯ 

⋮ 

⋯ 

𝑛 𝑛ఋ  

𝑛ఋ  

𝑛 

ቆ
𝐵ଶ(1 + 𝐶)

(𝐵௖ − 𝐵)(𝐵 + 𝐵௖ − 2)
ቇ Geom Geom 

Geom(𝐶) 

Geom(𝐵𝐶) 

G
e

o
m

( 𝐵
𝐶

)  

Geom(𝐶) 

Geom(𝐵௖𝐶) 

G
e

o
m

( 𝐵
௖
𝐶

)  

൫𝐶(𝐵 − 𝐵௖)𝑛ଵିఋ൯ 

𝐵𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

⋮ 

𝐶𝑛 𝐶𝑛 𝐶𝑛 𝐶𝑛 ⋮ 𝐵𝐶𝑛 

𝑛 1 

1 

𝑛 

𝐵 > 𝐵௖  𝐵 < 𝐵௖  

𝑋௡ାଵ,௡ାଵ  

▶ Approximate P(Xn+1,n+1 ∈ A) by the sample
mean S(X) of 1(Xij ∈ A)’s within bottom right
block

▶ Approximate X by Y on a rare event and use
concentration bounds for Y:

|P(Xij ∈ A)− P(Yij ∈ A)|
= |E[S(X)]− P(Yij ∈ A)|
≤ E [|S(X)− P(Yij ∈ A)|]
≤ tP (|S(X)− P(Yij ∈ A)| ≤ t)

+ 2P (|S(X)− P(Yij ∈ A)| > t)

≤ t + 4Nγn exp

(
−n2t2

2

)
.
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Concentration in blocks of volume ≫ n

` 

𝐵 1 2 0 1 + √2 

cଵ ≡ √2  
cଵ  
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√2 

𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

𝐵𝐶𝑛 

𝐵𝐶𝑛 

⋮ 

𝐶𝑛 𝐶𝑛 𝐶𝑛 𝐵𝐶𝑛 𝐵𝐶𝑛 ⋯ 
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𝑛 𝑛ఋ  

𝑛ఋ  
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ቆ
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ቇ Geom Geom 
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Geom(𝐵𝐶) 

G
e

o
m

( 𝐵
𝐶

)  

Geom(𝐶) 

Geom(𝐵௖𝐶) 

G
e

o
m

( 𝐵
௖
𝐶

)  

൫𝐶(𝐵 − 𝐵௖)𝑛ଵିఋ൯ 

𝐵𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

⋮ 

𝐶𝑛 𝐶𝑛 𝐶𝑛 𝐶𝑛 ⋮ 𝐵𝐶𝑛 

𝑛 1 

1 

𝑛 

𝐵 > 𝐵௖  𝐵 < 𝐵௖  

𝑋௡ାଵ,௡ାଵ  

▶ Approximate P(Xn+1,n+1 ∈ A) by the sample
mean S(X) of 1(Xij ∈ A)’s within bottom right
block

▶ Approximate X by Y on a rare event and use
concentration bounds for Y:

|P(Xij ∈ A)− P(Yij ∈ A)|
= |E[S(X)]− P(Yij ∈ A)|
≤ E [|S(X)− P(Yij ∈ A)|]
≤ tP (|S(X)− P(Yij ∈ A)| ≤ t)

+ 2P (|S(X)− P(Yij ∈ A)| > t)

≤ t + exp(cn log n) exp
(
−n2t2

2

)
.

▶ This gives dTV(X,Y) ≤ n−1/2+ε.
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Concentration in blocks of volume ≫ n

` 

𝐵 1 2 0 1 + √2 

cଵ ≡ √2  
cଵ  
cଶ  
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ቆ
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(𝐵௖ − 𝐵)(𝐵 + 𝐵௖ − 2)
ቇ Geom Geom 

Geom(𝐶) 

Geom(𝐵𝐶) 

G
e

o
m

( 𝐵
𝐶

)  

Geom(𝐶) 

Geom(𝐵௖𝐶) 

G
e

o
m

( 𝐵
௖
𝐶

)  

൫𝐶(𝐵 − 𝐵௖)𝑛ଵିఋ൯ 

𝐵𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

⋮ 

𝐶𝑛 𝐶𝑛 𝐶𝑛 𝐶𝑛 ⋮ 𝐵𝐶𝑛 

𝑛 1 

1 

𝑛 

𝐵 > 𝐵௖  𝐵 < 𝐵௖  

𝑋ଵ,௡ାଵ  

▶ Approximate P(X1,n+1 ∈ A) by the sample mean
S(X) of 1(Xij ∈ A)’s within top right block

▶ Approximate X by Y on a rare event and use
concentration bounds for Y:

|P(Xij ∈ A)− P(Yij ∈ A)|
= |E[S(X)]− P(Yij ∈ A)|
≤ E [|S(X)− P(Yij ∈ A)|]
≤ tP (|S(X)− P(Yij ∈ A)| ≤ t)

+ 2P (|S(X)− P(Yij ∈ A)| > t)

≤ t + exp(cn log n) exp
(
−n1+δt2

2

)
.

