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Matrix Factorization

> Matrix factorization is a fundamental tool in dictionary learning problems.

n r n
>
X H r
d X ~ d w
Data Dictionary Code
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> Matrix factorization is a fundamental tool in dictionary learning problems.

n r n
>
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d X ~ d w
Data Dictionary Code

> Formulated as a non-convex optimization problem:

minimize || X — WH||Z+ \||H|1 (Reconstruction error)
subject to WeC, He (' (Constraints)
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> Nonnegative Matrix Factorization (NMF): C = R;XO’, C = R;o", A=0,
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Matrix Factorization

> Matrix factorization is a fundamental tool in dictionary learning problems.

n r n
>
x bl r
d X ~ d w
Data Dictionary Code

> Formulated as a non-convex optimization problem:

minimize || X — WH||Z+ \||H|1 (Reconstruction error)
subject to WeC, He (' (Constraints)

> Nonnegative Matrix Factorization (NMF): C = R;XO’, C = r_>><o", A=0,

Subspace clustering, Matrix Completion, Sparse PCA, Robust PCA, Poisson PCA, Heteroscedastic PCA,

Bilinear Inverse Problems, Max-Plus Factorization ...
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Matrix Factorization

> Matrix factorization is a fundamental tool in dictionary learning problems.

n r n
>
x bl r
d X ~ d w
Data Dictionary Code

> Formulated as a non-convex optimization problem:
minimize || X — WH||Z+ \||H|1 (Reconstruction error)
subject to WeC, He (' (Constraints)
> Nonnegative Matrix Factorization (NMF): C = Rixo’, C'=RZy, A=0,

Subspace clustering, Matrix Completion, Sparse PCA, Robust PCA, Poisson PCA, Heteroscedastic PCA,

Bilinear Inverse Problems, Max-Plus Factorization ...

> Applications in text analysis, image reconstruction, medical imaging,
bioinformatics, etc.
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Example of NMF for Image dictionary learning
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An alternative view of Matrix Factorization

> X~ Out(UM, U?)
d, r d,

dy d,

>
r

+
+
r r
d| U®
=: Out ’ U@ | d,
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Tensor Factorization (CP decomposition)

> X~ Out(UY), U2, U)

d3 — : Tr

dy

d ®
4| v || a 3| U

U@

=: Out ’
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Tensor Factorization (CP decomposition)

> X~ Out(UY), U2, U)

d3 — : Tr

dy

d ®
4| v || a 3| U

U@

» Nonnegative Tensor Factorization

. 1 2 3 2
argmin X — Out(UW, UP U2
1 dy Xr 2 dy Xr 3 d3xr
ul )GRZO LUl )ERZO , ut )GIRZO
Hanbaek Lyu Online NTF and CP Decomposition



Block Coordinate Descent for Tensor Factorization

> Nonnegative Tensor Factorization (NTF)

argmin IX — Out(U(l)7 U@, U(3))H2F

1 dy xXr 2 dy Xr 3 d3 xr
ul )ERZO , U )eRZO , Ut )ERZO
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Block Coordinate Descent for Tensor Factorization

> Nonnegative Tensor Factorization (NTF)

argmin IX — Out(U(l)7 U@, UB))H?-'

U( )E]Riloxr, U(2 ERdZX’ U( )ERd3><r

» Block Coordinate Descent (BCD) for NTF (=Alternating Least Sqaures)

UY « argmin || X — Out(U, U, UD))|I?

UE]Rdlxr

U? « argmin || X — Out(UD, U, UP)|12
UE]RdZXr

U « argmin || X — Out(U, U?, U)|2
Ue]Rd3><r
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Block Coordinate Descent for Tensor Factorization

> Nonnegative Tensor Factorization (NTF)

argmin IX — Out(U(l)7 U@, UB))H?-'

U erY ), UD RS, U RS
» Block Coordinate Descent (BCD) for NTF (=Alternating Least Sqaures)

UY « argmin || X — Out(U, U, UD))|I?

