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CHAPTER 1

Foundations of probability theory

Many things in life are uncertain. Can we ‘measure’ and compare such uncertainty so that it helps
us to make more informed decision? Probability theory provides a systematic way of doing so.

1.1. Probability measure and probability space

1.1.1. Axiomatic definition of probability spaces. A probability space is an idealized mathematical world
where we can precisely measure uncertainty of all possible events. A probability space is defined to be a
triple (Q, %,P) of sample space , set of events %, and probability measure P:

(1) Sample space Q: Set of all possible outcomes w in a random experiment

(2) Set of events &: A collection of subsets (events) E of the sample space Q. If A < Q, then we can only
measure the ‘probability’ or ‘size’ of A if and only if A € . In this case, we say A is an ‘event’
and it is ‘measurable’.! In a formal definition, we require % to be what is called the ‘o-algebra’
(see Definition 1.1.10).

(3) Probability measureP: A set function P : & — [0, 1] that maps each event E € % to a numerical value
P(E) between 0 and 1. We call P(E) the ‘probability’ of E. If A< Q but A ¢ &, then P(A) is not
defined. See Definition 1.1.2 for a formal definition.

A probability space (Q, %, P) is said to be discrete if Q) is countable (i.e., finite or countably infinite).

Before we give any abstract discussion, we start with the most elementary example of pobability
spaces: The coin flip. Recall that if Q is a set, then we denote by 2 the set of all subsets of ), which is
called the power set of Q (note that @ € 2%).

Example 1.1.1 (coin flip). Consider arandom experiment of flipping a coin, which comes up heads ‘H’ or
tails ‘7”. Hence our sample space of all possible outcomes is Q = {H, T}. Next, let 2 = {@, {H}, {T}, {H, T}},
which consists of all subsets of Q. For instance, the subset { H} corresponds to the event that a random
coin flip comes up heads; the subset {H, T} corresponds to the event that a random coin flip comes up
heads or tails; and the subset @ corresponds to the event that a random coin flip comes up with noting.
We would like to be able to measure the probability of all such events. Hence we set the o-algebra (or the
set of events) to be 22 Lastly, for the probability measure, fix a parameter p € [0, 1], and define a function
Py: 22— [0,1] by Pp(@)=0,P,({H}) = p,P,({TH =1- p,P,({H, T}) = 1. The resulting probability space
Q={HT},Z=2%P=P p) is a probability model for the random experiment of flipping a ‘probability-p
coin’. A

Recall that the probability measure P is a certain function that assigns a numerical value between 0
and 1 to every event, which we regard as some sort of ‘size’ of that event. Hence it is natural to require that
the empty set is assigned with zero probability, and that the probability of the union of disjoint events is
the sum of the probabilities of the individual events. This leads us to the following formal definition of
‘measures’.

IWhen Q is uncountable, not all subsets of Q are measurable necessarily.
2Here a ‘set function’ is a function with sets as input.
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Definition 1.1.2 (Measure). Let < be a collection of subsets of Q (i.e., o <2%). A set function p: of —
[—o0,00] is called a measure® if it is nonnegative and countably additive:
(i) (Nonnegativity) u(A) = u(@)=0;
(ii) (Countable additivity) If A; € o for i € N are disjoint, then p ) Ai) =X 1Ay,
Furthermore, if ¢£(Q) = 1, then p is called a probability measure.

Note that in Definition 1.1.2, we did not require any particular condition for the collection </ of
subsets of Q. If Q is countable (i.e., finite or countably infinite), then we usually take «# = 2. In general,

if of is too large, then it could be impossible to define a measure on «¢. The right choice of « on which
a measure can be defined is what is called the ‘o -algebra’, which we will discuss later.

Exercise 1.1.3. Let (2, %,P) be a probability space and let A < Q be an event. Show that P(A€) = 1-P(A).

Example 1.1.4 (Counting measure). Suppose Q is countable and .% = 2. Define a set function y : 2% —
[—o0,00] by

(A) = | Al = number of elementsin A if A is finite
= if Ais infinite.
Then vy is a measure on 2 and is called the counting measure on €. A

Example 1.1.5 (Uniform probability measure). Let Q = {1,2,---, m} be a finite sample space. The uniform
probability measure on ) is the set function P : 2% — [0, 1] such that

A
P(A) = u forall AcQ,
19]

where |A| denotes the cardinality of A (in this case the number of elements in A, so |Q| = m). Then
(Q,29,P) is a probability space. According to the definition,

P{x}) =1/m VxeQ.
That is, the probability of all singleton events is identically 1/m. A

Example 1.1.6 (Roll of two dice). Suppose we roll two dice and let X and Y be the outcome of each
die, where the outcome of each die is one of the six integers 1,2...,6. Then the sample space is Q =
{1,2,3,4,5,6}> = {(i, j) |1 < i, j < 6}. We can visualize the sample space as the 6 by 6 square grid and each
node represents a unique outcome (x, y) of the roll (see Figure 1.1.1). For the set of events, we take the
power set 2. For the probability measure, we take the uniform probability measure P. Since [Q| = 36,
for any event A < Q, we have P(A) = |A|/36. In particular,

P((X,Y)=(x,»)=P({x,y)=1/36  V1<x,y<6.
We can compute various probabilities for this experiment. For example,

[P(at least one die is even) = 1 — P(both dice are odd)
9
=1-P({1,3,5} x{1,3,5)=1—- % =3/4,

where for the first equality we have used the complementary probability in Exercise 1.1.3.
Now think about the following question: What is the most probable value for the sum X +Y? By
considering diagonal lines x + y = k in the 2-dimensional plane for different values of k, we find

# of intersections between the line x + y = k and Q

PX+Y=k= 36

370 be precise, the set function p is a pre-measure on & in general, and it is called a measure only if </ is a o-algebra (see
Definition 1.1.10). However, we will not distinguish pre-measures and measures in this note.
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x+y=7

xX+y=6

\‘\x+y=ﬁ

x+y=5 x+y=11
x+ty=4 x+y=10
x+y=3 x+y=9
x+y=2 x+y=38

FIGURE 1.1.1. Sample space representation for roll of two independent fair dice and and events
of fixed sum of two dice.

Here, we wrote {X + Y = k} as a shorthand of the following event
{weQ| X(w)+Y (w) =k},

where for each w = (x,y) € Q, X(w) = x and Y (w) = y. From example, P(X+Y =2)=1/36 and P(X+ Y =
7) = 6/36 = 1/6. Moreover, from Figure 1.1.1, it is clear that the number of intersections is maximized
when the diagonal line x + y = k passes through the extreme points (1,6) and (6,1). Hence 7 is the most
probable value for X + Y with the probability being 1/6. A

Exercise 1.1.7 (Roll of three dice). Suppose we roll three dice and all possible joint outcomes are equally
likely. Model this experiment as the probability space (Q,29,P) where Q = {1,2,3,4,5,6}° and P is the
uniform probability measure on Q. Identify the sample space Q as the (6 x 6 x 6) 3-dimensional integer
lattice, and let X, Y, and Z denote the outcome of each die.

(i) Write down the probability distribution on Q.
(ii) For each k=1, show that

# of intersections between the plane x + y+ z = k and Q
63 '
What are the minimum and maximum possible values for X + Y + Z?
(iii) Draw a cube for Q and planes x+ y+ z = k for k = 3,5,10,11, 16, 18. Argue that the intersection gets
larger as k increases from 3 to 10 and smaller as k goes from 11 to 18. Conclude that 10 and 11
are the most probable values for X + Y + Z.
(iv) Consider the following identity

PX+Y+Z=k=

(x+x2+x3+x4+x5+x6)3

= x84+ 3x"7 +6x'0 +10x"° +15x1 + 21" +25x12 + 27x + 27510
+25x7 +21x8 + 15x7 + 10x° + 6x° + 3x* + x°
Show that the coefficient of x¥ in the right hand side equals the size of the intersection between
Q and the plane x + y + z = k. Conclude that
27 1
[P(X+Y+Z=10):IP(X+Y+Z:11)=6—3=§.
(This way of calculating probabilities is called the generating function method.)
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Example 1.1.8 (Probability measure on countable sample space). Let Q = {x;,x»,...} be a countable
sample space. Take the power set 2 as the set of events. A typical way of constructing a probability
measure is to specify how likely it is to see each individual element in Q2. Namely, let f: Q — [0,1] be a
function that sums up to 1, i.e., ¥ veq f(x) = 1. Define a function P: 22 — [0, 1] by

P(E):= ) flw). ey

weE

Then one can easily check that P is a probability measure on 2 and f is called probability mass function
(PMF) of P. For instance, the PMF of the probability measure P, in the coin flip example in Exercise 1.1.1
isgivenby f(H)=pand f(T)=1-p. A

Exercise 1.1.9. Show that the function P : 22 — [0, 1] defined in (1) is a probability measure on Q. Con-
versely, show that every probability measure in a discrete probability space can be defined in this way (in
this case, identify the PMF).

Next, we discuss the requirement for a collection of subsets & of the sample space Q2 to be considered
as the set of events. In all examples we have seen above, our sample space Q2 was countable and we took
the power set 22 to be the set of events. However, when Q is uncountable (e.g., Q=1[0,1] or Q =R),
then the power set 2 is ‘too large’ to be considered as the set of events. It turns out that % needs to be
a system of subsets of Q that satisfy certain properties. Namely, it is natural to expect that the union,
intersection, and complements of events are also events. In other words, the set of events %, which
is a system of subsets of Q, should be ‘closed under’ elementary set operations such as taking union,
intersection, and complements. Furthermore, we would like to make % rich enough so that we can
perform such operations countably many times. This motivates the following definition:

Definition 1.1.10 (0-algebra). Let Q) be a set and let & be a set of subsets of Q). We call & a o -algebra on
Q if it satisfies the following properties:

(i) (contains the whole set) Q € &F;

(ii) (closed under complements) Ac & — A°=Q\Ac%;

(iii) (closed under countable union) A; € & forieN — U‘i’g VA EF.

Note that a o-algebra contains the empty set @, being the complement of the whole set Q. While the
condition (iii) only states that the union of countably infinite collection of events is again an event, since
A;’s can be the empty set, it also entails closedness under finite union.

Exercise 1.1.11. Let & be a o-algebra on a set Q). Show that & is closed under countable intersection.
That is, show thatif A; € & fori €N, then (N2, A; € .

Exercise 1.1.12 (Power set is a o-algebra). Let Q be a set and let 2° denote the set of all subsets of Q,
which is called the power set of Q (note that @ € 2). Show that 2 is a o-algebra on Q.

Exercise 1.1.13 (o-algebra generated by a partition). Let Q be a sample space and let Q = U>1 Ay for
some disjoint subsets Aj, Ay,... of Q. Then show that for each B € 0({A;, Ay, ...}), there exists an index
set I <N such that B = Uye Bg.-

Exercise 1.1.14 (o-algebra on a countable set). Let Q be a countable set. Let & be an arbitrary o-algebra
on Q containing all singleton sets: {x} € & for all x € Q. Show that & = 2%,

Now we can give a formal definition of a probability space.

Definition 1.1.15 (Probability spaces). Let Q be a set, not necessarily countable. Let & be any o-algebra
on Q and let P be any probability measure on &. Then the triple (0, %,P) defines a probability space. If
Q is countable, then (Q, %, P) is called a discrete probability space.

The following are important properties of a measure.

Theorem 1.1.16. Let (), &, u) be a measure space. These followings hold:
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(i) (Monotonicity) For any events A< B, u(A) < u(B).

(i) (Subadditivity) For AU, Aj, p(A) < 152, pu(A)).

(iii) (Continuity from below)IfA; € Ay <--- and A= U;?gl A; (denote A, /" A), then u(A) =lim,_.o 1W(An).

(iv) (Continuity from above) If A1 2 Ay 2+, A= ﬂ;’gl A; (denote A, "\, A), and u(A;) < oo, then p(A) =
lim;, oo (An).

PROOE. (i) Since A € B, write B = AU (B\ A). Note that A and B\ A are disjoint. Hence by the second
axiom of probability measure, we get

((B) = u(AU (B\ A)) = u(A) + u(B\ A) = u(A),

where the last inequality uses the fact that u(B\ A) = 0.
(ii) The events A;’s are not necessarily disjoint, but we can cook up a collection of disjoint events B;’s so
that U‘l?i1 A; = U‘;‘;l B;. Namely, we define

Bi=A1c A
By =(A1UA)\A; S Ay
B3 =(A1UAyUA3)\ (Aj U Ay) S Ag,

and so on. Then clearly B;’s are disjoint and their union is the same as the union of A;’s. Now
by part (i) and countable additivity of probability measure, we get

o0 o0
U 4 U B
= i=1

i=1
(iii) Define a collection of disjoint subsets B;’s similarly as in (ii). In this case, they will be

=p

1(A) su(

=) B <Y uA.
i=1 i=1

Bi=A1cA
By =As\A; € Ay
B3 = A3\ Ay € As,

and so on. Then U2, A; =U32, Bi and A, =U"_ | A; =U!_, B;. Hence we get

pA) =

o0
U 4
i=1

(e.9) o0
H%UBJZZMWﬁ
i=1 i=1
n
= lggo;u(Bi) = lim p(Byu---UBy,) = lim u(Ap).

(iv) Since A1\ A, / A1\ A, by (iii) we get u(A1\ Ay) /" (A \ A). Also, since A< A;, we have u(A; \ A) =
H(A7) — u(A). Hence

p(An) = p(A1) — p(A1\ Ap) \ (A1) — p(Ar\ A) = p(A).

Some immediate consequences of Theorem 1.1.16 (ii) are given in the following exercise.

Exercise 1.1.17 (Union bound). Let (2, %,P) be a probability space.
(i) Forany A, B < Q such that A < B, show that

P(A) <P(B).
(ii) For any A, B < Q, show that
P(AuB) <P(A) +P(B).
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(iii) Let Ay, Ay,---, A Q. By an induction on k, show that

P

k
U 4
i=1

(iv) (Countable subadditivity) Let A;, Ay,--- < Q be a countable collection of events. Show that

oo
U A
i=1

k
<) P(A).
i=1

P

<) P(A).
i=1

Exercise 1.1.18 (Inclusion-exclusion). Let (Q2,[P) be a probability space. Let A, Ay, -+, Ax < Q. Show the
following.

(i) Forany A,B<Q,
P(AuB)=P(A)+P(B)-P(AnB)
(ii) Forany A,B,C <,
P(AUBUC)=PA)+PB)+P(C)—-P(ANB)-P(BNC)—-P(CNA) +P(AnBNC(C).
(iif)* Let Ay, Ay, -+, Ar € Q. Use an induction on k to show that

k k
i=1

=1 1<iy<ip<k

P

+ Y PA,NnA,NAL -+ (=D

1<ii<ir<iz<k

k
(A
i=1

Remark 1.1.19. Later, we will show the general inclusion-exclusion in a much easier way using random
variables and expectation.

1.1.2. Constructing o-algebras bottom-up. Note that Definition 1.1.10 gives an ‘axiomatic definition’
of a o-algebra, but it does not tell us how to construct such an object. For instance, suppose that & is a
o-algebra on Q = R. Suppose that & contains %, which is the collection of all open intervals of the form
(a,b) for a,b e R, a < b. Note that the set A = (1,2)U(3,4) isitself not an open interval so it is not contained
in €. But A € & since it is made of taking the union of two sets (1,2) and (3,4) that are members of the
o-algebra &. In this way, one can build new sets from ¥ by taking the complement, countable union,
and countable intersection, until the collection of subsets becomes a o-algebra. By only including the
sets that can be made of this way, one obtains a o-algebra ‘generated by %”’, which is denoted as o (¥).
This is an important concept of constructing a o-algebra from a small collection of subsets.

Definition 1.1.20 (o-algebra generated by a collection of subsets). Let Q be a set and let € be a set of
subsets of Q (i.e., € < 2). The o -algebra generated by € is the smallest o-algebra on Q that contains €.

Exercise 1.1.21. Let Q be a set and let § denote an arbitrary non-empty collection of o-algebras on Q.
Let o denote the intersection of all o-algebras in §:

o= ) F={Bc<Q|BeZFforall ¥ € }.
FeF

Then show that «f is a o-algebra on Q.

