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Tensor Factorization (CP decomposition)

Ï X ≈Out(U (1),U (2),U (3))
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Ï Nonnegative CP (CANDECOMP/PARAFAC) Decomposition

argmin
U (1)∈Rd1×r

≥0 ,U (2)∈Rd2×r
≥0 ,U (3)∈Rd3×r

≥0

‖X −Out(U (1),U (2),U (3))‖2
F
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Online CP-dictionary Learning

Ï Online (Nonnegative) Matrix Factorization:

argmin
W ∈Rd×n

≥0

(
ℓ(W ) := EX∼π

[
inf

H∈Rr×d
≥0

‖X −W H‖2
F

])

Ï Online (Nonnegative) CP-dictionary Learning:

argmin
U (1)∈Rd1×r

≥0 ,U (2)∈Rd2×r
≥0

(
ℓ(U (1),U (2)) := EX∼π

[
inf

H∈Rd3×r
≥0

‖X −Out(U (1), U (2), H)‖2
F

])

   

Topic 1 Topic 2 Topic 3 Topic 4 Topic 5 Topic 1 Topic 2 Topic 3 Topic 4 Topic 5 

F
eb

ru
ar

y 
M

ar
ch

 
A

pr
il 

F
eb

ru
ar

y 
M

ar
ch

 
A

pr
il 

Days 

W
or

ds
 

Topics 

Days 

W
or

ds
 

Days 

W
or

ds
 

Prevalences 

Feb. Mar. Apr. 

m
od

e 
2 

mode 1 

≈ ×ଷ 

m
od

e 
1 

sample size  

⋯ ≈ ×ଷ 

rank 

sample size  

ra
nk

 

≈ 

sample size  

m
od

e 
1 

sample size  

ra
nk

 

×ଶ 

rank 

⋯ 

→ ∞ 

→ ∞ 

Hanbaek Lyu Online Nonnegative CP-dictionary Learning for Markovian Data



. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .
4/13

Online NTF on video data

Ï Going from matrix factorization to tensor factorization
−→ Learn also from the time dimension

 

  

(𝑎) (𝑏) (𝑐) 

Spatial Activation Atom # 9 Temporal activation Spatial Activation 

 
0 sec 

2 sec 

Figure: Temporal dictionary learned from mice brain activity video (Original data from Barson et al. Nature
methods (2020))
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Online NTF on image data

Ï Tensor reshaping + OnlinCPDL: Disentangle modes of choice

 

   x, y, color (x, y), color (x, y, color) 

CP-dictionaries learned from i.i.d. 20 x 20 patches 

(𝑐) (𝑑) (𝑒) (𝑎) (𝑏) 

 x, y, color (x, y), color (x, y, color) 

 

(𝑎) (𝑏) (𝑐) (𝑑) 

Figure: Temporal dictionary learned from N = 104 patches of shape 20×20×3 from a color image in top left of
(a). Tensor reshaping: (b) 20×20×3×N ; (c) 202×3×N ; (d) 202 ·3×N . Other subplots in (a) are reconstruction
using CP-dictionaries in (b)-(c).
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Stochastic Majorization-Minimization

Ï Stochastic Majorization-Minimization (SMM) – Mairal [6]
– Iteratively minimize majorizing surrogates gn of the empirical loss fn: 

  
𝑓௡(𝜃) ≔

1

𝑛
෍κ(X௞, 𝜃)

௡
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Ï Online NMF algorithm (Mairal, Bach, Saprio, Ponce [7]):

Ht ← argmin
H∈Rr×n

≥0

[‖X t −Wt−1H‖2
F

]
(Convex)

f̂t (W ) ← (1−wt ) f̂t−1(W )+wt
(‖X t −W Ht‖2

F

)
(Surrogate empirical loss)

Wt ← argmin
W ∈Rd×r

≥0

f̂t (W ) (Convex)

• Algorithm converges to a stationary point almost surely
• Convergence also holds when data sequence has Markovian dependence (L., Needell,
Balzano [4])
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SMM for Online NTF

Ï Online NTF algorithm (?):

