Online Nonnegative CP-dictionary Learning for Markovian Data

Hanbaek Lyu

Department of Mathematics, IFDS
University of Wisconsin - Madison

Partially supported by NSF DMS #2206296 and #2010035
NeurlPS 2022
Joint work with Chris Strohmeier and Deanna Needell (JMLR '22)

Hanbaek Lyu Online Nonnegative CP-dictionary Learning for Markovian Data



Tensor Factorization (CP decomposition)

> X = Out(UW, U@, u®)

d, y ,

d;| U®

dy| U® d,

=: Out ’ u®

Hanbaek Lyu Online Nonnegative CP-dictionary Learning for Markovian Data
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Online CP-dictionary Learning

> Online (Nonnegative) Matrix Factorization:
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Online NTF on video data

> Going from matrix factorization to tensor factorization
— Learn also from the time dimension
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Figure: Temporal dictionary learned from mice brain activity video (Original data from Barson et al. Nature
methods (2020))
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Online NTF on image data

> Tensor reshaping + OnlinCPDL: Disentangle modes of choice

Figure: Temporal dictionary learned from N =10* patches of shape 20 x 20 x 3 from a color image in top left of

(a). Tensor reshaping: (b) 20x20x3 x N; (c) 20?2 x3 x N; (d) 20%-3 x N. Other subplots in (a) are reconstruction
using CP-dictionaries in (b)-(c).
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Stochastic Majorization-Minimization

> Stochastic Majorization-Minimization (SMM) — Mairal [6]
— lteratively minimize majorizing surrogates g, of the empirical loss f,:

Loss
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Stochastic Majorization-Minimization

> Stochastic Majorization-Minimization (SMM) — Mairal [6]
— lteratively minimize majorizing surrogates g, of the empirical loss f,:
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> Online NMF algorithm (Mairal, Bach, Saprio, Ponce [7]):

H; ﬁargmin[llXt—Wt_lHII%] (Convex)
HeRIx"

) fiW) = —wp)frisa(W) + w (1 X, — WH;|2) (Surrogate empirical loss)

Wy «— argmin ft(W) (Convex)
WeRds"
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Stochastic Majorization-Minimization
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* Algorithm converges to a stationary point almost surely
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Stochastic Majorization-Minimization

> Stochastic Majorization-Minimization (SMM) — Mairal [6]
— lteratively minimize majorizing surrogates g, of the empirical loss f,:
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Loss

\\‘ Surrogate g, (6)/
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> Online NMF algorithm (Mairal, Bach, Saprio, Ponce [7]):

H; <—argmin[IIXt—Wt_lHII%] (Convex)
HeRIx"

LAWY — Q= w) fierW) + w, (I X, — WHI|2)  (Surrogate empirical loss)

Wy «— argmin ft(W) (Convex)
WeRds"

* Algorithm converges to a stationary point almost surely

* Convergence also holds when data sequence has Markovian dependence (L., Needell,
Balzano [4])
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SMM for Online NTF

> Online NTF algorithm (?):

U ,53) — argmin
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SMM for Online NTF

> Online NTF algorithm (?):
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* Surrogate empirical loss f; is non-convex, so cannot directly find minimizing (Uﬁ”,U(Z)).
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SMM+BCD with Diminishing Radius

> Online CP-dictionary learning alg. (this work) (L., Strohmeier, Needell [5]):

U ;3) «— argmin (Convex)
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SMM+BCD with Diminishing Radius

> Online CP-dictionary learning alg. (this work) (L., Strohmeier, Needell [5]):
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« (UL, UP) still does not minimize f;

Hanbaek Lyu Online Nonnegative CP-dictionary Learning for Markovian Data



Convergence of SMM under dependent data streams —Non-convex case

Theorem (L. Strohmeier, Needell 22 [5])
Let ObsTensor; = function(X;), X; a Markov chain (irreducible, aperiodic, countable states)
with ||t — 1(Xu| Xp—) Ty = O(r™Y) for some y > 0. 0,, :=output of OnlineCPDL.

® = Set of constraints. Under mild conditions,

0, — {stationary pts. of the expected loss over ®} a.s. as n— oo
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> Special case: ObsTensor; are i.i.d.. Convergence of online CP-decomposition even under this

case was not known before
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Theorem (L. Strohmeier, Needell 22 [5])
Let ObsTensor; = function(X;), X; a Markov chain (irreducible, aperiodic, countable states)
with ||t — 1(Xu| Xn—r) Ty = O(r™Y) for some y > 0. 6,,:=output of OnlineCPDL.
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V.

> Special case: ObsTensor; are i.i.d.. Convergence of online CP-decomposition even under this

case was not known before

> Why convergence guaratee under Markovian setting is useful?
* One may not have direct access to the unknown data distribution 7 but Indirectly by

MCMC algorithms
* Recent interest in stochastic optimization for Markovian data from reinforcement learning

context
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Convergence of SMM under dependent data streams —Non-convex case

Theorem (L. Strohmeier, Needell 22 [5])
Let ObsTensor; = function(X;), X; a Markov chain (irreducible, aperiodic, countable states)
with ||t — 1(Xu| Xn—r) Ty = O(r™Y) for some y > 0. 6,,:=output of OnlineCPDL.

® = Set of constraints. Under mild conditions,

0, — {stationary pts. of the expected loss over ®} a.s. as n— oo
V.

> Special case: ObsTensor; are i.i.d.. Convergence of online CP-decomposition even under this

case was not known before

> Why convergence guaratee under Markovian setting is useful?
* One may not have direct access to the unknown data distribution 7 but Indirectly by

MCMC algorithms
* Recent interest in stochastic optimization for Markovian data from reinforcement learning

context
> More recent result: Rate of convergence O((logn)/n'’*) w.r.t. expected loss, O((logn)/n'’?)

w.r.t. empiricla loss (L. [3])
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Performance Benchmark)

> Comparison of Online NTF against BCD (ALS) and Multiplicative Update (MU) on offline
NTF:
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* Online CPDL converges faster than both ALS and MU on all datasets
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