Proposition 1.1.22. Let Q) be a set and let € be a set of subsets of Q). Then o (€) exists and is unique. More
precisely,

0(6) = {Z|Z is a o-algebra on Q containing €}.
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PROOF. (Uniqueness): Let o/ and <’ be two smallest o-algebra on Q that contains €. Then by defi-
nition, o € o/’ and o/’ < o/. Hence of = o/'.

(Existence): Let § denote the collection of all o-algebras on Q that contains %. Recall that by Exercise
1.1.12, the power set 2%isa o-algebra on Q and it contains €, so 22 ¢ 3. Since § is non-empty, if we let o
be the intersection of all o-algebras in &, then it is a o-algebra by Exercise 1.1.21 and it contains 6. By
definition, </ is a smalleset o -algebra containing 6. Indeed, if o/’ is an arbitrary o -algebra that contains
<€, then by definition </’ € §, so by definition «f < o/’. Hence .« is a smallest o-algebra that contains €.
By the uniqueness, we must then have « = 0(%). exists. O

Exercise 1.1.23. Let & be a o-algebra on a sample space Q. Let € be a collection of subsets of Q such
that € < %. Then show that ¢(¥¢) < %.

Definition 1.1.24 (Borel o-algebra on R%). Let Q = R? be the d-dimensional Euclidean space. An open
ballin R? is a subset of R? given by B(x,r) :={y€ RY||Ix— yll < d}, where ||-|| denote the Euclidean norm
on R%. Let € denote the set of all open balls in R?. Then the o-algebra generated by all open balls in
Rd, 0 (%), is called the Borel o-algebra on R4, which is typically denoted as $8". When n = 1, we denote
B = B.

Exercise 1.1.25. Let 98 be the Borel o-algebra on R. Show that all closed intervals and half-open intervals
are contained in %8.

Example 1.1.26 (The Cantor set). Starting from the unit interval [0, 1], take away the middle third interval
iteratively. The limit of this process defines a subset C of [0, 1], which is known as the Cantor set (see
Figure 1.1.2). A more precise way to construct the Cantor set is as follows. Define a sequence of subsets
Co, Cy,... of [0,1] recursively as Cq := [0, 1] and
Chni=—Ul=-+—]| n=12,....

=3+

Now we define the Cantor set C as
[e,°]
C = ﬂ Cn.

n=1

FIGURE 1.1.2. Construction of Cantor set. Starting from the unit interval [0, 1], take away the
middle third interval iteratively. The limit of this process defines a subset C of [0, 1], which is
known as the Cantor set. (Figure credit: https://en.wikipedia.org/wiki/Cantor_set)

Observe the following facts:

i) CoQCl QCZQ"'.

(ii) For each n =0, C, is the disjoint union of some closed intervals.

(iii) The ‘Lebesgue measure’ of C;, which equals the sum of lengths of all closed intervals consisting of

C,, equals (2/3)".

From (ii) above, the Cantor set is defined as the countable intersection of C,,, which itself is a countable
union of closed intervals. Now letting 98 be the Borel o-algebra on R, it follows that the Cantor set is Borel
measurable, that is, C € 8. Furthermore, (i) and (iii) imply that the Lebesgue measure (see Example
1.1.39) of C s zero. A
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1.1.3. Constructing measures bottom-up. In Subsection 1.1.1, we defined measures on a collection
of subsets of the sample space by specifying the properties that they need to satisfy. While such an
axiomatic definition gives a clean and fast shortcut, it is not clear why certain properties are required
as part of the definition. More importantly, we do not know whether the abstract object satisfying all
the required axioms exists. In this section, we present a ‘constructive’ approach of defining (probability)
measures, following Carathéodory’s foundational work on measure theory.

The outline of the construction is as follow. First, we start with a sample space Q2 and a collection of
its subsets € < 22 containing the empty set. (For example, Q = R and % the collection of all intervals).
We are given with an ‘a priori measure’ a : € — [0, 00], with only the requirement that a(@) = 0.

(1) Extend a : %€ — [0,00] to a set function @ : 2 — [0,00] defined on arbitrary subsets of Q via the outer
measure extension (see Definition 1.1.29).

(2) Let & be the collection of all a-measurable subsets of Q (see Definition 1.1.32). Show that & is a
o-algebra (see Lemma 1.1.33).

(3) Show that «a restricted on & is a measure.

Power set 2%

r N\ _ <0uter measure)

_ extension of a

F = {@-measurable sets } (d-algebra)
_______ &l
Generatorsubsets \ | | T2
) [0, o]

(e.g., intervals) ¢4

| S

FIGURE 1.1.3. Bottom-up construction of a measure by outer measure extension and restriction
onto measurable sets.

Definition 1.1.27 (Outer measures). Let Q be a set. A set function p : 22 _, [0, 00] is an outer measure on
Q if the following hold:

(i) (mull empty set) p(®) =0;

(ii) (countable subadditivity) For subsets A, By, B, - S Q,

Ac UBi = p(A)sZp(Bi).
i=1 i=1

Exercise 1.1.28. Show that outer measures have monotonicity. That is if p is an outer measure on Q2 and
if A, B< Q such that A< B, then p(A) < p(B).

Definition 1.1.29 (Outer measure extension). Let QQ be a set and ¥ be a collection of subsets of Q (i.e.,
€ <2 containing the empty set. Let a : € — [0,00] be a set function such that a(@) = 0. Define a set
function a* : 22 — [0, c0] by
o0 [o0]
o (B):=inf{ Y a(C)|C1, Gy e € and Ee | i )
i=1 i=1
We say a* is an outer measure extension of a. (Take inf(@) = co.)
Exercise 1.1.30. Let ¢ < 29 contains @ and covers Q (i.e., Q = U%). Fix an arbitrary set function a : € —

[0,00] such that a(®) = 0. Show that the outer measure extension « (see (2)) is indeed an outer measure
on (2.
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Example 1.1.31. Let Q =R and % be the collection of all half-open intervals of the form (a, b], a, b € R.
Leta: € — [0,00], a((a, b]) = b—a. Note that a gives the usual ‘length’ b— a of the interval (a, b]. For now
«a is only defined on half-open intervals. Hence one cannot evaluate a((1,2] U (3,4]), for example. Let @
be the outer measure constructed from a as in (2). Then note that
a((1,2lu@B4) =a(@,2D+a((3,4)=2-1D+4-3)=2.
For another example, consider the open interval (0, 1). We first write (0, 1) as the following disjoint union
of half-open intervals:
©o1n=01-2"qua-2"51-37hua-3L1-4"Yu....
Then invoking the definition of the outer measure extension @ of a in (2),
a0, 1)) =a(0,1-2"N+a(@-2"11-3"P+a(@-3"L1-4"1D+...

=(1-27H+@2 "' -3 +(3 -4 +...

=1.
In general, one can show that « is countably additive on €6 If I}, I», ... are disjoint elements of €, then

o0

a(gh) =) a()).

i=1

Let A, E < Q be arbitrary. Then by using subadditivity of p and since A< (An E) u (A\ E), we have
p(A) < p(ANE) +p(A\E).
If the above inequality becomes an equality for all A < Q, then we say E is p-measurable. See below.

Definition 1.1.32 (Measurability w.r.t. an outer measure). Let p be an outer measure on a set Q2. A subset
E c Qis said to be p-measurable (or Carathéory-measruable relative to p) if

p(A)=p(ANE)+p(A\E) forall AcQ.

Lemma 1.1.33 (Carathéory’s lemma). Let p be an outer measure on a set Q. Let & be the collection of all
p-measurable subsets of Q).

(i) & isao-algebra.

(ii) p restricted to & is a measure on & .

PROOE. We first show (i). We will take some steps.

(& is closed under complementation) Let E € &. This means p(A) = p(ANE)+ p(A\E) for all A< Q.
Note that since ANE® = A\E and A\ E = An E°, this implies p(A) = p(An E°) + p(A\ E°) for
all A< Q. This shows E° € &. Since E € & was arbitrary, this shows that & is closed under
complementation.

(& is closed under intersection and union) Let E;,E» € & and let A € Q be arbitrary. Then by p-
measurability of E; and E», we have

p(A) =p(ANnE) +p(A\E))

p(ANEy) =p(An(E1NER)) +p((ANE\ Es)

p(AN(E1NEp)) =p(A\(E1NE)INE)+p([A\(E1NER)I\ Ey)
=p((ANEN\ Ez) + p(A\ Ey).

By combining the above identities, we have
p(A) = (p(An(EyNE2)) + p((ANE) \ E2)) + p(A\ Ey)
=p(AN(E1NE2)) +p(A\(E1 N E)).
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This verifies the p-measurability of E; N E». Hence % is closed under intersection. It follows
that & is also closed under union.

(& is closed under countable disjoint union) Let (B;);>1 be a sequence of disjoint p-measurable subsets
of Q. Let Cy, := U, B; and Ce := U2, Bi. We wish to show Cy, € &#. Then since B, € &, for
each AcQ,

P(ANCy)=p((ANCr)NBy) +p(ANCyp)\ By)
=p(ANByp)+p(ANCpy-1).

By iterating the above argument, it follows that
¢mmaﬂ=ipmm&1
i=
Since B; € & for i =1 and % is closed under finite union, we have
p(A) = p(ANCy) +p(A\Cp)
= (i p(ANB;)

i=1

+0(A\ Coo),

where for the inequality above, we used the subadditivity of the outer measure ¢ and that
A\ C; 2 A\ Cw. Taking n — oo and using subadditivity of p with U2, (AN B;) 2 An Cy,

> p(ANB)
i=1

p(A) = +p(A\ Coo) = p(AN Coo) + p(A\ Coo) = p(A.

Thus above inequalities hold as equalities. This shows Cy, € &.

(& is closed under countable union) Let (E;);>; be a sequence of elements in . We wish to show that
E:=Uj>1 E; € . We use the standard trick in measure theory to break up the union into the
disjoint union. Namely, define sequence of subsets (B;);>; by

Bi=E < E
B, =E;\E, < E»
Bs = E3\ E» C Es,
and so on. In this way, B;’s are disjoint and U;_, B; = U}_, E; for all n > 1. Since we have
shown that & is closed under complementation and intersection, it follows that B; € & for

all i = 1. Since we have also shown that & is closed under countable disjoint union, it follows
that U;xil E; = U?:l B;e %.

Now we show (ii). It suffices to show that p is countably additive on &. Let (E;);>) be a sequence
of disjoint elements in &. We wish to show that p(U‘l?ZlEi) = Z‘l?‘;l p(E;). First note that, since E is
p-measurable,

p(E1UER) =p((E1UE)NEY)+p((E1UE)\Eq)
= p(E1) + p(Ep).

By using a similar argument, we can verify that p is additive on #: ¥ | p(E;) = p (U, E;). Now by
countable subadditivity of p, we have

n

U Ei

i=1

Y pEN=p

i=1

<p

o0
UE:
i=1

Then taking n — oo finishes the proof. O

<) p(Ep.
i=1

Definition 1.1.34 (Semi-ring). Let Q be a set and let 22 < 2. We call Z a semi-ring if the following hold:
(i) 2e%;
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(ii) ABEZ — AnNnBeX.
(i) ABexz = A\B=U}2,C;fordisjointC;e%,i=1.

A prime example of semi-ring (and the only example you would need to know) is the set of half-open
intervals. For instance, letting A = (0,3] and B = (1, 2], we have

A\B=(0,1]uU(2,3],
which is not a half-open interval of the form (a, b], but is indeed the disjoint union of two such intervals.

Exercise 1.1.35 (Set of half-open intervals is a semi-ring). Let Q =R and let % be the set of all half-open
intervals of the form (a, b] for a < b, a, b € R. Show that £ is a semi-ring.

Theorem 1.1.36 (Carathéory extension theorem). LetQ be a setand let % < 2. Fix a set function a: & —
[0,00]. Suppose the following holds:

(A1) Z isasemi-ring;

(A2) Foreach A€ & such that A=, B; for some disjoint B, By,-- € R, a (U‘l?il B;) = Y0, a(By).
Then the followings hold:

(i) There exists a measure |1 on o(R) that extends a on % (i.e., ylg = a).
(ii) Ifa is o-finite, that is, Q = Ucl.’il A; for some A; € Z fori =1 such that a(A;) < oo, then the measure |4
in (i) is unique.

SKETCH OF PROOE. Let @ : 2* — [0,00] be the outer measure extension of a : Z — [0,00]. Let & de-
note the set of all a-measurable subsets of Q. By Lemma 1.1.33, we know that & is a o-algebra and a
restricted on & is a measure on .

Now with the additional hypothesis that £ is a semi-ring and « is countably additive on £, one can
show that Z < %. Recall that & is itself a o-algebra. Since o(Z) is the smallest o-algebra that contains
Z, it follows that 0 (%) < &. Now restricting @ on o (%) shows the existence of a measure y on o (%) that
extends @ on Z.

For the uniqueness, suppose ' is another measure on o (%) that extends a. Then by Lemma 1.1.38,
one has to have u = u’ over o (%). O

Theorem 1.1.37 (Dynkin's 7 — A theorem). Let Q) be a set. Let 2 < 22 bea n-system (i.e., closed under
intersection) and let 2 < 2% be a A-system (i.e., Qe 2; A,Be 2 with A< B= B\ Ae€ 2; 2 is closed under
ascending union) Then o(2?) € 2.

PROOE. The proof of the above theorem is short but non-trivial (see [ , Appendix A]). O

A typical application of Dynkin’s 7 — A theorem is the following uniqueness of measure agreeing on a
7-system.

Lemma 1.1.38 (Uniqueness of measure agreeing on a 7-system). LetQ be a sample space and let Z < 2
be a m-system. Let  and i’ be two measures on o () such that u(A) = (' (A) forall A€ R. Then u(A) =
W (A) forall A€ o(R).

PROOE. Define
Q2:={Beo(%)|uB) = u'(B)}.

Then one can yerify that £ is a 1-system containing . Since £ is semi-ring, it is a 7-system. Hence by
the 7 — A theorem, we have 0 (%) € 2. This implies that u = u’ over o (%), as desired. ([l

1.1.4. Stieltjes and Lebesgue measure on R?. Now we are ready to define Stieltjes measures on the Borel
o-algebra on R. A special case of such measures is the Lebesgue measure.

Definition 1.1.39 (Stieltjes measure on (R, 98)). Let 2 = R and let 98 denote the Borel o-algebra on R (see
Definition 1.1.24). Recall that 2 = 0(2), where £ is the collection of all half-open intervals (a, b] in R. A
function F: R — R s called a Stieltjes measure function if
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(i) Fisnon-degreasing; and

(ii) F isright-continuous, thatis, lim\ » F(y) = F(x).

Fix a Stieltjes measure function F : R — R. According to Exercise 1.1.35, we know that £ is a semi-ring.
Define a set function a : Z — [0,00] as

a((a,b)) :=F)—-F(a) fora,beRwitha<bh.

Then by Theorem 1.1.36, there exists a unique measure u on 98 that extends a. We call u the Stieltjes
measure associate with F. In particular, if F(x) = x, then the corresponding Stieltjes measure p is called
the Lebesgue measure. A

Exercise 1.1.40. Let pz denote the Lebesgue measure on the Borel o-algebra 98 on R. Show (using defini-
tion) that the following sets have Lebesgue measure zero:

(i) Singletons (i.e., {x} for x € R)

(ii) Countable subsets of R

(iii) The Cantor set (see Example 1.1.26).

Following the approach in Definition 1.1.39, we can also define Stieltjes measures on the Borel o-
algebra on R?. Again, a special case is the Lebesgue measure on the Borel sets in R. For this discussion,
we introduce some notation first. Let a = (ay,...,a4),b=(b1,...,bg) € R%. We denote

def
a<b < a;<b foralll<i<d.
Similarly, define a < b. Also, define the ‘half-open rectangle’ (a,b] < R? by

(a,b]:= xeR%|la<x<b} 3)
=(ay, b1l x (a2, b2l x -+ x (ag, bgl.

If F: R% — Ris a function, then define

Aap F:= Z (_1)(#i’ss.t. Ci:ai)F(Cl,Cz,...,Cd). (4)
ci€{a;,bi},i=1....d
We can think of the above quantity as the ‘volumn’ of the rectangle (a, b] induced by the ‘potential func-
tion’ F.