UE]Rdlxr

U + argmin || X — Out(UY, U, UP))|2
UE]RdZX,

U « argmin || X — Out(U, U?, U)|2
Ue]Rd3><r

* BCD for NMF is guaranteed to converge to a stationary point of the loss
function (Grippo, Sciandrone '00 [1] )
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Block Coordinate Descent for Tensor Factorization

> Nonnegative Tensor Factorization (NTF)

argmin IX — Out(U(l)7 U@, UB))H?-'

U erY ), UD RS, U RS
» Block Coordinate Descent (BCD) for NTF (=Alternating Least Sqaures)

UY « argmin || X — Out(U, U, UD))|I?

UE]Rdlxr

U + argmin || X — Out(UY, U, UP))|2
UE]RdZX,

U « argmin || X — Out(U, U?, U)|2
Ue]Rd3><r

* BCD for NMF is guaranteed to converge to a stationary point of the loss
function (Grippo, Sciandrone '00 [1] )

* BCD for NTF is not guaranteed to converge to a stationary point of the loss
function (Powell '73 [6])
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Block Coordinate Descent for Tensor Factorization

> Nonnegative Tensor Factorization (NTF)

argmin [|1X— Out(U(l), U(2)> UG))H%‘

U(UelRiloxr, U(Z)ER‘;?X' us )eRd3X’

> Block Coordinate Descent (BCD) with Diminishing Radius (Lyu '20 [2]) for NTF

U argmin IX = out(u, U2, UP)|?
VRS |U= U, [l p< e
U« argmin 1X = Out(UY, U, U212
UeRZ), [ U—UD, | p<we
U« argmin IX = out(U", U, vy
3><r

VRS (U=, || p<we
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Block Coordinate Descent for Tensor Factorization

> Nonnegative Tensor Factorization (NTF)

argmin [|1X— Out(U(l), U(2)> UG))H%‘

U(UelRiloxr, U(Z)ER‘;?X' us )eRd3X’

> Block Coordinate Descent (BCD) with Diminishing Radius (Lyu '20 [2]) for NTF

U(tl) P argmin HX— OUt(U, U§2_)1» U$_~3—)1)||i—
R, - U, |l p<me

UP e argmin X ou(UY, U, UD)IR
UeRdZX' U—U2 | p<we

U argmin IX = out(U, U?, U)|I
RS, U0, |l p<me

* (Diminishing Radius) >-5°, we = 0o, >°5°, w2
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Block Coordinate Descent for Tensor Factorization

> Nonnegative Tensor Factorization (NTF)

argmin [|1X— Out(U(l), U(2)> UG))H%‘

1 dy Xr 2 dy Xr 3 d3 xr
u )eleo , Ul )eRzo , ut )eRzo

> Block Coordinate Descent (BCD) with Diminishing Radius (Lyu '20 [2]) for NTF

U(tl) P argmin HX— OUt(U, U§2—)17 U$_~3—)1)||$-_
UeRLY", U—UD, I p<we

ng) «— argmin [|X — Out(Ugl), U, UE3_)1)||2F
UERZX U~ U [l p<we

U argmin IX = out(U, U?, U)|I
UeRSX U~ I r<we

* (Diminishing Radius) >_5°, we = 00, 3°5°, w2 < o0
* (Convergence Guarantee) This algorithm is guaranteed to converge to a
stationary point of the loss function

Hanbaek Lyu Online NTF and CP Decomposition



Block Coordinate Descent for Tensor Factorization

> Nonnegative Tensor Factorization (NTF)

argmin [|1X— Out(U(l), U(2)> UG))H%‘

U(UelRiloxr, U(Z)eRi?X' us )eRd3X’