▶ This gives dTV(X,Y) ≤ n−(δ/2)+ε for δ > 0.
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Concentration in blocks of volume ≫ n

` 

𝐵 1 2 0 1 + √2 

cଵ ≡ √2  
cଵ  
cଶ  
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√2 

𝐶𝑛 
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𝑛 𝑛ఋ  

𝑛ఋ  
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ቆ
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(𝐵௖ − 𝐵)(𝐵 + 𝐵௖ − 2)
ቇ Geom Geom 

Geom(𝐶) 

Geom(𝐵𝐶) 

G
e

o
m

( 𝐵
𝐶

)  

Geom(𝐶) 

Geom(𝐵௖𝐶) 

G
e

o
m

( 𝐵
௖
𝐶

)  

൫𝐶(𝐵 − 𝐵௖)𝑛ଵିఋ൯ 

𝐵𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

𝐶𝑛 

⋮ 

𝐶𝑛 𝐶𝑛 𝐶𝑛 𝐶𝑛 ⋮ 𝐵𝐶𝑛 

𝑛 1 

1 

𝑛 

𝐵 > 𝐵௖  𝐵 < 𝐵௖  

𝑋ଵଵ  

▶ Approximate P(X11 ∈ A) by the sample mean
S(X) of 1(Xij ∈ A)’s within top left block

▶ Approximate X by Y on a rare event and use
concentration bounds for Y:

|P(Xij ∈ A)− P(Yij ∈ A)|
= |E[S(X)]− P(Yij ∈ A)|
≤ E [|S(X)− P(Yij ∈ A)|]
≤ tP (|S(X)− P(Yij ∈ A)| ≤ t)

+ 2P (|S(X)− P(Yij ∈ A)| > t)

≤ t + exp(cn log n) exp
(
−n2δt2

2

)
.

▶ This gives dTV(X,Y) ≤ n1/2−δ+ε for δ > 1/2.
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SLLN for row sums in blocks

Theorem (Dittmer, L., and Pak ’19+)

Let X = (Xij)1≤i,j≤n be drawn from Tn,δ(B,C) uniformly at random. Let
Bc = 1 +

√
1 + 1/C. For 1/2 < δ < 1, almost surely as n→∞,

lim
n→∞

1
n

n∑
k=1

X1,k+⌊nδ⌋ =

{
BC if B < Bc

BcC if B > Bc.

Furthermore, for all B,C ≥ 0 and 0 ≤ δ < 1, almost surely as n→∞,

lim
n→∞

1
n

n∑
k=1

Xn+1,k+⌊nδ⌋ = C.
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Conjecture (CLT)

Fix 0 ≤ δ < 1. Let X = (Xij)1≤i,j≤n be drawn from Tn,δ(B,C) uniformly at random.
Denote Bc = 1 +

√
1 + 1/C and

Sn,δ(B,C) =
n∑

k=1
X⌊nδ⌋,k+⌊nδ⌋.

Then as n→∞,{
n−1/2(Sn,δ(B,C)− BCn)→ 0 a.s. if B < Bc

n−1/2(Sn,δ(B,C)− BcCn)⇒
√

BcC + (BcC)2Z if B > Bc,

where Z ∼ N(0, 1) and ⇒ denotes weak convergence.

▶ For B < Bc, there is no room for fluctuation since Sn,δ(B,C)→ BCn =total row
sum

▶ For B > Bc, Sn,δ(B,C)→ BcCn≪ BCn =total row sum so we expect CLT
▶ However, we don’t yet know if E[X2

1,n+1] = O(1) for B > Bc
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▶ From the first row sum, we can write

n−1/2
⌊nδ⌋∑
k=1

[X1,k − C(B− Bc)n1−δ] = n−1/2(Sn,δ(B,C)− BcCn).

▶ Assuming the CLT for Sn,δ(B,C), the LHS is asymptotically normal
▶ For 0 < δ < 1/2, this cannot be the central limit behavior for the sum in the LHS:

It must be the actual marginal distribution

Conjecture
Fix B,C ≥ 1 and 0 < δ < 1/2. Let X = (Xij)1≤i,j≤n be drawn from Tn,δ(B,C)
uniformly at random. Denote Bc = 1 +

√
1 + 1/C. Then

X11 − C(B− Bc)n1−δ

n(1−δ)/2
√

BcC + (BcC)2
⇒ N(0, 1),

where ⇒ denotes weak convergence.
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Additional phase transition in δ

 

  

G
eo

m
( 𝐵

)  

3 5 3 0 3 5 

13 

10 

15 

16 

14 

19 

9 13 9 19 11 21 

1 0 3 2 0 7 

0 3 4 0 2 1 

0 0 1 2 5 7 

9 3 1 3 0 0 

2 0 8 1 3 0 

13 

10 

15 

16 

14 

19 

9 13 9 19 11 21 

𝑋 = ൫𝑋௜௝൯ 𝑣. 𝑠. 

Data Null model 

Geom(1) Geom(1) 

Normal (𝑧ଵଵ, ? ), zଵଵ ≥ ൫𝐵 − 1 − √2൯𝑛  Geom (𝑧ଵଵ), zଵଵ = 𝑂(1)   

Geom(𝐵) 

B < 1 + √2 B > 1 + √2 

Geom൫1 + √2൯ 

G
eo

m
൫1

+
√

2
൯ 

Geom(𝐶) 

Geom(𝐵௖𝐶) 

G
e

o
m

( 𝐵
௖
𝐶

)  

Geom(𝐶) 

Geom(𝐵௖𝐶) 

G
e

o
m

( 𝐵
௖
𝐶

)  

൫𝐶(𝐵 − 𝐵௖)𝑛ଵିఋ,∗൯ Normal ൫𝐶(𝐵 − 𝐵௖)𝑛ଵିఋ൯ Geom 

𝐵 > 𝐵௖  𝐵 > 𝐵௖  

0 ≤ 𝛿 < 1/2 1/2 < 𝛿 < 1 

▶ Thin Bezel ⇒ Normal corner (Conj), Thick bezel ⇒ Geometric corner (Thm)
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Thanks a lot!
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