Exercise 1.1.41 (Borel o-algebra is generated by rectangles). Recall that the Borel o-algebra 2 on R is
generated by the set of all open balls in R?. Let 6 denote the collection of ‘half-open rectangles’ of the
form (a,b] in (3). Show that 8 = 0(%¥). (Hint: Show that any open ball is the countable union of some
open balls with rational centers and rational radii; Then show every open ball with rational center and
rational radii is the countable union of some half-open rectangles in (3) with rational endpoints.)

Exercise 1.1.42. This is a higher-dimensional analog of Exercise 1.1.35, which shows that the collection
of half-open intervals form a semi-ring (see Definition 1.1.34). Let & be the collection of all half-open
rectangles (a,b] < R4 for all abe R4 with a < b. Show that % is a semi-ring on R4,

Definition 1.1.43 (Stieltjes measures on (R?,28)). Let Q = R? and let 2 denote the Borel o-algebra on R
(see Definition 1.1.24). Recall that 8 = (%), where £ is the collection of all half-open rectanbles (a, b]
in R? (see Exercise 1.1.41). A function F : R — R is called a Stieltjes measure function if

(i) Fisnon-degreasing; (i.e., F(a) < F(b) ifa<b)

(ii) F isright-continuous, that is, limy\ x F(y) = F(x);

(iii) Ifx,, — [~o0,...,—00] as n — oo, then F(x,) — 0; If x;,, — [00,...,00] as n — oo, then F(x;) — 1;

(iv) For all a,b e R? with a <b, we have A F = 0 (see (4)).

Fix a Stieltjes measure function F: RY — R. Define a set function a : Z — [0, 0] as

a(@b]):=AgpF forabe R witha <b.
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According to Exercise 1.1.42, we know that Z is a semi-ring. Then by Theorem 1.1.36, there exists a
unique measure y on 9 that extends a. We call u the Stieltjes measure associate with F. In particular, if
Fx) = H?:l F;(x;) forx=(xy,...,x4), where F; :R— R fori =1,...,d, then we can write

d
a(@b)) =[] (Fib)) - Fi(a))).

i=1
In particular, if F; (x) = x, then

d
a(@b)) =[]k -a),

i=1
where the right-hand-side is the usual volumn of the rectangle (a,b]. In this case, the corresponding
Stieltjes measure y is called the Lebesgue measure on RY. A

1.2. Random variables and distributions

A probability space (Q2, #,[P) gives a rigorous mathematical description of a random experiment. For
the same random experiment, various different quantities can be observed. Random variables describe
particular quantities to be observed from a given random experiment.*

1.2.1. Random variables. Random variables are special instances of measurable functions, which are
the analogue of continuous functions in the setting of measure theory. (See Remark 1.2.7.)

Definition 1.2.1 (Measurable spaces). A measurable space is a pair (Q, %) of sample space Q and a o-
algebra & on Q.

Definition 1.2.2 (Measurable functions). Let (Q, %) and (Q', %) be measure spaces. Then a function (or
amap) f:Q — Q' is said to be (% -F')-measurable (or measurable) if f~1(A') € & for all A’ € #'. Here,
the inverse image f~1(A’) of A’ € &' under f is defined as

FlA) = weQ|fw) e A}.
Hence, the function f: Q — Q' is measurable if the inverse image of all measurable sets are measurable.
In this case, we denote f: (Q,F) — (Q, F').

Definition 1.2.3 (Random variables). Let (Q2,.%,P) be a probability space and let %8 be the Borel o-
algebra on R?. A function X : Q — R? is a random vector if it is (¥ — 98)-measurable. If d = 1, we call
X a random variable (RV). We also allow RVs taking values from the extended real line R* := [-00,00] =
R U {—o00,00}. That is, let 8* denote the Borel o-algebra on R* generated by intervals of the form (oo, a],
[b,00), [-00, al], and [b,o0]. Then a RV is a measurable function X : (Q, %) — (R*, 28*).

Example 1.2.4 (Indicator function). Let (Q2, %) be a measurable space. Fix a subset A < Q. Then the
indicator functionof A, 14 :Q — R, is defined as

14(@) 1 ifweA
a) =
A 0 ifwéeA

Note that 1 4 is measurable (w.r.t. & and the Borel o-algebra) if and only if A € &. Indeed, observe that
for any Borel set B < R, there following four possible inverse images as below:

¢ if0¢Bandl¢B

A ifleBand0¢B

A¢ if0eBand1¢B

Q if0eBandl1e€B,

1,'(B) =

4Quoting Elliot Paquette (a probabilist at McGill): “As long as we can compute probabilities involving random variables,
we don't really care about what probability spaces they are coming from."
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Since @,Q € & and since % is closed under complementation 1 4 is measurable ifand onlyif Ae &#. A

Example 1.2.5 (Roll of two dice, Example 1.1.6 continued). Consider the random experiment of rolling
two dice in Example 1.1.6. The corresponding probability space is (Q,.%,P) where Q = {1,2,...,6}%, & =
22 and P is the uniform probability measure on Q. Consider the following functions X,Y,Z: Q — R,
where for each outcome w = (w1, w>) € O,

X(wi,ws) := w; (outcome of the first die)
Y(wi,ws) :=wy (outcome of the second die)

Z(w1,w?) := w1 +w> (sum of the outcomes of two dice).

Then these functions are random variables. In order to see this for X, let A be any Borel subset of R. Then
XA = {(wy,w2) € Q|w; € A} is a subset of Q, and hence it is an element of the power set 22 In other
words, X~1(A) is (2? — %)-measurable, where 2 denotes the Borel o-algebra on R. Likewise, Y and Z
are also random variables.

Now since Z pulls back Borel subsets of R to a measurable subset of Q, we can compute the proba-
bility of such inverse image. For instance, recall that {7} € 98. Consider the following event

Z=7'=Z""{T ={weQ|Zw) =7}
=1{(1,6),(2,5),(3,4),(4,3),(5,2), (6, 1)}.

Hence

1zt _6 1

= p(7-] -
P(Z=7=PCZ ({7 = Ql 3% 6

A

Example 1.2.6 (Uniform RV on [0, 1]). Consider the probability space ([0, 1], %, u), where 28 is the Borel
o-algebra on [0,1] (i.e., smallest o-algebra generated by interavls (a,b] for 0 < a < b < 1) and p is the
Lebesgue measure. Let U : [0,1] — R be the identity function, U(x) = x. Then U is a random variable on
([0,1], 98, w).

In order to show U : ([0,1],98) — (R, %R) is measurable, we need to show that for any Borel subset
B € %Bg, U"1(B) is Borel in [0, 1]. But because the Borel o-algebra on R is generated by the intervals (a, b]
for a, b € R, we only need to check this for B = (a, b] for all a, b € R. Now in general, it holds that

U YB)=BnIo,1].
So if B = (a, b], then

(a,b] if0<ab<l1

[0,b] ifa<0,bel0,1]
(a,11 ifael0,1],b>1

o) ifa b<Oora,b>1.

Bn[0,1] =

Hence in all cases, BN [0,1] is Borel in [0, 1]. This shows U : ([0,1], Z) — (R, BR) is measurable. Hence U
isa RV.
Also, the CDF of U is the identity on [0, 1], as

pU=x)=pulyel0, 11Uy =x}) =u(yel0,1]|y < x} = u([0,x]) = x.
In this case, we denote U ~ Uniform(][0, 1]). A

It is helpful to compare the definition of measurable functions to that of continuous functions, as we
discuss in the following remark.
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Remark 1.2.7 (0-algebra and topology). Fix a set Q. A g-algebra % on Q is a system of subsets of Q that
gives rise to the notion of ‘measurability’. Another well-known system of subsets in mathematics is called
the ‘topology’, which gives rise to the notion of ‘open subsets’. It is helpful to compare the definition of &
-algebra and topology on Q. Recall that a collection 9~ of subsets of Q) is a fopology on Q if it satisfies the
following conditions:

i) ¢,QeT;

(ii) 9 is closed under arbitrary union (not necessarily only the countable ones);

(iii) J is closed under finite intersection.

Note that the above properties are abstracted from the collection of open balls in the Euclidean space R”.
A pair (Q,9) of sample space Q and a topology is called a fopological space. If we have two topological
spaces (Q,9) and (Q,9"), then a function f : Q — Q' is said to be continuous if f~'(A’) € g for all
A€ T (i.e., the inverse image of open subsets is open).

Proposition 1.2.8 (Check measurability on basis). Let (Q,%,P) be a probability space and let (S, ) be a

measurable space. A function X : Q — S is (¥ — #)-measurable if there exists a collection of of subsets of S
such that Z = o(f) and X 1 (A) € F forall Ae .

PROOE. Let @ := {B e 2| X 1(B) € &}, which is the collection of Z-measurable subsets of S that is
pulled back by X to a & -measurable set. It is easy to see that £ is a g-algebra. Indeed, if B € £, then
X 1B =Q\X YB) e &, so 2 is closed under complementation. Also, if By, By, --- € &, then

(e, 0)
=Ux'Byes, (why?

1 (e8]
X UBi
i=1 i=1

so it verifies US2, B; € 2. Now by the hypothesis, o/ < 2. It follows that Z = o (/) € 2 < #. Hence
Q2 =2, as desired. O

Example 1.2.9 (Monotone functions are Borel measurable). Let f : R — R be a monotone function. For
instance, we assume f is non-decreasing, thatis, f(x) < f(y) if x < y. Then f: (R, %) — (R, %), that is, f
is Borel measurable. Indeed, note that

[ ((=o0,al) = {x : f(x) < a} = (~o0, b,

where b :=sup{y : f(y) < a}. Now b € [-00,00). Hence the inverse image of intervals under f ~Llisan
interval, which is a Borel set. Hence f is Borel measurable by Proposition 1.2.8. A

Proposition 1.2.10 (Building RVs from other RVs). These followings hold:

(i) (Composition D IfX: (Q,F) — (Q,F)and f: (Q,F') — (Q",F") are measurable maps, then f(X) =
f o X is a measruable map (Q,F) — (Q",F").

(ii) (CompositionID) If X1,..., X, : (Q,F) — (R, B) are RVsand if f : (R, B") — (R, B) is measurable, then
f(X1,...,Xp) isaRV.

(iii) (Sum and product) If Xy, ..., X, : (Q,F) — (R,AB) are RVs, then Z?zl X; and ]_[?:1 X; are also RVs.

(iv) (One-sided imits) If X1, X, -+ : (Q, F) — (R, 9B) are RV5s, then the following are also RVs:

inf X,,, sup Xj, liminf X;,, limsup X,
n=1 n>1 n—oo n—oo

PROOE. (i) Let B” € #" be arbitrary. Then f~!(B") € &' since f: (Y, F') — (Q",F") is measurable,
and also X~ (f~1(B")) € & since X : (Q, %) — (V,F') is measurable.
(ii) According to (i), it suffices to show that (X,..., X,) : (Q,0(F)) — (R",8B") is measurable. Recall that
the Borel o-algebra 98" on R is generated by measurable rectangles (see Exercise 1.1.41). Now
for Ay,..., A, intervals in R, note that

n
(X1, X)) T AL X o x Ap) = (X1, .00y X)) € Ap X -o0 X Ap) = ﬂX,-_I(Ai) EF.
i=1
Hence by Proposition 1.2.8, (X,..., X,) : (Q,0 (%)) — (R",28") is indeed measurable.
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(iii) According to (ii), it suffices to verify that the functions f: (xy,...,x,) — x1+:--+x,and g : (x1,..., X,) —
X1 -+ X, are measurable. By Proposition 1.2.8, one only needs to check if the inverse image of
open intervals under these maps are Borel measurable. Indeed,

(X100, Xn) ER™ X1+ + Xy < @} = £ ((~00, @)

is open in R” so it is Borel. Thus f Borel measurable. Also, g is a continuous function so the
inverse image of an open set is open. Hence g~ ((—co, @)) is open in R? so it is Borel. Thus g is
Borel measurable.

(iv) Note that for each a € R,

{iann<a}= UXn<a, {suan<a}: () {Xn < a}.
n=1 n=1 n=1

n=1

Hence inf,>; X, and sup,,-; X, are RVs. Next, recall that liminf X, and limsup X, are the small-
B n—oo n—oo
est and the largest subsequential limits of X;,, respectively. Hence we can write

liminfX,, = sup( inf Xm), limsup X;, = inf (sup Xm).
n—oo p=1 \m=n n—oo n=1\m=n
Since we have verified that inf,>; X, and sup,,..; X, are RVs, their supremum and infimum are
also RVs. Hene the above are also RVs.
]

Suppose we have sequence of RVs Xj, X»,... on a probability space (Q2,%,P). From Proposition
1.2.10, it follows that

n—oo

Qo= {w € Q) lim X, (w) exists} = {w € Q‘limiann(w) = limsuan(a))} eZ.
n—o0 n—o0

IfP(Q) = 1, then we say X, converges almost surely as n — co. Note that the limiting RV X, :=1lim; .., X},
has well-defined values only on Qg. That is, Xoo(w) € [—00,00] if w € Qp and X (w) does not exist.

1.2.2. Distributions. Let (Q,%,[P) be a probability space and let X : Q — R be a random variable. Note
that if A < Ris a Borel set, then since X is a random variable, we have X! (A) € %. Hence we can measure
the ‘size’ of X~!(A) using the probability measure P on %.

Definition 1.2.11 (Distribution). Let (2, %,P) be a probability space and let X : O — R be a random
variable. The distribution of X is the probability measure p on (R, %), where 98 = Borel o-algebra on R,
defined as

wA) :=P(X1(A)=P(X€ A  forall Borel subset A R.
The (cumulative) distribution function (CDF) of X is the function F : R — [0,1] defined by F(x) :=P(X <
x) for x e R. If the CDF of X has the integral replresentation5

P(sz):f fxx)dx VY xeR

for some function fx : R — R, then we call the function fx the probability density function of X and say
X is a continuous RV. If there exists a countable subset S c R such that P(X € S) = 1, then X is a discrete
RV. In this case, if we write S = {x1, x2,...,}, then we can write X = Z‘l?‘;l x;1(X = x;)°.

SWe have not actually defined Lebesgue integral yet. For now regard integrals in the sense of Riemann integral.
6Equivalently, X is a disrete RV iff the CDF of X is a stepfunction with countably many jumps.
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The set function u : 9 — [0,00] by u(A) = P(X"1(A)) = P(X € A) defined in is indeed a probability mea-
sure on 98. In order to see this, first note that u(R) = P(X € R) = 1, so u(®) = 1 — u(R) = 0; second, if
Ay, Ay, -+ € & are disjoint, then

U UAi):P(XEUAi
i=1

o0

Z P(X7'(A)) = Y u(Ay).

i=1 i=1

:[P(fj X1(A)
i=1

Proposition 1.2.12. Let F:R — R be the CDF of a random variable X. It satisfies the following properties.
(i) F is non-decreasing;

(ii) limy__oo F(x) =0 andlimy_o F(x)=1;

(iii) F is right-continuous, that is, lim~ . F(y) = F(x);

(iv) Let F(x—):=limy -, F(y). Then F(x—) =P(X < x);

W) PX=x)=F(x)—-F(x-).

PROOE. We assume the RV X is from some probability space (Q, &,P).

(i) Follows from the monotonicity of probability measures and {X < x} c {X < y} if x = y.

(ii) By continuity of measures, limy_..,P(X < x) = P(X!((—00,00))) = P(Q) = 1. Then lim,_._P(X <
x)=PX (@) =P(@) =

(iii) Note that if a sequence a, \, 0 as n — oo, then ﬂoo X = x+apt = {X < x}. So by continuity of
measure, we get lim,_.o,P(X < x+ a,) = P(X =< x). Since this holds for any sequence a, \, 0, it
holds that lim\ x F(y) = F(x).

(iv) Fix a sequence a, \, 0 as n — co. Then U > 11X = x—ay} = {X < x}. So by continuity of measure,
we getlim,,_P(X<x-a,)=P(X < x) Since this holds for any sequence a, \, 0, it holds that
limy/xF(y) =F(x-).

V) By (iv), F(x) - F(x-) =PX =x)-PX <x)=PX =x).

]

Proposition 1.2.13 (Constructing RV from its CDF). If a function F : R — R satisfies Proposition 1.2.12
(i)-(iii), then F is the CDF of some random variable X .

PRrOOE. Consider the probability space (Q, %, 1), where Q = [0, 1], &8 is the Borel o-algebra on [0, 1],
and y is the Lebesgue measure. Now define a function X : [0,1] — R by

X(w):=suply: F(y)<w} =“F Y w)".