> Block Coordinate Descent (BCD) with Diminishing Radius (Lyu '20 [2]) for NTF

U(tl) P argmin HX— OUt(U, U§2—)17 U$_~3—)1)||$-_
Ue]Rle' \UfU(tl_)lHFSWt

UP e argmin X ou(UY, U, UD)IR
UeRdZX' HU*U(f,)lHFSWr

U argmin IX = out(U, U?, U)|I
RS, U0, |l p<me

* (Diminishing Radius) >-5°, we = 0o, >°5°, w2

* (Convergence Guarantee) This algorithm is guaranteed to converge to a
stationary point of the loss function

* Rate of convergence: O((log n)?/n)
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Outline

Online Matrix and Tensor Factorization
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Online Matrix Factorization

» Online (Nonnegative) Matrix Factorization:

argmin | (W) := Exr Hiﬂg’fx |X — WH||7
S

|
We]chf)” >0
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Online Matrix Factorization

» Online (Nonnegative) Matrix Factorization:

argmin oUD, UR) = Exor inf || X—Out(UM), UD, uB)y|12
U RSB

1 dy xr 2 dy Xr
ul )ERZO , Ul )GRZD

argmin <€(VV) = Ex~r

dxn
werLy

inf || X— WH||?
HGR'ZXOd

> Online (Nonnegative) Tensor Factorization:
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Online Matrix Factorization

» Online (Nonnegative) Matrix Factorization:

argmin | {(W) := Ex~r | inf || X— WH||E
dxn HGR’Xd
We]Rzo >0
> Online (Nonnegative) Tensor Factorization:
argmin oUD, UR) = Exor infd X — Out(UYV), U®) U3)y)2
d d 3 Xxr
UM erY ", U RS USRS,
> Why “online”?
0, <=M emin £(Xg, Xy, .. X, 6)
6€0 T daa
o
XX ""”7111 = oyl
OO IITRESSS Sootnllin i
g‘:q:"’l”i/’llll’;‘}é%?}}i{, %“,“'ll»’/’/" Sampling
S
o ','l"'i

Parameters 6
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Example of Online NMF + i.i.d. sampling: Image dictionary learning

CYCLE by M.C. Escher

sampling

a Minibatches of flattened
image patches

T

Online NMF

— Dictionary,
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Example of Online NMF + i.i.d. sampling: Image dictionary learning

CYCLE by M.C. Escher

sampling

N -
Minibatches of flattened Online NMF

image patches

i > Dictionary,

~
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Example of Online NMF + i.i.d. sampling: Image dictionary learning

( Nfis N
Minibatches of flattened .

CYCLE by M.C. Escher image patches Online NMF

| > Dictionary,

iid. Dictionary,

| iid. | /
sampling

A\ J
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Example of Online NMF + i.i.d. sampling: Image dictionary learning

CYCLE by M.C. Escher

4 Minibatches of flattened

image patches

L Dictionary;
? ME M

Online NMF

{ > Dictionary,

iid. Dictionary,

v

I
AxAND
SEW AN
e
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Online NTF on video data

» Going from matrix factorization to tensor factorization
— Learn also from the time dimension

Spatial Activation Atom # 9 Spatial Activation Temporal activation
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Figure: Temporal dictionary learned from mice brain activity video (Original data from
Barson et al. Nature methods (2020))
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Outline

Algorithms for Online Matrix/Tensor Factorization
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Empirical Loss Minimization

> Goal: Minimize the expected loss Ex~[¢(X, 8)] given a loss function ¢

Expected Loss
N Ex[£(X,)]
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Parameters 6
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Empirical Loss Minimization

> Goal: Minimize the expected loss Ex~[¢(X, 8)] given a loss function ¢

> Polular approach: Empirical Loss Minimization

Expected Loss
N Ex[£(X,)]
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Parameters 6
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Empirical Loss Minimization

> Goal: Minimize the expected loss Ex~[¢(X, 8)] given a loss function ¢
> Polular approach: Empirical Loss Minimization

* Background: lim,_,o Empirical Loss = Expected loss

Empirical Loss

Expected L Learni i
Xpected Loss 0, (ﬂ argming %Zzzlf(Xk,e)
M Ex[£(X,)]