U (3)
t ← argmin

U (3)∈Rd3×r
≥0

[∥∥∥X t −Out(U (1)
t−1, U (2)

t−1, U (3))
∥∥∥2

F

]
(Convex)

f̂t (U (1),U (2)) ← (1−wt ) f̂t−1(U (1),U (2))

+wt

(∥∥∥X t −Out(U (1), U (2), U (3)
t )

∥∥∥2

F

)
(Surrogate empirical loss)

(U (1)
t ,U (2)

t ) ← argmin
U (1)∈Rd1×r

≥0 ,U (2)∈Rd2×r
≥0

f̂t (U (1),U (2)) (Non-convex)

• Surrogate empirical loss f̂t is non-convex, so cannot directly find minimizing (U (1)
t ,U (2)

t ).
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SMM+BCD with Diminishing Radius

Ï Online CP-dictionary learning alg. (this work) (L., Strohmeier, Needell [5]):

U (3)
t ← argmin

U (3)∈Rd3×r
≥0

[∥∥∥X t −Out(U (1)
t−1, U (2)

t−1, U (3))
∥∥∥2

F

]
(Convex)

f̂t (U (1),U (2)) ← (1−wt ) f̂t−1(U (1),U (2))

+wt

(∥∥∥X t −Out(U (1), U (2), U (3)
t )

∥∥∥2

F

)
(Surrogate empirical loss)

U (1)
t ← argmin

U (1)∈Rd1×r
≥0 ,‖U (1)−U (1)

t−1‖F≤wt

f̂t (U (1),U (2)
t−1) (Convex)

U (2)
t ← argmin

U (2)∈Rd2×r
≥0 ,‖U (2)−U (2)

t−1‖F≤wt

f̂t (U (1)
t ,U (2)) (Convex)

• (U (1)
t ,U (2)

t ) still does not minimize f̂t
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Convergence of SMM under dependent data streams —Non-convex case

Theorem (L. Strohmeier, Needell ’22 [5])
Let ObsTensort = function(X t ), X t a Markov chain (irreducible, aperiodic, countable states)
with ‖π−π(Xn |Xn−r )‖T V =O(r−γ) for some γ> 0. θn :=output of OnlineCPDL.
Θ= Set of constraints. Under mild conditions,

θn → {stationary pts. of the expected loss over Θ} a.s. as n →∞

Ï Special case: ObsTensort are i.i.d.. Convergence of online CP-decomposition even under this
case was not known before

Ï Why convergence guaratee under Markovian setting is useful?
• One may not have direct access to the unknown data distribution π but Indirectly by
MCMC algorithms

• Recent interest in stochastic optimization for Markovian data from reinforcement learning
context

Ï More recent result: Rate of convergence O((logn)/n1/4) w.r.t. expected loss, O((logn)/n1/2)
w.r.t. empiricla loss (L. [3])
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with ‖π−π(Xn |Xn−r )‖T V =O(r−γ) for some γ> 0. θn :=output of OnlineCPDL.
Θ= Set of constraints. Under mild conditions,

θn → {stationary pts. of the expected loss over Θ} a.s. as n →∞
Ï Special case: ObsTensort are i.i.d.. Convergence of online CP-decomposition even under this

case was not known before
Ï Why convergence guaratee under Markovian setting is useful?

• One may not have direct access to the unknown data distribution π but Indirectly by
MCMC algorithms

• Recent interest in stochastic optimization for Markovian data from reinforcement learning
context

Ï More recent result: Rate of convergence O((logn)/n1/4) w.r.t. expected loss, O((logn)/n1/2)
w.r.t. empiricla loss (L. [3])
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Performance Benchmark)

Ï Comparison of Online NTF against BCD (ALS) and Multiplicative Update (MU) on offline
NTF:

 

 

  

(𝑎) 

(𝑏) (𝑐) 

(𝑏) (𝑐) (𝑑) 

(𝑒) (𝑓) (𝑔) (ℎ) 

• Online CPDL converges faster than both ALS and MU on all datasets
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Thanks!
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