(Note that If F is 1-1, then X (w) = F~!(w).) We need to verify two points: (1) X is a random variable; (2)
The CDF of X is F. To this end, we claim that

{w: X(w)<x}={w:w<=<F(x)}. (5)

Note that this yields X! ((~o0, x]) = [0, F(x)]. That is, the inverse image of the interval [0, x] under X is
the interval [0, F(x)], which is a Borel set. This also yields that X~ ([a, b]) = (F(a), F(b)], which is also a
Borel set. Hence by Proposition 1.2.8, X is indeed a random variable. Furthermore, assuming (5), we can
easily verify that the CDF of X is indeed F:

p(X =x) = plw = F(x)) = u([0, F(x)]) = F(x).

It remains to verify (5). Indeed, on the one hand, suppose X(w) < x. Suppose for contradiction that
F(x) < w. Then by using the right-continuity of F, there exists € > 0 such that F(x + €) < w. It follows
that x + ¢ < X(w) < x, which is a contradiction. On the other hand, suppose w < F(x). Suppose for
contradiction that X (w) > x. This implies that there exists x < y < X(w) such that F(y) < w. But since F is
non-decreasing and x < y, F(y) = F(x) = w, which is a contradiction. Thus X (w) < x. OJ

Remark 1.2.14. If the function F in Proposition 1.2.13 is strictly increassing so that it has an inverse
function, then the RV X we constructed in the proof of Proposition 1.2.13 is simply

X=Flw,



1.2. RANDOM VARIABLES AND DISTRIBUTIONS 22

where U is the uniform RV on [0,1] in Example 1.2.6. Note that X is a RV since F~! is monotone and
hence measurable (see Example 1.2.9). Also, indeed its CDF is F:
P(X<x)=P(F ' (U)<x)=P(U < F(x)) = F(x).

This is in fact how random variables are generated numerically in computer softwares. Namely, it first
genreates a uniform RV U and then outputs F~1(U).

Exercise 1.2.15. Using your favorate programing languate (e.g., R, python, C++), sample i.i.d. uniform
RVs Uj,..., U, ~ Uniform([0,1]). Compute the values of X;,..., X, where X; := g(U;), where g(x) =
—~A"'log(1 - x) for some fixed A > 0. Numerically compute and plot the empirical CDF of the samples
X1,..., Xn. What is the distribution of X := g(U), U ~ Uniform({[0, 1])?

Example 1.2.16 (Uniform distribution on [0, 1]). Let f(x) :=1j,1;(x) and let F(x) := f_xoo f(x)dx. Then

0 ifx<o0
Fx)=qx ifo=sx<1
1 ifx>1
is called the uniform distrubution on [0, 1]. A

Example 1.2.17 (Exponential distribution with rate 1). Fixa constant A > 0 and let f(x) := Le M1 [0,00) (X)
and let F(x) := f_xoo f(x)dx. Then

F(x) = (1 - e‘“) Lj0,00) (X)
is called the exponential distrubution with rate A. A

Example 1.2.18 (Standard normal distribution on [0, 1]). Let f(x) := \/%e—xz/ 2 Then F(x) := f_xoo fx)dx
is called the standard normal distrubution. There is no closed-form expression for F in this case. A

Exercise 1.2.19. Let F(x) = f_xoo \/%e—xz/ 2 d x be the standard normal distribution. Show that for all x > 0,

(x_1 — x_g) exp(—x2/2) <1-F(x)< x! exp(—x2/2).
Definition 1.2.20 (Equivalence in distribution). Let X, Y be RVs, possibly defined on different probability
spaces. We say X and Y are equal in distribution and write X dyif they have the same CDF (equivalently,
distribution):”
def
XgY = CDFof X =CDFofY «<— PX=x)=P(Y=<x)VxeR. (6)

Exercise 1.2.21. Construct an example of two random variables X,Y on the same probability space
(Q,F,P) where X £ Y but P(X = -Y) = 1.

Definition 1.2.22 (Absolute continuity). Let (2, %) be a measurable space and let u, v be two measures
on it. We say v is absolutely continuous with respect to p and write v < p if

uA =0 = v(A) VAeH.

A measure p on (R, %) is absolutely continuous if it is absolutely continuous w.r.t. the Lebesgue measure;
otherwise p is said to be singular. A measure ¢ on (Q, %) is discrete if there exists a countable set S € Q

Example 1.2.23 (Point mass). Let (Q, &, 1) be a probability space and suppose that p({y}) = 1 for some
¥ € Q. Then p is called the point mass at y and denoted as §,. If Q =R, then the point mass at y cor-
responds to the distribution function F(x) = 1(y = x). Clearly point masses are discete probability mea-
sures. A

X (QF, Px)— R,%B)and Y : (Q, F,Py) — (R, %), then the last expression in (6) precisely means Px (X < x) =Py (Y <
x) Vx € R. However, we usually use generic notation [P for probability measures and interpret it as the probability measure on
the appropriate probability space.
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Example 1.2.24 (Uniform distribution on the Cantor set). Recall the Cantor set C defined in Example
1.1.26, which is Borel-measurable with Lebesgue measure zero. We are going to consider the ‘uniform
probability distribution’ on C. Namely, let C;, be the set obtained from [0, 1] by repeating the procedure of
omitting the middle third of every remaining interval z times. Since C,, is a disjoint union of 2" intervals,
one can consider the uniform distribution on C,, with distribution denoted as F,,. Namely,

1

F,(x):=
0= G

fl(xECn)dx=(3/2)"f 1(xeC,)dx.
0 0

8/8
7/8 —
6/8 _—

5/8 ol

4/8
3/8 —~
2/8 —_—

1/81 —

0 1/9 2/9 39 49 59 69 79 89 99

FIGURE 1.2.1. CDF of the Cantor distribution, which is also known as the “devil’s staircase”. Fig-
ure excerpted from [ 1.

Note that F,, is a piecewise linear function with slopes either 0 or 3/2. It can be shown that F,, con-
verges to some limiting function F,, pointwise. Since F, is monotone, the convergence F;, — F is uni-
form, so the limiting function F is also continuous. Note that F,, cannot have a density function, since
Foo =0 0on C¢ and u(C) = 1. This means any density function (if exists) of F,, has to be zero on the set
C¢ of measure 1, so it integrates over [0, 1] to zero, not one. A distribution function not having a density
function is in fact equivalent to the associated Stieltjes measure being singular. This uses the famous
Radon-Nikodym theorem (pointer will be added). A

1.3. Integration

1.3.1. Definition of Lebesgue integral and basic properties. In this section, we develop the theory of
Lebesgue integration. One should be familar with the notion of Riemann integral, where one partitions
the domain of the function into intervals or rectangles and approximates the area or volume under the
graph of function by the sum of rectangles. On the contrary, the key point in Lebesgue integral is to
partition the range of the function, rather than its domain (see Figure 1.3.1).

An important building block of Lebesgue integral is simple function, which will play the role of rect-
angles in Riemann integral.

Definition 1.3.1 (Simple functions). Let (Q, %, u) is a measure space. A function ¢ : Q — R is simple if it
takes only finitely many values on sets of finite measures. That is, there exists disjoint measurable sets
Ay, ..., Ape Fwith u(A;) <oofori=1,...,nand ay,..., a, € R such that

m
@=D aily,.

i=1
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FIGURE 1.3.1. Riemann integral (left) partitions the domain of the function, whereas the
Lebesgue integral partitions the range of the function. Figure by Xichu Zhang.

Definition 1.3.2 (u-almost everywhere). Let (Q, %, 1) be a measure space and let f, g : Q — R be measur-
able functions. We say f = g u-almost everywhere (u-a.e.) if u ({o| f(w) < g(®)}) = 0 (i.e., the exceptional
set has u-measure zero).

Definition 1.3.3 (Lebesgue integral). Let (Q, %, u) be a measure space. Let f: (Q, %) — (R, 98) be a mea-
surable function. We will define Lebuesgue integral [ f du in four steps:
() (Simple functions); Given a simple function p =Y. | a;14,,

f(pd,u:: Y aip(Ay).

i=1
(II) (Bounded functions); Let f : Q — R be a bounded measurable function vanishing outside of some
set E € & with u(E) <oco. Then

ffu:=supf<pdu,
p=f

where the supermum runs over all simple functions ¢ < f.
(III) (Nonnegative functions); If f =0 y-a.e., then

ffu:= sup fgdu,
O<g=<f

where the supermum runs over all bounded functions 0 < g < f such that u({w| g(w) > 0}) < co.

(IV) (General measurable functions) Let av b := max(a, b) and aA b := min(a, b) for a, b € R. For a general
measurable function f : Q — R, define two nonnegative functions f*, f~: Q — R by®

ff@):=f@vo, fw:=-(fw) o).
Then we have
f=f"—f and |fl=f"+f".

We say f is (Lebesgue) integrable’ if f is measurable and ['| f|du < oo, or equivalently, [ f* du <
ooand [ f~ du < oo. In this case, we define

[ raw= [ rrau- [ r-an
Otherwise, [ f du is undefined and we say [ f du does not exist.

8The ReLU function x — x v 0 is monotone and hence measurable. Hence f* is measurable being the composition of two
measurable functions. f~ is also measurable for a similar reason.

9 fduis definediff [ f du € [-oo,00] iff [either [ f* du<ooor [ f~ du < ool.
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Remark 1.3.4 (Integral notations). Here we introduce some notations for Lebesgue integrals for measure
space (Q, %, p) and a measurable function f:Q — R.

(i) For an event A € Q), we write

| raus=[ riadp

where we call the RHS above s the ‘integral of f over A’
(i) When (Q, %, u) = (R, 8%, 1), where 1 = Lebesgue measure, we write [ f du = [ f(x) dx.
(iii) When (Q,Z, ) = (R, %, 1), where A = Lebesgue measure, we write [, ,; f du = f(ff(x) dx.
(iv) When (Q, %, u) = (R, %, ) and u((a, b]) = G(b)—G(a) for a < b'°, thenwe write [ f du = [ f(x) dG(x).
(v) If Qis countable, & = 22, and y is the counting measure'’, then we write [ f dy =Y ,eq f(X).

Exercise 1.3.5. Let f: (Q,%,u) — (R,98) be a measurable function such that f = 0 p-a.e.. Show that
J fdp=0. Deduce that, if A€ & with p(A) = 0 and f is arbitrary measurable function, then [, fdu =0.
Conversely, if [|f|du =0, then show that f =0 u-a.e..

One should get familar with this order of development. This is how we usually prove certain identities
(e.g., linearity of integral, change of variables formula, Fubini’s theorem) for Lebesgue integral.

Proposition 1.3.6 (Upper and lower Lebesgue sum). Let (Q, %, 1) be a measure space. Let f : Q) — R be a
bounded measurable function such that u({f # 0}) < co. Then

sup @pdu=  inf f(pd,u.
¢ simple < f ¢ simple = f
PROOE. First note that a simple function ¢ < f has to vanish outside E since f =0 on E. Also, without
loss of generality, we may assume that the simple functions ¢ = f in the statement vanishes outside E.
We first show
sup pdus inf f(pdu. (7)
@ simple <f ¢ simple = f
Fix simple functions ¢ < f and ¢ = f. Write ¢ =} a;1,, and ¢ = 3. b;j1p,. The support of ¢ + ¢ is
contained in U; A; UU; B;. We can rewrite this union as the disjoint union of the sets B;\U; A;, A;\U; Bj,
and A; U Bj, for i, j = 1. Enumerate all these sets as Cy for k = 1,..., n for some n = 1. Then we can write
@=%7_,xlc,and ¢ =3} _, yilc,. Since ¢ < f < ¢, we have x; < y; for k=1,...,n. Then

n n
fwdy: Y xele < ) yile, =f¢>du-
k=1 k=1

This holds for all simple functions ¢ < f and ¢ = f. Hence taking supremum on the left hand side and
then taking infimum on the right hand side, we obtain (7).
To prove the other inequality, we suppose | f| < M for some M > 0. For each m = 1, define

‘M /+1)M
Ep = {w€E| — = flw) < %} =Y 1¢MIm, (¢ +1)M/m)) for-m<?<m,
no¢M no@+1)M
= —15g, = —1g,.
Pm gzz_m m Ee Pm g:Z_:m m Ee

By definition ¢, — ¢, = (M/m)1g, so we have

sup pdu = f(pmdp:fgbmdp—(M/m)u(E)
@ simple <f

= inf du|— (M E).
(. o)

10Gisa Stieltjes measure function
Hgee Example 1.1.4.
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Now since p(E) < oo, we can take m — oo and obtain the desired inequality. g

The main goal of this section is to establish the following basic properties of Lebesgue integral, which
should be familar from Riemann integrals.

Theorem 1.3.7 (Basic properties of integral). Let (O, %, 1) be a measure space and let f,g: Q — R be
integrable functions such that their supports {f # 0}) and ({g # 0}) are o -finite'>. Then the following holds:

() Iff=0pu-ae., then [ fdu=0;

(i) ForallaceR, [afdu=a [fdy;
(i) [f+gdu=[fdu+[gdw

(iv) Ifg < f u-ae, then [gdu< [ fdu;
W) If|f fdu|= [Ifldp.

PROOF OF THEOREM 1.3.7 FOR BOUNDED OR NONNEGATIVE FUNCTIONS. We will first verify each state-
ments for simple functions and then move on to bounded functions and then to nonnegative functions.

() It holds clearly if f is a nonnegative simple function. If f is a bounded function that vanishes outside
some set E with u(E) < oo, then it also holds by definition since we can take the zero simple
function ¢ = 0. Lastly, if f = 0 u-a.e., then for any bounded measurable function g such that
0<g<f,wehavepu(g>0) < u(f>0) <oo,so | gdu= 0by the previous case. Taking supremum
over all such g, this shows [ fdu = 0.

(ii) It holds clearly if f is a simple function. Also, one can easily verify it when a = 0 case by case, so
we may assume a # 0. Next, suppose f is a bounded function that vanishes outside some set
E with u(E) < oco. Suppose a > 0. Then ¢ is a simple function with ¢ < f if and only if ag is a
simple function with ag < af. Hence

al| fdu= asupf(pdu: supafq)du:supfa(pdu: sup fa(pdp:fafdu.
o=f o=f o=f ap=af

If a < 0, then noting that ¢ is a simple function with ¢ < f if and only if a¢ is a simple function

with ag = af, using Proposition 1.3.6, we get

affd,u=asup pdu= infaf(pdu: inf | apdy=inf a(pd,u:/afdu.
o<f p=f p=f apzaf

Next, suppose f = 0 p-a.e.. In this case, we will verify (ii) for only the case that a > 0 (the case
a < 0 will be handle later). Note that & is a bounded measurable function with p({% # 0}) < co
with0< h < fifandonlyif0 < ah < af and u({ah # 0}) < co. Hence

affduza sup | ¢du= sup afhduz sup | ahdu= sup ahd,uzfafdu.
O<hsf O<hsf O<hsf ah<af

(iii) For simple functions, write ¢ = ¥ a;1,, and ¢ = 3} bj1p,. The support of ¢ + ¢ is contained in
Ui A; uU; Bj. We can rewrite this union as the disjoint union of the sets Bj \U; A;, A; \U; B},
and A; U Bj, for i, j = 1. Enumerate all these sets as Cy for k = 1,..., n for some n = 1. Then we
canwrite 9 =Y.} xxlc, and =3}, yklc,- Thenp+p =" | (xr + yr)1E,. Hence

n n n
f p+pdu= Y (xp+y)Er) = ) xii(Ep) + ) yep(Ex) = f pdp+ f pdp.
k=1 k=1 k=1
Hence the assertion holds for simple functions.

12Given a measure space (Q, %, ), aset A< Qis o-finiteif there exists countable events Ej, € &, n = 1 with u(E,) <ocoand
A< Up>1 Ep. If pis a finite measure (i.e., £(Q) < oo) or Q itself is o-finite, then all subsets of Q is o-finite.
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Next, assume f, g are bounded measurable functions with finite measure support. Then if
¢ < f and ¢ < g are simple functions, then ¢ + ¢ is a simple function < f + g, so

ff+gdp2f<p+¢d,u=ftpdﬂ+f¢dﬂ-

Then taking sup,, - r and sup,<, on the right hand side, we get

ff+gdu2ffd,u+fgdu.