" ' i itiry S Al ool
llll 0 S "0'0"0 'I‘Z’/ Samplin
AN n IIIIII,' o." L pg
w\\“‘\\\\w’oll s s
S VAN AN
: I
0 1 2 n

Parameters 6
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Empirical Loss Minimization

> Goal: Minimize the expected loss Ex~[¢(X, 8)] given a loss function ¢
> Polular approach: Empirical Loss Minimization
* Background: lim,_,o Empirical Loss = Expected loss

* Not practical in many cases:

Empirical Loss

Expected L Learni i
Xpected Loss 0, (ﬂ argming %Zzzlf(Xk,e)
M Ex[£(X,)]
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llll 0 S "0'0"0 'I‘Z’/ Samplin
AN n IIIIII,' o." L pg
w\\“‘\\\\w’oll s s
S VAN AN
: I
0 1 2 n

Parameters 6

Hanbaek Lyu Online NTF and CP Decomposition



Empirical Loss Minimization

> Goal: Minimize the expected loss Ex~[¢(X, 8)] given a loss function ¢
> Polular approach: Empirical Loss Minimization

* Background: lim,_,o Empirical Loss = Expected loss

* Not practical in many cases:

— The empirical loss is often hard to minimize
(e.g., Matrix/Tensor Factorization)

Empirical Loss

Expected L Learni i
Xpected Loss 0, (ﬂ argming %Zzzlf(Xk,e)
M Ex[£(X,)]

0%,
{

% T
K7 W7 ML
NI~y ;
ozi\x\\‘\\\\\\\?\‘:o:ozlgzllllIIIIIIZ?}W{%;{,};/’// Sampling
S )
N N
S>> X, X, X, X,

Parameters 6
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Stochastic Majorization-Minimization

> Stochastic Majorization-Minimization (SMM) — Mairal [4]
— lteratively minimize majorizing surrogates g, of the empirical loss f,:

Loss

0= ) 40%,0)

"\ Surrogate g, (8);

On-1 O
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Stochastic Majorization-Minimization

> Stochastic Majorization-Minimization (SMM) — Mairal [4]
— lteratively minimize majorizing surrogates g, of the empirical loss f,:

0= ) 40%,0)

Loss

"\ Surrogate g, (8);

On-1 O

> Online NMF algorithm (Mairal, Bach, Saprio, Ponce [5]):

H; < argmin [||Xt - Wiq H||i} (Convex)
HERTY

W) — (1 —wo)fiii(W) + ws (||Xt - WHtH2F) (Surrogate empirical loss)

W, « argmin f,(W) (Convex)

dxr
werZ;
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Stochastic Majorization-Minimization

> Stochastic Majorization-Minimization (SMM) — Mairal [4]
— lteratively minimize majorizing surrogates g, of the empirical loss f,:

0= ) 40%,0)

Loss

"\ Surrogate g, (8);

On-1 O

> Online NMF algorithm (Mairal, Bach, Saprio, Ponce [5]):

H; < argmin [||Xt - Wiq H||12E} (Convex)
HERTY

W) — (1 —wo)fiii(W) + ws (||Xt - WHtH2F) (Surrogate empirical loss)

W, « argmin f,(W) (Convex)

dxr
werZ;

* Algorithm converges to a stationary point almost surely
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Stochastic Majorization-Minimization

> Stochastic Majorization-Minimization (SMM) — Mairal [4]
— lteratively minimize majorizing surrogates g, of the empirical loss f,:

0= ) 40%,0)

Loss

"\ Surrogate g, (8);

Ot n
> Online NMF algorithm (Mairal, Bach, Saprio, Ponce [5]):
H; < argmin [||Xt - Wiq H||12E} (Convex)
HERTY
W) — (1 —w)fia(W) + we (||Xt - WHtH2F) (Surrogate empirical loss)
W, « argmin f,(W) (Convex)
werLy
* Algorithm converges to a stationary point almost surely