Conversely, choose simple functions ¢ = f and ¢ = g. Then ¢ + ¢ = f + g is a simple function.
By Proposition 1.3.6,

ff+gdu5f(p+(/)du=[(ﬂdﬂ+f¢d/~‘-

Then taking inf,> r and inf¢ > g on the right hand side and again using Proposition 1.3.6, we
get

ff+gd,us/fdu+fgdu.

Lastly, suppose f,g = 0. Fix bounded functions0< h < fand 0 < r < g with u(h #0) < oo
and p(r # 0) < co. Then using (iii) for bounded functions, we have [hdu+ [rdu= [h+rdy.
Taking supremum and noting that & + r is a bounded function such that 0 < h+r < f + h and
pwh+r#0)=puh#0orr #0) < u(h #0) + u(r #0) < oo, we get

ffd,u+/gdu= sup fhdu+ sup | hdu= sup [h+rd,u5ff+gd,u.
O<hsf O<r=g O<hsf,0=sr<g

To show the other direction, first note that since f,g = 0 and the supports of f and g are o-
finite, the support of f + g is also o-finite. Hence there exists events E, € &, n = 1 such that
E, /{f +g #0}and u(E,) < oo. Then for each n = 1, we have

(f+g Anllg, <(fAn)lg, +(gAn)lg,.

Then by using (iii)- (iv) for bounded functions, we get

fE(f+g)/\nd,ust [(f/\n)+(g/\n)]dp:fE(f/\n)d,u+fE(g/\n)dp.

Then by using Lemma 1.3.8, as n — oo, the first and the last expression above converges to
Jf+gduand [ fdu+ [gdp, respectively. This shows the desired inequality.
(iv) It follows immediately from applying (i) to h := f — g = 0 and using (iii).
(v) Note that f <|f|so [ fdu < [|fldu by (iv). Taking absolute value then gives the assertion.
0

The following lemma shows that the integral of a possibly unbounded function f can be achieved by
the integrals of its truncations f A n for n = 1. In other words, the supremum in the definition of [ f du
in Definition 1.3.3) (III) could be taken only over the bounded functions g := (f A n)1g,.

Lemma 1.3.8 (Trunctation of integrals). Let (Q2, %, u) be a measure space and fix a nonnegative measur-
able function f : QO — R. Suppose there exists events E, € &, n = 1 such that u(E,) < oo and E, /' {f > 0}
(e, E1SEs<... andUy>1 E, =1{f > 0}). Then

lim[ f/\nd,u=ffdu. (8)
Ep

n—oo
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PROOF. Note that f'Anis the function that maps w to f(w) An. Hence (f An)1g, is bounded above by
n, non-incerasing in », and has support contained in E,, which has finite y-measure by the hypothesis.
Hence by Theorem 1.3.7 (iv) for the case of bounded functions, we see that the integrals in the LHS of (8)
is non-decreasing in n. Moreover, since g := (f A n)1g, is itself a bounded measurable function such that
0<g< fand u(g>0) < u(Ey,) < oo, by definition of [ f du, we have

r}l_{gofEnf/\ndusffdu.

To show that the limit equals the integral in the RHS, we use the definition of the integral in the
RHS. Namely, fix a bounded measurable function & such that 0 < h < f and u(h > 0) < co. Suppose
sup,, h(w) < M for some constnat M > 0. Then for n >0, h < f A n < f Hence again using Theorem 1.3.7
(iv) for the case of bounded functions,

f fAnduzf hd,u:[hdp—f hdu
E, En B,

:fhdu—f hdu
{h>0N\E,,

thdp—M,u({h>0}\En).
Since E, /' {f >0}, {h>0} < {f >0}, and u(h > 0) < oo, we have u({h > 0}\ E;) — 0as n— oo. So

fhd,us limf fAandu.
n—oo E”

Taking supremum over all bounded measurable functions % such that 0 < h < f and p(h > 0) < oo, by
using the definition of [ f du, we obtain

nh_r)glo Enf/\nduszdu.

This shows the assertion. (|

Lemma 1.3.9. Suppose [ f du exists. Let f = fy — fo where fi,f, =0 and [ f; dp < oo for some i € {1,2}.
Assume all functions are assumped to be integrable and have o -finite support. Then

[ rau=[ fiau- [ an

PROOE. Since f = f* — f~, we have f*+ f> = f~ + fi. Then since all four involved functions are
nonnegative with o-finite support, by Theorem 1.3.7 for such functions, we have

[ 1 aus [ pau= [ r-au+ [ fian ©)

Since [ f dp exists, one of f* and f~ has finite integral. First suppose [ f*du =oco. Then [ f~du < oo,
and the above identity and the hypothesis implies [ fi du = oo and [ f, du < oo. Hence we can subtract
the finite numbers [ f~ du <ooand [ f> du < oo from both sides to get

[rau=[ s+ au- [ ran=[ fran- [ pan=co.

A similar argument works by symmetry if [ f~ du = oo. Lastly, if both f* have finite integral, then (9)
yields that f; and f> both have finite integrals. Again subtract the finite numbers [ f~ dy < oo and
J f> dp < oo from both sides of (9) and using Definition 1.3.3 (IV), the assertion follows. ([l

Now we finish the proof of Theorem 1.3.7 for the general case.

PROOF OF THEOREM 1.3.7 FOR INTEGRABLE FUNCTIONS. All functions here are assumed to have o-
finite support.

(i) We have already shown this for nonnegative measurable functions.



1.3. INTEGRATION 29

(i) Suppose a > 0. Note that af* = (af)* and af~ = (af)”. Then by using Definition 1.3.3 (IV) and
Theorem 1.3.7 (ii) for nonnegative functions and nonnegative scalar,

fafd,u=f(af)+d,u—f(af)_du=/af+dy—/af_du

=aff+d,u—aff_d,u=a(ff%ip—ff‘d,u)=affd,u.

Next, suppose a < 0. Then (af)” = —af~ and a(af)” = —af*. Then by using Definition
1.3.3 (IV) and Theorem 1.3.7 (ii) for nonnegative functions and nonnegative scalar,

fafd,u:f(af)+du—f(af)_duz[(—a)f‘du—f(—a)ﬁdu

~ca [ apraf st au=al [ £ du- [ £ du)=a rap.

(iii) Write f+ g = (f*+g*)—(f~ + g7). By the hypothesis, either f* + g* or f~ + g~ have finite integral,
since otherwise either f or g is not integrable or [ fdu and [ gu are both infinity with the
opposite sign. Then the assertion follows from Lemma 1.3.9.

(iv) It follows immediately from applying (i) to / := f — g = 0 and using (iii).
(v) Note that f <|f|so [ fdu< [|f|duby (iv). Taking absolute value then gives the assertion.

1.3.2. Inequalities and limit theorems for integral.

Proposition 1.3.10 (Jensen’s inequality). Suppose a function ¢ : R — R is convex, that is, p(Ax+(1-1)y) <
Ap(x)+ (A=) forall x,y € R and A € [0,1]. If p is a probability measure and if f and @(f) are

integrable and if [ f du < oo, then
w(ffdu)wa(f)du-

PROOE Denotec:= f f du < oco. Definition of convexity implies existence of a tangent line at (c, ¢(c)).
That is, there exists a, b € R such that the line ¢(x) = ax+ b lower bounds ¢(x) for all x e Rand ¢(c) = ¢(c)
(Why?). Since ¢ < ¢, Theorem 1.3.7 implies

f(p(f)d,uzfaf+bd,u=affdu+b=ac+b=(p(c) =<p(ffdu),
where the first equality uses the fact that y is a probability measure so [bdu=>b [ du=b. ([l

Remark 1.3.11. Convexity of ¢ means
¢ (avg of two points) < avg. of ¢ at two points.

Integral against a probability measure can be throught of as taking an average in a general sense. (In
fact, we will define this to be taking ‘expectation’.) Hence Jensen’s inequality generalizes the above to the
general weighted average on a probability space where the ‘weight’ is given by the function f.

Definition 1.3.12. Let (2, %, 1) be a measure space and let f : Q — R be a measurable function. Fix
p € (0,00). We define the p-norm of f as '*

1/p
11 = (f Ifl”du) .
Proposition 1.3.13 (Holder’s inequality). Ifp,q € (1,00) and % + %7 =1, then

flfgldu <1£1,ligly. (10

13The function x — xP is continuous, so it is Borel measurable. Hence if [ is Borel, then fP is also Borel.
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PROOFE. If | fll, =0or g, =0, then f =0 or g =0 p-a.e, so |fg| =0 p-a.e.. (see Exercise 1.3.5).
Hence in this case there is nothing to show. We may assume | f 1, gll, > 0. Then we may divide both
sides of (10) by | fll»Igll » > 0, use Theorem 1.3.7 (ii), and rename f/|| |, as f and g/lIgll, as g. Hence it
suffices to show the assertion for the case when | f1l, = lIgll; = 1.

The rest of the proof is based on the following inequality (Justify it by showing the function ¢y, : x —

q e 1) ..
x—pp + y? — xy is minimized at x = y” (P=1 with minimum value zero.)
xP yq
xys—+— Vx,yeR.
p 4

Using this inequality, replacing x = f and y = g and integrating,

1 1
Ifgldp=—=+—==1=|flplglg.
f P q pretd

This shows the assertion. U

Next, we will study when we can interchange limit and integral. Namely, if we have a sequence of
functions f;, such that f;, — f in some appropriate sense, we would like to know sufficient conditions
under which

tim [ fudu= [ tim fydyi= [ fap.

Definition 1.3.14 (Convergence in measure and almost everywhere convergence). Let (Q,%,u) be a
measure space and let f, f;; : Q — R for n = 1 be measurable functions. We say f,, — f as n — oo in
measure if for each € > 0,

Tim p({o:1fu@) = f@)| > e}) =0.

We say f;, — f as n — oo p-a.e. (almost everywhere) if
olfo o= 0] 20} 0.

If it is a probability measure, then we say convergence in probability instead of convergence in measure,
and almost sure convergence instead of almost everywhere convergence.

Exercise 1.3.15 (Convergence p-a.e. implies convergence in measure). Suppose  is a finite measure
and assume f,, — f p-a.e.. Show that f;, — f in measure.

Theorem 1.3.16 (Bounded Convergence Theorem). Let (QQ, %, 1) be a measure space and let f, f,, : Q — R
for n =1 be measurable functions such that f, — f in measure. Assume that there exists an event E € &
such that u(E) < oo and f, =0 on E€. Further assume| f,| < M for alln =1 for some constant M > 0. Then

tim [ fudyi= [ rap.
(By Exercise 1.3.15, the statement also holds if f,, — f u-a.e..)

PrOOE Theideais to decompose integrals on sets G, where | f;, — f| is small and on E,, where | f;, — f|
is large. The difference of the integrals is small either because f;,, = f or the underlying set has small
measure. (The proof is much simpler if we also assume f = 0 on E¢ and |f| < M, but we argue for the
general case below.)

We first claim that

p({fZ0NE°)=0 and pdlfl>M}) =0. (11)
Indeed, since f;; =0 on E€ and f;,, — f in measure, for each fixed € > 0,

p({ifl>enES)=p({lfu-fl>eNE®)—0 asn— oo.
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Since the left hand side does not depend on n, we have u ({| f1 > €} N E€) = 0. Since this holds for arbitrary
€ >0, using that {f # 0} = Uflozl{l fl> n~1}, we get (by using union bound, or subadditivity of measure,
see Thm 1.1.16)

p({f20nE) =pul JlUfI>nnE | = Y u(lifl>nnE) =0,
n=1

n=1

as desired. Similarly, for each € > 0,
p(lflzM+e)<spu(lf - fal=€)—0 asn— oo.

Hence the left hand side equals 0. This holds for all € > 0, so we deduce u(|f| > M) =0.
Now fixe > 0. Let A, :={|fn — fI > ¢}, By :={lfn— fl <€}, and C:={| f| < M}. Then we have

[ fuan- [ ran|-

sf|fn—f| du (- Thm1.3.7 (v))

ffn—fdp’ (.- Thm 1.3.7 (iif))

=fA \fn—fldu+fB |fu—f|dp (- Thm 1.3.7 (v)).

We will show each of the integrals above vanishes as n — oo.
Note that u(C =0by (11) so fAn\C | fn— fldu =0 (see Exercise 1.3.5). Hence

fAn|fn—f| dH:fAnnC|fn—f|du+fAn\C|fn—f| dy (. Thm1.3.7 (v)

—f [fa—fldp ¢ p(C®=0)
A,NnC
<2Mu(A,) —0 asn— oo.
Also, note that [ \p|fu— f| du= [5 \g|f| dpe= [|f|1zc1pdp = 0since f1gc = 0 p-a.e. due to (11). Thus

an|fn—f|du=fB Elfn—fldu+fB\E|fn—f|du (- Thm 1.3.7 (v))

nm n

:f |fn—f|dﬂ (. flpe =0p-a.e.)
B,nE
< eu(E).

[ fudus- [ ran

Since € > 0 is arbitrary and p(E) < oo, the left hand side above must equal to zero. O

In summary, we have shown that
o(1)
——
<2Mu(Ay) +eu(E).

Example 1.3.17 (BCT does not hold without finite support). Consider (R, %, i), where u =Lebesgue mea-
sure. Let f, := n‘ll[o,n]. Then f, <1forn=1and [ f,dp=1forall n = 1. However, f, — 0 in measure:

p(fn=0l>e) =pulful>e) = @) =0 ifn'<e.

Hence BCT does not hold in this case. In fact, f;, violates the uniformly finite support assumption in BCT,
since {f;, # 0} = [0, n] and ([0, n]) — co. A.

Theorem 1.3.18 (Fatou’s lemma). Let (2, %, 1) be a measure space and let f,, : Q — R for n = 1 be nonneg-
ative measurable functions. Suppose that for each n = 1, there exists events E,, / {f, > 0} as m — oo and
W(Em) <oo. Then

liminfffn du= /liminffn du.
n—oo n—oo
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PROOE. (The proofis simpler if there exists E, ,/” Q with y(E,) < co.) Denote g, := inf;;>, fin. Then
fn=gn./ g:=liminf f;, as n — co. Hence lirIlIl g)lf fn = g, so it suffices to show that

h},ﬂg}ffgndﬂz fgd,u.

To this end, we claim that there exists finite y-measure events C,, / {g > 0}. For this, we can use a
‘diagonal argument’. For each n =1, let E, ,, /" {f, > 0} as m — oo and pu(Ey ;) < oo for m = 1. Arrange
these sets as below:

fi: Ei1 Ei2 Ei3
o Ex1 Exp Ep3
f3: E3n Ezp Ess

We can the enumerate these sets in diagonal fashion, namely, E; 1, E1 2, E21, E13, E22,E31,.... Let By

denote the union of the first m sets in this enumeration. Then p(By,;) < oo for m =1 and Ups1{f, > 0} <

Ums=1 Bm. In particular, this implies {g > 0} <U,,,>1 Bm- Then setting Cy,, := B, n{g > 0} proves the claim.
Now, by using the truncation argument (Lemma 1.3.8), we have

fgdu:ngi_r};ofc gAmdy.

On the other hand, fix m = 1 and observe that h;, := (g, A m)1¢, for n = 1 is a sequence of bounded
measurable functions with supports all contained in Cy, that has finite u-measure. Moreover, h;, — h:=
(g Anm)lc, p-a.e. as n— oo. Hence by BCT (Theorem 1.3.16),

f g/\md,u:limf gnAmdy.
Cm n—oojc,,
Then we have

liminffgnd,u > li}gninffgn/\mdu
—00

n—oo

> liminff gnAmdy (. gp=0)
Cm

n—oo
:fc gAmd,um;oofgd,u.

This shows the assertion. OJ

Theorem 1.3.19 (Monotone Convergence Theorem). Let (QQ, %, u) be a measure space and let f, : Q — R
for n =1 be measurable functions. Suppose f1 < fo <.... Then

lim ffn du :f lim f,du.

n—oo n—oo
PROOF. The existence of limits lim,_., [ f, dy and lim,_ f, follows from the monotonicity as-

sumption. Note that “=" holds by Fatou’s lemma (Theorem 1.3.18). On the other hand, by the mono-
tonicity, f; <limy—co fr, 80 [ frndp < [limy,_ fr dp. Taking lim,_., then shows “<”. O

Theorem 1.3.20 (Dominated Convergence Theorem). Let (O, %, u) be a measure space and let g, f, fr
Q — R for n = 1 be measurable functions. Suppose f, — f p-a.e., |fnl < g foralln =1, and g is integrable.
Then

tim [ fudp= [ Jim f,dn
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PROOE. Note that f;, + g =0 for n = 1. So by Fatou’s lemma (Theorem 1.3.18),
lilgninfffnd,u+[gdp:li%ninfffn+gdu2/f+gdu=ffdu+[gdu.
—00 —00

Since g is integrable and g = 0, we have [ gdu < co. Hence subtracting this quantity from both sides
gives

lirgrlglfffn du= ffdp.
Applying the above result for — f;, gives
limsupffn dus ffdu.
n—oo

Combining the above inequalities gives the assertion. g

1.4. Product measures and Fubini’s theorem

Let (X, </, 1) and (Y, 98, u2) be two o-finite measure spaces. We would like to define the ‘product
measure space’ with the sample space Q being the Cartesian product X x Y

(Q:= X xY, o-alg =?, measure =?).

Namely, we need to define a natural o-algbegra on X x Y and a measure on that o-algebra. A simple
choice for the o-algebra would be the Cartesian product of o-algebras «f x 98. The sets in «f x 98 takes
the form of A x B for A € o and B € 98, which is called a (measurable) rectangle. However, & x 98 is not
necessarily a o-algebra. Hence, we consider the smallest o-algebra generated by all rectangles, namely,
o (s« x 98). This will be our cannonical choice of o-algebra on the product space Q = X x Y. It then
remains to define a measure on this o-algebra. This is provided by the following result.

Theorem 1.4.1 (Construction of product measure). Let (Q1,<f, 1) and (Q2, 98, 112) be two o -finite mea-
sure spaces. Consider the product measurable space (Q1 x Qy, 0 (of x 9B)). Then there exists a unique mea-
sure L on o (<f x 9B) such that

WAxB) = (Ap2(B) YV Aeot, Be B.
We call 1 the product measure and denote |1 := 1 ® (.

PROOE. Denote . := of x %8, the set of all measurable rectangles. Define a premeasure « : ¥ — [0,00]
by a(A x B) := u;(A) p2(B). Notice that . form a semi-ring: For A,C € «f and B, D € %,
(AxB)Nn(CxD)=(AnC)x (BnD)
(AxB)\(CxD)=(AxB)n(C x D)¢
=(AxB)N((C°xD)U(Cx D)u(C* x DY)
=((ANC)x (BND)L((ANC) x (BND))L((ANC®) x (BN D).
It remains to verify o-additivity of a on .#, since then Carathéory’s extension theorem (Thm. 1.1.36) will
imply the desired result.

To this end, fix a rectangle A x B and suppose A x B =12, A; x B; for disjoint rectangles (A; x B;) for
i = 1. We wish to show that

(A pz(B) =Y p1(Ai) po(By). (12)
i=1
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To show the above, fix (x,y) € Ax B. Since Ax B =172, A; x B;, we have 1(x € A)1(y € B) = X7, 1(x €
Aj)1(y € B;). Integrating with respect to y and using MCT, we get

1(xe A)p2(B) = f Y 1(xe A)L(y€ By dua(y)
i=1

=) [ 1xe A)1(ye By dus(y)
i=1

D18 I

1(xe Ay) f 1(y € B) dpiz(y)

i=1

=) 1(xe A)pa(B).
i=1

g

Then integrating with respect to x and using MCT again shows (12). ([l

Remark 1.4.2 (Lebesgue measure on R?). By using Thoerem 1.4.1 and an induction on the number of
products, we can construct product measures on arbitrary product space with finitely many products.
Namely, if (Q;, &, i;), i = 1 are o-finite measure spaces, then for any n = 1, we have the product measure
space

n n
HQira l_['g.i)llJ/l@...@IJ/n)’
i=1 i=1

where (1} ® --- ® , is the unique measure on o (H?:I gi) such that

(U1 ® - ®Up) (A x -+ x Ap) = [ | i (AD.
i=1

In particular, if (Q;, Z;, 1) = (R, %8, 1), where 28 is the Borel o-algebra and A is the Lebesgue measure on
R, thenA®---® A = @I, Ais the Lebesgue measure on the Borel o-algebra on R".

Theorem 1.4.3 (Fubini’s theorem). Let (Q1, %1, 11) and (Q2,%B, u2) be two o -finite measure spaces. Let
(Q1 xQo, 0(A x F), U1 ® U2) be the product measure space. If a Borel measurable function f: Q) xQ, — R
satisfies f =0 or [|fldu < oo, then

f fdu1®uz=f f fx,y)dup(x)dps(y) (13)
legz QZ Ql

_ f f £, y) dpa(y) dp ().
0, JQy

There are two technical points we need to address before we can prove Fubini’s theorem. In order to
make sense of the second expression in (13), we need to make sure that

(1) For each fixed x € Qy, the function f;:Q, — R, y— f(x, y) is measurable;
(2) The function g: Q; = R, x — sz f(x,y)dus(y) is measurable.

We will assume the above two points for the following proof.

ProOOE. We will only prove the first equality in (13). The second equality follows from symmetry.

(Indicator functions) Let f = 1 for some E € (%, x %,). Further assume E is arectangle E; x E». Then
1((x,y) € E) = 1(x € E1)1(y € E»), so we can verify the assertion as

f Fdp @ iz = 1y ® () = iy (Ey) (o),
leQg

fQfQf(x,y)al/ul(x)duz(y)=fQ 1(x € Ey) 2 (Ez) dpy (x) = py (Er) po (E2).
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What if E is not a rectangle? Then we proceed as follows. Let & denote the set of all measurable
sets in 0 (%, x %) for which the assertion holds. Then one can show that & is a A-system. (i.e.,
Qeé&; A Be & with A< B= B\ A€ &; & is closed under ascending union). The measurable
rectangles form a 7-system (i.e., closed under intersection) and we just showed that they belong
to &. Hence by Dynkin’s 7 — A theorem (see Theorem 1.1.37), & should contain the o-algebra
0 (¥ x ) generated by the rectangles.

(Simple functions) Follows from linearity of integral and the assertion for characteristic functions.

(Nonnegative functions) Suppose f = 0. Note that (u; ® u2) (Qq xQp) = 1 (Q1) 2 (Q2) by the construction
of the product measure. By the hypothesis on o-finiteness, it follows that y; ® u, is a o-finite
measure. Choose measurable sets A, / Q1 x Qp such that (u; ® pys)(A,) < co. Define f;, : Q x
Qo =R, fulx,y):=12"f(x,y)1((x,y) € Ap)1/2" A n, where [-] denotes the largest smaller integer
than the input -. Note that f;, is a simple function: It takes at most n2”" distinct values on sets
of finite measure as (11 ® o) (f # 0) < (U1 ® U2)(Ap) <oo. Also, f;, / f (U1 ® uz)-a.e.. Then the
assertion follows from the previous case and MCT:

f fdu1®uz=f lim fy,dpn @ po
Q1 xQy Q) xQ, M0

= lim Jndp ® po

n—oo Ql XQZ

= lim f f 6, y)dpn (%) dpz(y)
Q, JO,

n—oo

_ f lim f Ful,y) dp () dpz ()
Q) n—oo Q

=/ f lim fn(x,y)dul(x)duz(y)=f f Fo,y)ydu(x)duz(y),
QZ Ql n—00 QZ Ql

where brining the limit inside the double integrals uses MCT for the increasing sequence of
functions y — le fn(x, y)du (x) /le fx,y)du(x) and f, / f.

(Integrable functions) Write f = f* — f~. The general case follows from applying the previous case to
the nonnegative functions f*, f~,|f| and using linearity of integral.

0

Example 1.4.4. Let f :NxN — R be a function. Then when do we have the following infinite double sum
interchangable?

?

fa,my= 3" Y f(n,m.
1

m=1n=1

o0
2
n=1

Applying Fubini’s theorem for the counting measure, we know that the above equality holds if f = 0 or if
[ is absolutely summable: 377, >7_, | f(n, m)| < oco.

M8

Exercise 1.4.5. Construct a counterexample to the Fubini’s theorem, where the infinite double sums
Yo oo f(n,m)and ¥00_, ¥ | f(n, m) does not equal to each other.

1.5. Expectation

1.5.1. Measure-theoretic definition of expectation. The following is the most general definition of the
expectation of a RV in terms of a Lebesgue integral on the probability space.

Definition 1.5.1 (Expectaion). Let X be arandom variable from a probability space (Q, &,P) into the real
line (R, %8, 1), where 28 is the Borel o-algebra on R and p denotes the Lebesgue measure. The expectation
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of X in this general setting is defined as the following Lebesgue integeral
E[X]:= f Xdp.
Q

We define the random variable X is integrable if E[| X|] < co.

An advantage of defining the expectation of a RV as a Lebesgue integral is that all properties and re-
sults we have established for Lebesgue integral (e.g., linearity, various inequalities, and limit theorems)
readily apply to expectation. For instance, from Theorem 1.3.7, if we have two integrable random vari-
ables X, Y on the same probability space (Q, %,P). then for any a, b e R, aX + bY is integrable and

(Linearity of expectation) ElaX + bY]=alE[X]+ bE[Y]. (14)

To see the measure-theoretic definition of expectation of a RV in Definition 1.5.1 agrees with our
undergraduate-level definition of expectation using PMFs and PDFs, we need a change of variables for-
mula (‘u-substitution’). But for the case of discrete RVs, a direct computation can show a direct con-
nection between these two definitions of expectation. Consider the following computation: If we have a
discrete RV X =392, x;14,, then

EXl=| ) xil(we A;)dP(w)
Q=1

?

=) | xilwe A)dP(w)
i=1JQ

Il

~
1l
—

xif 1(we A;) dP(w)
Q

Il

~
1l
—

xiP(A;)

xiP(X = x;).

M3

~
1l
—

Note that the last expression is the usual formula for the expectation of the discrete RV X. The only caveat
in this computation is the second equality, where we swapped the integral on Q2 and the infinite sum (or
integral against the counting measure). This is allowed if the sum over i was finite, by using linearity of
integral in Theorem 1.3.7. In general, Fubini’s theorem gives sufficient conditions under which we can
interchange the order of two integrals, which we will study in the following section. Here, we give a direct
justifiction of the above computation using MCT.

Proposition 1.5.2 (Expectation of discrete RV). Suppose X is a discrete random variable taking constant
values x; on disjoint measurable sets A; fori = 1. If X is integrable, then

o0
EX]=) xiP(X=x;).
i=1
PROOF. We first assume X = 0. Let X, := ?:1 x;14,. Then X,, / X. So we have
E[X] = r}im E[X}] (." MCT, Theorem 1.3.19)
—00

n
= lim ) x;P(X=x;) (. Definition of )
s |

(o]
=) x;P(X=1x;) (. Def. ofinfinite sum).

i=1
Hence the assertion holds for nonnegative RVs. For the general case, write X = X* — X~. Since X is
integrable, E[X*],E[X "] < co. Note that X" = Zj?il (x;v0)l4,and X~ = Z‘i";l (=x;v0)1,4,. By the assertion
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for nonnegative RVs,
E[X] =E[X" - X 1=EXT|-EX1=Y (x; VOPX =x;) — Y (—x; VO)P(X = x;)
i=1 i=1

I
ngf

((xi v0) = (=x; VO) P(X = x;)

Il
—

™3

Il
—

xiP(X = x;),

where the second to the last equality uses linearity of integral against the counting measure. O

Theorem 1.5.3 (Change of variables). Let X be measurable map from a probability space (Q, %,P) to
(Q', F"", Let u denote the measure on F' induced by X, that is, u(A) :=P(X € A) for Ae F'°. Iff: Q' — R
is Borel measurable, f =0, and E[| f(X)|] < oo, then

E[f(X)] =fQ,f(u) du(u).

PROOE. We verify the formula following the usual pipeline by establishing the assertion for f = char-
acteristic function, simple function, nonnegative function, and then general integrable function.

(Indicator functions) Let B€ &' and f := 1g. Then
Elf(X]=EN1pX)]=E[1(XeB)]=P(XeB)=u(B) = fQ/fdll-

(Simple functions) Let f := ¥ | a;14, for disjoint events A1, ..., A;; € #'. Then by linearity of expecta-
tion (14) and Lebesgue integral (see Theorem 1.3.7) and the assertion for indicator functions,

m
Y ail(X€A)
i=1

E[f0] =E

m m
=Y aEI(Xe€A)I=) a; | 14 du
i=1 i=1 Q'

m
fQ’i:Zl ila,ap Q,f u

(Nonnegative functions) Let f = 0. Note that p is a finite measure since u(Q') = P(X € Q') = 1. Define
fn: Q' =R, fr(x):= 12" f(x)]1/2" A n, where [-] denotes the largest smaller integer than the input
-. Note that f;, is a simple function, since it takes at most n2" distinct values on sets of finite
measure(note that y(f;, # 0) < co since  is a finite measure). Also, f;, / f u-a.e.. Furthermore,
fn(X) is also a simple function and f,(X) / f(X) P-a.e.. Hence by using the monotone con-
vergence theorem for the two sequences f;,(X) and f;,, with also using the assertion for simple
functions,

ELf00) = lim ELC01= lim [ fudu= [ lim fudu= [ fdp

(Integrable functions) Write f = f*—f~. The hypothesis E[| f(X)|] < co ensures that E[ f* (X)],E[f~(X)] <
oo. Then using the assertion for nonnegative functions and by linearity of expectation and
Lebesgue integral,

[E[f(X)]=[E[f+(X)]—[E[f_(X)]=f f+d,u—f f_d,u=f f+—f_dﬂ=f fdp.
(o] (o] o (o]
O

14 is called a random element in Q'. In the special case Q' =R, X is called a random variable.
15Such measure w is called the pushforward of P under X, which is denoted as X (P). When Q' = R and & = 28 Borel, the
pushforword measure is called as the distribution of X (see Def. 1.2.11.)
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Remark 1.5.4. The above “change of variables” formula is the measure theoretic version of “u-substitution”.
It allows us to transfer integral on one domain Q to another Q'. Usually we use it with the new domain
Q' =R

To make such a connection, writing /2 := X and y:=Po h~!, Theorem 1.5.3 states that

ff(h(w))dl])(w):fgrf(u) dPoh™ ! (u).

In the LHS integral, the variable w lives in the original sample space Q. In the RHS integral, the variable
y lives in the new space Q'. Here we are performing the ‘u-substitution’ where u := h(w).

Exercise 1.5.5. Suppose X is a discrete random variable taking values x; on a disjoint measurable sets
A; for i = 1. Suppose X is integrable. Then by Theroem 1.5.3 with Q' =R and f(x) = x,

E[X] :f udPo X '(u).
R

From this, derive the formula E[X] = }72, x; P(X = x;). (Hint: Note that Po X “lisa probability measure
on R that puts mass P(A;) on {x;} fori=1.)

Exercise 1.5.6 (Stieltjes integral and Lebesgue integral). Let (Q, %, i) be a measure space with u being
o-finite. Let v(A) = [ p1 4 dpu for some Borel measurable function p : Q — R (that is, v <« p with Radon-
Nikodym derivative Z—Z = p) such that [ pdu < oco. Following the standard procesure, show that for an

integrable function f: Q — R,
[ rav=[ roan

Now we can connect the measure theoretic definition of expectation with the usual definition of
expectation for continuous RVs.

Proposition 1.5.7 (Expectation of a continuous RV). Suppose X is a contiuous random variable with PDF
f, thatis, P(X € B) = [ f du for each Borel set B. Then

E[X] :fxf(x) dx.

PROOE. Let v = Po X~! denote the probability measure on R defined by v(B) = P(X € B). By the
hypothesis, P(X € B) = [ fdu, so v(B) = [ f du, where u denotes the Lebesgue measure on R. Then by
Theroem 1.5.3 with Q' =R and f(x) = x and Exercise 1.5.6,

[E[X]:fxdv(x):fxf(x)du(x).
R R
OJ

Exercise 1.5.8 (Tail sum formula for expectation of discrete RVs). Let X be a RV taking values on positive
integers.