* Convergence also holds when data sequence has Markovian dependence (Lyu,
Needell, Balzano [3])
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SMM for Online NTF

> Online NTF algorithm (?):

2
U(t3) < argmin {HXt— Uut(U(tl_)l, Uiz_)l, U(3))H ] (Convex)
F

U(3)6R§OX’
RUD, UD) (1 — we)For (UD, UP)
2
+w; (HXt_ out(UY, U?, U£3))H ) (Surrogate empirical loss)
F
(U, U£2)) — argmin H(UY, U?) (Non-convex)

1 dy Xr 2 dy Xr
ul )eRZO , U )ERZO
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SMM for Online NTF

> Online NTF algorithm (?):

2
U(t3) < argmin {HXt— Uut(U(tl_)l, Uiz_)l, U(3))H ] (Convex)
F

U(3)6R§OX’
RUD, UD) (1 — we)For (UD, UP)
2
+w; (HXt_ out(UY, U?, U£3))H ) (Surrogate empirical loss)
F
(U<t1), U£2)) — argmin H(UY, U?) (Non-convex)

1 dy Xr 2 dy Xr
ul )e]RZO , U )ERZO

* Surrogate empirical loss %, is non-convex, so cannot directly find minimizing
(U, U?).
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SMM+ BCD ?

> Online NTF algorithm (?7):

2
U2 < argmin {HXt - Dut(Uil_)l, ng_)l, U(3))H ] (Convex)
U RSB F

E(UD, UD) e (1= wfa (U, U9)
2
wy (HXr — Dut (UM, UP), U?))HF> (Surrogate empirical loss)

U — argmin R(UY, Uﬁ)l) (Convex)
U(1>€]Rd1 Xr

U +— argmin K(UY, UP) (Convex)
(z)eRdzxr
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SMM+ BCD ?

> Online NTF algorithm (?7):

2
U2 < argmin {HXt - Dut(Uil_)l, ng_)l, U(3))H ] (Convex)
U RSB F

E(UD, UD) e (1= wfa (U, U9)
2
wy (HXr — Dut (UM, UP), U?))HF> (Surrogate empirical loss)

U — argmin R(UY, Uﬁ)l) (Convex)
U(1>€]Rd1 Xr

U +— argmin K(UY, UP) (Convex)
(z)eRdzxr

. (Ugl), U<t2)) does not minimize %
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SMM+ BCD ?

> Online NTF algorithm (?7):

2
U + argmin {Hth ous (Y, UP),, U(3))HF]

(Convex)
3 d3 Xr
US erRZ]

B(UW, UD) (1= w)hoa(UD, UP)

2
wy (HXt_ Out(UD, U, U?))H > (Surrogate empirical loss)
F
U < argmin Aft(U(l),Ugl) (Convex)
(I)G]Rdl Xr
U < argmin ft(Uﬁl),UQ)) (Convex)

(Z)GRdzxr

. (Ugl), U<t2)) does not minimize %

* No convergence guarantee to stationary points
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SMM+BCD with Diminishing Radius

> Online NTF algorithm (!) (Strohmeier, Lyu, Needell [7]):

U(t3) < argmin {HX,—Out U(l)l, U(2)1, U(3 H ] (Convex)

3)€Rd3><r
B(UY, U2) e (1 - wa (U, UP)
2
Wy (HXt — out(UW, U@, U(t3))HF> (Surrogate empirical loss)

U — argmin R(UWY, U(f_)l) (Convex)
UM erRY U0 — U, i <we
U — argmin (AR5 (Convex)

U erR2X U@ —UP [|<w
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SMM+BCD with Diminishing Radius

> Online NTF algorithm (!) (Strohmeier, Lyu, Needell [7]):

U(t3) < argmin {HX,—Out U(l)l, U(2)1, U(3 H ] (Convex)

3)€Rd3><r
B(UY, U2) e (1 - wa (U, UP)
2
Wy (HXt — out(UW, U@, U(t3))HF> (Surrogate empirical loss)