(i) For any x, show that

PXzx)=) PX=y).

y:x
(ii) Use (i) and Fubini’s theorem (see Theorem 1.4.3) to show
0o oo Y
PXzx)=) Y P(X=y)
x=1 y=1x=1
(iii) From (ii), conclude that
oo

E(X) = P(X = x).

x=1
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Exercise 1.5.9 (Tail sum formula for expectation of continuous RVs). Let X be a continuous RV with PDF
fx and suppose fx(x) =0 for all x < 0. Use Fubini’s theorem to show that

ELX] :f P(X > x) dx.
0

The following statement generalizes the tail-sum formulas in Exercises 1.5.8 and 1.5.9.
Proposition 1.5.10 (Tail sum formula for expectation for nonnegative RVs). Let X =0 be a RV on a prob-
ability space (Q, % ,P). Then foreach p =1,
[e.0]
E[XP] = f pxP7IP(X > x) dx.
0

PrROOFE. The statement for general p = 1 follows from that for p = 1 and a change of variable. Namely,
since | X|? itself is a nonnegative RV,

[E[IXIp]:f P(|X|p>x)dx=f IF’(IXIZt)ptp_ldt
0 0

by the change of variable x'/? = ¢. Below we will show the statement for p = 1.

Let A denote the Lebesgue measure on R. Consider the joint measure space (Q xR, 0 (¥ x 8),P x 1),
where 28 denotes the Borel o-algebra on R. Denote A := {(w, x)|0 < x < X(w)}. We claim that A€ o(& x
%). Indeed, define a function G: Q x R — R by G(w, x) := X(w) — x. Note that the functions (v, x) —
X (w) and (w, x) — x are measurable by considering their inverse images of the sets (—oo, a], and G is the
difference of these functions, so it is measurable. Hence

G_l((—oo,O)) ={(w,x) : G(w,x) <0} ={(w,x) : x< X(w)} € 0(F x AB).
It follows that
A=G1((~00,0)) N (Q x [0,00)) € 0(F x B).

Thus 14: Q xR — R is measurable. Then 1 4 is also measurable and is nonnegative, so by Fubini’s theo-

rem,
fflAd/I(x)dIP(w):ffpxp_llAdIP(w)d/I(x).
oJr RJQ
Note that the LHS equals
fflAd/l(x)le’(w)=ffl(OSx<X(w))d/l(x)d|P(a))
QJr aJr
X(w)
:ff dA(x) dP(w)
aJo
:f X(w) dP(w).
Q
The RHS equals
ff lAle(a))d/l(x)=ff1(05x<X(w))d|P(w)d)L(x)
RJQ RJQ
=f fl(x<X(w))d[P>(w)d/1(x)
0o Ja
:f P(X > x)dA(x).
0
This shows the desired assertion. OJ

Next, we will see a nice application of linearity of expectation.
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Exercise 1.5.11 (Inclusion-exclusion). Let (2,P) be a probability space. Let Ay, Ay, -+, Ay € Q. We will
show the following inclusion-exclusion principle:

k

U A
i=1

k
p =) PA;)- ) PA;NAY)

=1 1<iy<ip<k

+ Y PA;NA,NAL) -+ (-DFP

1<ii<ir<iz<k

The method is so-called the ‘indicator trick’.
Foreach1 =i <k, let X; = 1(A;) be the indicator variable for the event A;. Consider the following RV

Y=01-X1)1-X3) - (1-Xp).
(i) By expanding the product and using linearity of expectation, show that

k
ElY]=1- Y E[X;l+ Y  E[X;Xp)

=1 1<i;<ir<k

- Y EX XX+ = (CDREX Xo - X

1<i1<ip<iz<k

(ii) Show that Y is the indicator variable of the event ﬂi.“: Al?. Conclude that

k k
(1 A U4
i=1 i=1

(iii) From (i) and (ii), deduce the inclusion-exclusion principle.

E[Y]=P =1-P

Example 1.5.12 (Doubling strategy). Suppose we bet $x on a game where we have to predict whether
a fair coin clip comes up heads. We win $x on heads and lose $x on tails. Suppose we are playing the
‘doubling strategy’. Namely, we start betting $1, and until the first time we win, we double our bet; upon
the first win, we quit the game. Let X be the random variable giving the net gain of the overall game. How
can we evaluate this strategy?

Let N be the random number of coin flips we have to encounter until we see the first head. For
instance,

P(N=1)=P({H}) =1/2,
P(N =2)=P{(T, )} =1/2°
P(N=3)=P{(T,T, H)}) = 1/23.
In general, we have
P(N = k) =1/2F.
Note that on the event that N = k (i.e., we bet k times), the net gain X|{N = k} is
XUN =k} = (=1) + (=2) + (=2%) + (=2%) +--- + (=2F71) 4 2F
=-@F-n+2F=1.

Since the last expression do not depend on k, we conclude that

PX=1)=) PX=1|N=kPWN=k
k=1

=Y P(N=k) =1.
k=1
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Hence our net gain is $1 with probability 1. In particular, the expected net gain is also 1:
EX1=1-PX=1=1.
What if we use tripling strategy? A

Exercise 1.5.13 (Jensen'’s inequality for multivaraite convex functions). Suppose a function ¢ : R — R is
convex, that is, p(Ax+ (1 - 1)y) < Apx) + (1 — e(y) for allx,y € R% and A € [0,1]. Let X,..., Xz be RVs
such that E[| X;|] <ocofori=1,...,d and E[|p(X;,..., X4)|] < co. Then show that

E[(p(Xlrn-»Xd)] Zw(E[XI]"«-’[E[Xd])-

1.5.2. Variance and moments. Say you play two different games where in the first game, you win or
lose $1 depending on a fair coin flip, and in the second game, you win or lose $10. In both games, your
expected winning is 0. But the two games are different in how much the outcome fluctuates around the
mean. This notion if fluctuation is captured by the following quantity called ‘variance’.

Definition 1.5.14 (Covariance and variance). Let X, Y be RVs on the same probability space (Q, &, P). We
define the covariance of X and Y as Cov(X,Y) :=E[(X —E[X])(Y —E[Y])]. The variance of X is defined by
Var(X) := Cov(X, X) = E[(X —E[X])?].

Exercise 1.5.15 (Covariance is symmetric and bilinear). Let X, Y be RVs on the same probability space
(Q, %,P) and fix constants a, b € R. Show the following.

(i) Cov(aX+b,Y)=aCov(X,Y).
(i) Cov(X+2,Y)=Cov(X,Y)+Cov(Z,Y).
(iii) Cov(X,Y) =Cov(Y, X).

Linearity of expectation implies
Var(X) = E[X* - 2XE[X] - E[X]*] = E[X?] - E[X]°.
Here, E[X?] is called the second moment of X. In general,

Definition 1.5.16 (Moments of RVs). Let X be a RV. For each k = 1, the kth moment of X is defined as
E[X¥].

Exercise 1.5.17 (Finite second moment implies finite first moment). Let X be a RV with E[X?] < oco.
(i) Show that

E[ X[ =E[X]1(X| < D] +E[X|1(X]> 1] < 1+E[X?1(X]|>1)] <1 +E[X?] < o0.

Hence X has finite first moment and is integrable.
(ii) Deduce that Var(X) < co.

Example 1.5.18 (Higher moments). Let X be a continuous RV with PDF fx and suppose fx(x) =0 for all
x < 0. We will show that for any real number a > 0,

o0
E[ X% = f x% fx(x)dx.
0
First, Use Exercise 1.5.9 and to write

E[X“] =f P(X*=x)dx
0

:f P(X=>x"%dx
0

:foofoo fx(Ddtdx.
0 xla
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We then use Fubini’s theorem to change the order of integral. This gives

00 oo oo pt* e
E(X] :[ f fX(t)drdx:f f fX(t)dxdt:f t* fx (1) dt,
0 xl/a 0 0 0

as desired. A

Exercise 1.5.19. Let X be a continuous RV with PDF fx and suppose fx(x) =0forall x<0. Let g:R—R
be a strictly increasing function. Use Fubini’s theorem and tail sum formula for expectation to show

E[g(X)] =f0 g(x) fx(x)dx.

Furthermore, assume X is a general continuous RV and g is a measurable function with E[|g(X)|] < co.
Show that

Elg00] = | g0 fx (0 dx
by using Theorem 1.5.3 and Exercise 1.5.6.

The following exercise ties the expectation and the variance of a RV into a problem of finding a point
estimator that minimizes the mean squared error.

Exercise 1.5.20 (Variance as minimum MSE). Let X be a RV. Let % € R be a number, which we consider
as a ‘guess’ (or ‘estimator’ in statistics) of X. Let E[(X — X)?] be the mean squared error (MSE) of this
estimation.

(i) Show that
E[(X — 2)?] = (& — E[X])? + Var(X).

(ii) Conclude that the MSE is minimized when % = E[X] and the global minimum is Var(X). In this sense,
E[X] is the ‘best guess’ for X and Var(X) is the corresponding MSE.

Example 1.5.21 (Linear transform). In this example, we argue that Cov(X, Y) measures the ‘linear ten-
dency’ between X and Y. Let X be a RV, and define another RV Y by Y = aX + b for some constants
a, b € R. Let’s compute their covariance using linearity of expectation.

Cov(X,Y)=Cov(X,aX +b)
= [E(aX2 +bX)-E(X)E(aX + b)
= aE(Xz) + bE(X) —E(X)(aE(X) + b)
= a[E(X*) - E(X)*]
= aVar(X).

Thus, Cov(X,aX + b) > 0if a > 0 and Cov(X, aX + b) <0 if a < 0. In other words, if Cov(X, Y) >0, then X
and Y tend to be large at the same time; if Cov(X, Y) > 0, then Y tends to be small if X tends to be large.
A

Next, let’s say four RVs X, Y, Z, and W are given. Suppose that Cov(X,Y) > Cov(Z, W) > 0. Can we
say that ‘the positive linear relation’ between X and Y is stronger than that between Z and W? Not quite.

Example 1.5.22. Suppose X isaRV.Let Y =2X, Z=2X,and W =4X. Then
Cov(X,Y) = Cov(X,2X) =2Var(X),
and
Cov(Z,W) = Cov(2X,4X) = 8Var(X).

But Y =2X and W =2Z, so the linear relation between the two pairs should be same. A
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So to compare the magnitude of covariance, we first need to properly normalize covariance so that
the effect of fluctuation (variance) of each coordinate is not counted: then only the correlation between
the two coordinates will contribute. This is captured by the following quantity.

Definition 1.5.23 (Correlation coefficient). Given two RVs X and Y, their correlation coefficient p(X,Y)
is defined by

p(X,Y) = M_
VVar(X)v'VarY
Example 1.5.24. Suppose X is a RV and fix constants a, b € R. Then
(X, aX +b) = aCov(X, X) aVar(X) a _ sign(a).

v Var(X)v/Var(aX + b) B v Var(X) v/ a? Var(X) ) lal
A

Exercise 1.5.25 (Cauchy-Schwarz inequality). Let X, Y are RVs. Suppose E(Y?) > 0. We will show that the
‘inner product’ of X and Y is at most the product of their ‘magnitudes’

(i) For any t € R, show that

[E[XY])Z E[X2)E[Y?] -E[XY]?

— 2 e 2 —_
E[(X — tY)?] [E[Y](t e Y7

Conclude that

2 2 21 2
OS[E[(X_[E(XY) H:rE[X JE[Y?] - E[XY]

E[Y?] E[Y?2]

(ii) Show that a RV Z satisfies E[Z2] = 0 if and onlyif P[Z =0] =1.
(iii) Show that

E[XY] < VE[X2]VE[Y?],

where the equality holds if and only if
( E[XY] )
PlX=——Y]|=1.
E[Y?2]
Exercise 1.5.26. Let X, Y are RVs such that Var(Y) >0. Let X = X —E[X] and Y = Y —E[Y].
(i) Use (1.5.25) to show that

2
0<E Y) ] =Var(X) (1- p(X, Y)?).

( _ Cov(X,Y)
X —-’" -
Var(Y)

(i) Show that|p(X,Y)|<1.
(iii) Show that |p(X,Y)|=1ifand onlyif X = aY for some constant a # 0.

1.6. Examples
1.6.1. Discrete RVs.

Example 1.6.1 (Bernoulli RV). A RV X is a Bernoulli variable with (success) probability p € [0,1] if it
takes value 1 with probability p and 0 with probability 1 — p. In this case we write X ~ Bernoulli(p). Then
E(X) = p and Var(X) = p(1 - p).

Example 1.6.2 (Indicator variables). Let (Q2,[?) be a probability space and let E € Q be an event. The
indicator variable of the event E, which is denoted by 1f, is the RV such that 1z(w) =1 if w € E and
1p(w) =0if w € E°. Then 1 is a Bernoulli variable with success probability p = P(E).
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Example 1.6.3 (Binomial RV). Let X3, X»,---, X, be independent and identically distributed Bernoulli p
variables. Let X = Xj + - + Xj,. One can think of flipping the same probability p coin n times. Then X is
the total number of heads. Note that X has the following PMF

n

IP(XZk)Z(k

for k nonnegative integer, and P(X = k) = 0 otherwise. We say X follows the Binomial distribution with
parameters n and p, and write X ~ Binomial(n, p).

We can compute the mean and variance of X using the above PMF directly, but it is much easier to
break it up into Bernoulli variables and use linearity. Recall that X; ~ Bernoulli(p) and we have E[X;] = p
and Var(X;) = p(1 — p) for each 1 < i < n (from Example 1.6.1). So by linearity of expectation,

E(X] =E[X; +--+ X,] = E[X1] +--- +E[X,] = np.
On the other hand, since X;’s are independent, variance of X is the sum of variance of X;’s, so

Var(X) =Var(Xj +---+ X)) =Var(Xy) +--- +Var(X,) =np(l - p).

Example 1.6.4 (Geometric RV). Suppose we flip a probability p coin until it lands heads. Let X be the
total number of trials until the first time we see heads. Then in order for X = k, the first k — 1 flips must
land on tails and the kth flip should land on heads. Since the flips are independent with each other,

P(X=k) =P({T,T,~--,T,H}) = (1- p)*'p.

This is valid for k positive integer, and P(X = k) = 0 otherwise. Such a RV is called a Geometric RV with
(success) parameter p, and we write X ~ Geom(p).

The mean and variance of X can be easily computed using its moment generating function, which
we will learn soon in this course. For their direct computation, note that

EX)-(1-pEX)=1-p)°’p+2(1-p)'p+30-p)Pp+40-p)’°p---
- [(1—p)1p+2(1—p)2p+3(1—p)3p+---]
=1-pp+A-plp+a-pPp+A-p3p--

:L:
1-(1-p)

where we recognized the series after the second equality as a geometric series. This gives

)

E(X) = 1/p.

(In fact, one can apply Exercise 1.5.8 and quickly compute the expection of a Geometric RV.)

Exercise 1.6.5. Let X ~ Geom(p). Use a similar computation as we had in Example 1.6.4 to show E(X?) =
(2— p)/ p?. Using the fact that E(X) = 1/ p, conclude that Var(X) = (1 - p)/p>.

Example 1.6.6 (Poisson RV). ARV X is a Poisson RV with rate A > 0 if
Ake=2
k!

for all nonnegative integers k = 0. We write X ~ Poisson(A).

Poisson distribution is obtained as a limit of the Binomial distribution as the number 7 of trials tend
to infinity while the mean np is kept at constant A. Namely, let Y ~ Binomial(#n, p) and suppose np = A.
This means that we expect to see A successes out of n trials. Then what is the probability that we see,

P(X=k)= (15)
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say, k successes out of n trials, when n is large? Since the mean is A, this probability should be very small
when k is large compared to A. Indeed, we can rewrite the Binomial PMF as
nn-H(n-2)---(n—-k+1) _

n(o 1\( 2 k-1 (np)* ek
n(1 n)(l n) (1 n) k! a=p)

(222

As n tends to infinity, the limit of the last expression is precisely the right hand side of (15). '°

PY =k)

Exercise 1.6.7. Let X ~ Poisson(A). Show that E[X] = Var(X) = A.
1.6.2. Continuous RVs. In this section, we introduce three important continuous RVs.
Example 1.6.8 (Uniform RV). X is a uniform RV on the interval [a, b] (denoted by X ~ Uniform([a, b]))
if it has PDF .
fX(x) = b—l((l <x<b).