U — argmin R(UWY, U(f_)l) (Convex)
UM erRY U0 — U, i <we
U — argmin (AR5 (Convex)

U erR2X U@ —UP [|<w

« (UM, UP) still does not minimize 7
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SMM+BCD with Diminishing Radius

> Online NTF algorithm (!) (Strohmeier, Lyu, Needell [7]):

U(t3) < argmin {HXt—Out U(l)l, U(2)1, U(3 H ] (Convex)

3)€Rd3><r
B(UY, U2) e (1 - wa (U, UP)
2
Wy (HXt — out(UW, U@, U(t3))HF> (Surrogate empirical loss)

U — argmin R(UWY, U(f_)l) (Convex)
UM erRY U0 — U, i <we
U — argmin (AR5 (Convex)

U erR2X U@ —UP [|<w

« (UM, UP) still does not minimize 7

* But we can get a.s. convergence to stationary points [7]
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SMM+BCD with Diminishing Radius

> Online NTF algorithm (!) (Strohmeier, Lyu, Needell [7]):

U(t3) < argmin {HXt—Out U(l)l, U(2)1, U(3 H ] (Convex)

3)€Rd3><r
B(UY, U2) e (1 - wa (U, UP)
2
Wy (HXt — out(UW, U@, U(t3))HF> (Surrogate empirical loss)

U — argmin R(UWY, U(f_)l) (Convex)
UM erRY U0 — U, i <we
U — argmin (AR5 (Convex)

U erR2X U@ —UP [|<w

« (UM, UP) still does not minimize 7
* But we can get a.s. convergence to stationary points [7]

* Rate of convergence: O((log n)/n*/*) (Upcoming paper)
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Performance Benchmark)

> Comparison of Online NTF against BCD (ALS) and Multiplicative Update (MU) on
offline NTF:

Synthetic data Twitter data Headlines data
~+ BCD ey —+ BCD — BCD
2000 T w — MU s — MU
—— OCPDL(8=0.5) | 376125 —— OCPDL (8=0.5) 7 —— OCPDL (8=0.5)
1800 —— OCPDL (8=1) — OCPDL (8=1)
w6100 —+— OCPDL (8=None) | 2005 —+ OCPDL (8 = None)

o 376,075
oo 376.050°
e U TUUOU TUOR TUOSX FOUUX NOUSX NOUN NOUN BN 204 I ‘\‘
S OO O S R s o |
R e o o e o B T
O O O W A O O O O 0 8 A ““’5% w2
T T T ™1

75050

Reconstruction error

L | L
T T r
i 2 B3 E) E) 100

o o 150 20 ED ED 3 00
Elapsed time (s) Elapsed time (s)

2% 0 o0 0
Elapsed time (s)
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Performance Benchmark)

> Comparison of Online NTF against BCD (ALS) and Multiplicative Update (MU) on
offline NTF:

Synthetic data Twitter data Headlines data
~+ BCD ey —+ BCD — BCD
2000 T w — MU s — MU
—— OCPDL(8=0.5) | 376125 —— OCPDL (8=0.5) 7 —— OCPDL (8=0.5)
1800 — ocPDL —— OCPDL (8=1) — OCPDL (8=1)
—— ocepL w6100 —+— OCPDL (8=None) | 2005 —+ OCPDL (8 = None)

Reconstruction error

1600
36075
05 ‘
1100 76050

e S STUUUOT SUUT OO JOUY NOUOY FOURY BOUSN DOOSY| 204 0 ‘\‘
ESSTISUSIESUST S S SSSS S S J |
O R R B S RN T
voo sl Ll L L L L L) ”5“’5% -
LA A B e B |
om0

LI ] E R T

Elapsed time (s) Elapsed time (s)

ED ED 3 00 o0 0

2% EQ
Elapsed time (s)

* Online NTF outperforms both ALS and MU on all three datasets
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