-a
An easy computation gives its CDF:

0 x<a
PX<x)=X(x—-a)/{((b—-a) a<x<Db
1 x>Db.
A
Exercise 1.6.9. Let X ~ Uniform([a, b]). Show that
a+b (b-a)?
E(X)=——y, Var(E) = .
2 12

Example 1.6.10 (Exponential RV). X is an exponential RV with rate 1 (denoted by X ~ Exp(A)) if it has
PDF

fx(x) = Ae M1(x=0).
Integrating the PDF gives its CDF
PX<x)=(1-e"™1(x=0).
Using Exercise 1.5.9, we can compute

oo e—/lt 0
[E(X)=f e Mdr=|- =1/A.
0 A,

A

Exercise 1.6.11. Let X ~ Exp(1). Show that E[X] = 1/ directly using definition. Also show that Var(X) =
1/A2.

Example 1.6.12 (Normal RV). X is a normal RV with mean p and variance o2 (denoted by X ~ N(u, a2))
if it has PDF

_ (x—u)2
e 20°

fx(x) =
2102

161 ater, we will interpret the value of a Poisson variable X ~ Poisson(A) as the number of customers arriving during a unit
time interval, where the waiting time between consecutive customers is distributed as an independent exponential distribution
with mean 1/A. Such an arrival process is called the Poisson process.
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If u = 0 and o = 1, then X is called a standard normal RV. Note that if X ~ N(u,0?), then Y := X — u has
PDF

_ x>
e 202,

frx) =
2n0?
Since this is an even function, it follows that E(Y) = 0. Hence E(X) = u. A

Exercise 1.6.13 (Gaussian integral). In this exercise, we will show [ e dx= 7.
(i) Show that

1
fxe_"2 dx = —Ee_xz +C.

[e.0] (o] 2 5
? :f f et ) dxdy.
—00 J—00

(iii) Use polar coordinate (r,0) to rewrite

2m oo ) [eo) )
Izzf f e’ rdrdH:an re " dr.
o Jo 0

Then use (i) to deduce I? = 7. Conclude I = VT

(i) Let = [ e~* dx. Show that

Exercise 1.6.14. Let X ~ N(u, o2). In this exercise, we will show Var(X) = ¢2.

(i) Show that Var(X) = Var(X — ).
(ii) Use integration by parts and Exercise 1.6.13 to show that

o0 oo o0 1 T
f x2e ™ dx= +f e dx= £
0 0o 2 4

0
(iii) Use change of variable x = v/20 ¢ and (ii) to show

x (—le_x2

oo y2 _x 202 [ 2 o?
f e 2 dx=—— e dr=—.
0 V202 V7 Jo 2

Use (i) to conclude Var(X) = o?.

Proposition 1.6.15 (Linear transform). Let X be a RV with PDF fx. Fix constants a, b € R with a > 0, and
defineanew RVY =aX+b. Then

1
fax+p(y) = mfx((y— b)/a).

PROOE. First suppose a > 0. Then

(y-b)/a
Fy()=P(Y<y)=PaX+b<sy)=PX=(y-b)la) :f fx(®dt.
By differentiating the last integral by y, we get
dFy(y) 1
= =— -Db)/a).
ry) y afx((y )/ a)
For a < 0, a similar calculation shows
Fy(p) =P(Y <y)=PaX+b<y)=P(X=(y—b)/a) :f fx (0 dt,
(y-b)/a
so we get
dFy(y) 1
= =—— -b)/a).
ry) dy an((y )/ a)

This shows the assertion. O
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Example 1.6.16 (Linear transform of normal RV is normal). Let X ~ N(u,0?) and fix constants a,b € R
with a # 0. Define anew RV Y = aX + b. Then since

fx ()= —u_mj

2no? p( 20?2

by Proposition 1.6.15, we have

fr= -boa?)

Vel
ex
27'[(610')2 P 2(@0’)2
Notice that this is the PDF of a normal RV with mean au + b and variance (ao)?. In particular, if we take

a=1/candb=pl/o,thenY = (X—-u)/o ~ N(0,1), the standard normal RV. This is called standardization
of normal RV.

Proposition 1.6.17 (Sum of ind. normal RVs is normal). Let X ~ N (ul,af) andY ~ N (pg,ag) be indepen-
dent normal RVs. Then
X+Y ~ N(uy + 2,07 +03).
PROOFE. Details omitted. One can use the convolution formula or moment generating functions. [

Exercise 1.6.18. Compute the following probabilities using the standard normal table in Table 22.
(i) P(-1< X <2) where X ~ N(0,3%).

(i) P(X?+ X —120) where X ~ N(1,1).

(iii) P(exp(2X+2Y)—-3exp(X+Y)+2=<0)where X ~N(0,1)and Y ~ N(-2,3).

Exercise 1.6.19 (Beta distribution). A random varible X taking values from [0, 1] has Beta distribution of
parameters « and 8, which we denote by Beta(a, ), if it has PDF

T(a+pB)
L(@)T(B)
where I'(z) is the Euler Gamma function defined by

o0
I'(z) = f e dx.
0

fx(x) = x* 11 -xnf,

(i) Use integration by parts to show the following recursion
I'(z+1) =zI'(2).

Deduce that I'(n) = (n—1)! for all integers n = 1.

(ii) Write A,k = fol y¥(1—3)" ¥ dy. Use integration by parts and show that
k
n—k+1
forall 1 < k < n. Conclude that forall0< k < n,

4 1 1
mk=Tm 1
() n+1
(iii) Let X ~Beta(k+1,n—k+1). Use (i) to show that

nl(n+1) PR O B Ll
= ——— 1— =Y.
I T VT (O T

Use (ii) to verify that the above function is indeed a PDF (i.e., it integrates to 1).
(iv) Show thatif X ~ Beta(a, ), then

An,k = An,k—l-

ap
(@+B)2a+p+1)

EIX]= -2, Var(X) =
a+p



CHAPTER 2

Independence
According to Durrett | 1, “Measure theory ends and probability theory begins with the definition
of independence.” Also, Kac | | says “Independence is the central concept of probability theory and

few would believe today that understanding what it meant was ever a problem.”

2.1. Definition of Independence

Let X,Y be two random variable on the same probability space (Q,%,P). We can think of some
random experiment modeled by this probability space, and X, Y being two different quantities that we
observe about this experiment. For instance, the experiment could be charing an electromagnetic field
to accerate an electron, and X and Y could be the position and the momentum of the accelerated elec-
tron. While it is reasonable to believe in this case that knowing the value of X can yield some non-trivial
information on Y and vice versa, it is possible that there is no information-theoretic relation between
the two random variables. Independence is a mathematical notion that captures this intuition into our
measuer-theoretic foundation of probability theory.

Definition 2.1.1 (Independence between two objects). Let (2, %,P) be a probability space and let X, Y

be random variables on it.

(i) Two events A, B € & are independent if P(An B) = P(A)P(B).

(ii) The RVs X, Y are independent if P(X € C,Y € D) =P(X € C)P(Y € D) for all Borel subsets C, D of R.
Equivalentely, X,Y are independent if the events X ~1(C) and Y"1 (D) are independent for all
Borel subsets C, D of R.

(iii) Let ¢, # < & be two o-algebras on Q) contained in &. Then ¥, /€ are independent if two events
A, B are independent for all A€ 4 and B € A.

Definition 2.1.2 (0-algebra generated by a function). Let Q2 be a sample space and let f : Q — R be an
arbitrary function. The o -algebra generated by f, denoted by o (f), is defined as

a(f):={f '(B)|V Borel subset B S R}.
Exercise 2.1.3 (o-algebra generated by functions). Let Q be a sample space and let f : Q@ — R be an
arbitrary function. Show the following:

(i) Show that o(f) is indeed a o-algebra.
(ii) Show that o(f) is the smallest o-algebra that makes f Borel measurable. That is, show that, denoting
% = Borel o-algebra on R,

o(f) =({Z <2 |F is a g-algebra such that f is (¥ — %8)-measurable} .
(iii) Let X be a RV on a probability space (Q2, %#,P). Show that o (X) € &.

The following proposition shows that independence between RVs is equivalent to independence be-
tween the o-algebras generated by them.

Proposition 2.1.4. Let (Q, %,P) be a probability space and let X, Y be random variables on it. The follow-
ing hold:
(@) IfX,Y areindependent, then o(X),o(Y) are independent.

48
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(i) If¥, A < F areindependent o -algebras onQ and if functions X, Y : Q — R are (4 —98) - and (/€ — 9B) -
measureable, respectively', then X, Y are independent. In particular, ifo(X),o(Y) are indepen-
dent, then X, Y are independent.

PROOE (i) First recall that by Exercise 2.1.3, o(X),o(Y) are o-algebras on Q contained in &. Fix
A€ o(X)and B € o(Y). By definition of o-algebra generated by a function, there exists Borel
sets C,D <R such that A= X~1(C), B=Y~!(D). Then

P(ANnB) = IP(X_I(C) N Y_l(D)) =P(XeC,YeD)=PXeCP(YeD)
=PX 1 C)P(Y (D)) =P(A)P(B).

So A, B are independent. Since A, B were arbitrary, o (X),o(Y) are independent.

(i) Let C, D be Borel subsets of R. We wish to show that P(X € C,Y € D) = P(X € C)P(Y € D). But
since X~1(C) €94, Y 1(D) € # and since ¢, # are independent, we have PXYC)nY YD) =
P(X~1(C)P(Y~1(D)). The asesrtion then follows.

O

The following proposition shows that independence between events is equivalent to the indepen-
dence between the corresponding indicator RVs.

Proposition 2.1.5. (Q, %,P) be a probability space. Fix two events A,B€ &.

(i) If A and B are independent, then so are A° and B, A and B¢, and A°and B°.
(ii) A, B are independent if and only if the indicator RVs 1 4,1 are independent.

PROOE. (i) Subtracting P(An B) = P(A)P(B) from P(B) = P(B) shows P(A°n B) = P(A°)P(B). By
symmetry, we also get P(B°n A) = P(B)P(A). Subtracting the former from P(A°) = P(A°) yields
P(A° N BS) =P(A9)P(B).
(ii) Recall that o(1g) = {@, E, E€,Q} for any event E € & (see Example 1.2.4). Hence part (i) shows that
A, B are independent if and only if 6(14) and (1) are independent. This is if and only if 14
and 1p are independent by Proposition 2.1.7.
O

Next, we introduce independence between several objects.

Definition 2.1.6 (Independence between finitely many objects). Let (Q,%,P) be a probability space.
(i) Events Ay,..., A, € & are independent if for all subset I < {1,...,n},

A

iel

P =[[Pap.

iel

(ii) RVs Xj,..., X, on (Q,%,P) are independent if for all Borel subsets By,...,B; SR,

[F"(ﬂ{X,- € Bi}) =[]P(XeBy.
i=1

i=1

(iii) o-algebras 4,...,%, < & are independent if for all events A; € 4,..., A, € 9y, A,..., Ay are inde-
pdnent.

Proposition 2.1.7. (Q, %,P) be a probability space.

@ If Xy,...,X, are RVs on (Q,%,P), then they are independent if and only if 0(X3),...,0(X,) € & are
independent.

(i) IfAi,..., Ay € F areindependent, then so are A, A, ..., Ay.

(iii) Ay,..., An € F areindependent if and only if the indicator RVs1,,,...,14, are independent.

1n this case we write, as shorthand, X € 4 and Y € #.
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PROOE. (i) Suppose Xj,..., X, are independent. Fix events A; € g(X;) for i = 1,...,n. Then there

exists Borel subsets B; € Rwith A; = X~ '(B;) fori =1,...,n. Then

n
1 4n

i=1

n n
=P(X1€By,...,Xn€By) = [[P(X€B) = [[P(A)).
i=1 i=1

P

Conversely, suppose o(X3),...,0(Xy) € & are independent. Fix Borel subsets B; € R for i =
1,...,n. Then

P (ﬂ{xi € B,-}) =P (ﬂ X‘l(Bi)) =[]P(x'B)=
i=1

i=1 i=1

P(X; € B;).

n

i=1

(ii) In order to show the independence of Af, As,..., A,, we need to show that

P

4

iel

=[]PAA) vicil,..., n}

iel

where we set A’l. = Al? fori =1 and A’i = A; for i # 1. If I does not contain 1, the the equal-
ity above follows from the definition of independence of Ay, ..., A, with the same index set I.
Hence we may assume 1 € I. By permuting the indices if necessary, we may assume that [ =
{1,2,...,r} for some 1 < r < n. Then by applying the definition of independence between events
Aj,..., A, with index sets J ={1,2,...,r} and J' = {2,..., r}, we have P(ﬂlr.zl Ai) = ' P(A) and
P(N/_, Ai) =II/_,P(A;). Subtracting the former from the latter, we get

P(ASNAzn---NA) =P(A)P(A2) - P(A),

as desired.

(iii) Repeating the same argument in the proof of (i), we can show that if Aj,..., A, are independent,

then for any subset J € {1,..., n}, the events A],..., A}, are independent, where A’i =Afifie]
and A;. = A; if i ¢ J. Recall that (1) = {®, E, E€,Q} for any event E € & (see Example 1.2.4).
Hence o(1,4,),...,0(1,4,) are independent if and only if for any subset J € {1,..., n}, the events
Al,..., A}, are independent, where A;. = Afifie Jand A’l. = A; if i ¢ J. The latter holds if and only
if A;,..., A, are independent by definition and the observation we made at the beginning of this
paragraph. To conclude, note that1,,,...,1,, are independent if and only if 6(14,),...,0(14,)
are independent by part (i).

]

Example 2.1.8 (Pairwise independnece does not imply independence). Events A,..., A, are said to by
pairwise independent if P(A; N Aj) = P(A;))P(A;) for all i # j, i,j € {1,..., n}. notice that this is weaker
than the definition of independence between events Aj,..., A,. In fact, pairwise independence is a
strictly weaker notion than independence. To see this, let X;, X», X3 be independent RVs such that
X; ~Bernoulli(1/2) for i =1,2,3. Define events

A:={Xo =Xo}, Aryi={X3=Xi}, A3=1{X;=Xp}

These events are pairwise independent since for each i # j,

P(A;iNAj)=P(X;=X2=X3) =1/4=P(A;))P(A)),

but they are not independent since

P(A1NAxNA3)=P(A1NA) =1/4#1/8=P(A1) P(A2) P(A3).

Intuitively speaking, knowing two of the three events Aj, A2, A3 completely determins the remaining
event. However, knowing only one of these events does not give any information on any other single

event.

A
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2.2. Sufficient condition for independence

Definition 2.2.1 (Independence between collections of events). Let (Q2,%,P) be a probability space. Let
...,y € F such that Q € of; forall i = 1,...,n. Then we say «/,...,4/, are independent if A;,..., A,
are independent for all A; € o,..., A, € o).

The following proposition shows that independence between o-algebras generated by some collec-
tions of subsets can be checked by only checking the independence between the generating sets.

Proposition 2.2.2 (Independence of generating sets imply independence of o-algebras). Let (Q2, %,P) be
a probability space and let o, ..., < F such that Q € of; foralli =1,...,n. Further assume that each
i is an-system. If &b, ..., oy, are independent, then o (), ...,0(<ly,) are independent.

PROOE. Let Ay, ..., A, be arbitrary sets with A; € «f; fori =2,...,n. Denote F:= ApN---N Aj. Let
L :={Ae F|P(AnF)=P(A)P(F)}.

That is, £ is the collection of all events that are independent from F. Since «, ..., </, are independent,
it follows that «f; € £. We wish to show that o («#)) € £. By using Dynkin’s 7 — A theorem (see Theorem
1.1.37), we only need to verify that £ is a A-system.

D Qe POQANF)=PF)=1-PF) =P(Q)P(F).

(i) (A, Be Lwith AcB= B\Ae ¥):Since A< B,wehave (A\B)nF=(AnF)\(BnF). Hence

P((A\B)NF)=P(AnF)-P(BNF)=PA)PF)-PB)P(F) = (P(A) -P(B))P(F) =P(A\ B)P(F).

This shows A\ B € &.

(iii) (A1,A2,--€ &, A c Ay c- = A:=U;>1 A € £): Note that A;nF / An F. Hence by using
continuity of measure from below,

P(ANF) = ’}EEOP(AH NF)= ,}i_I,IC}OP(A”)P(F) =P(F) ’}EgoP(An) =P(F)P(A).

This shows A€ &.

The above three items verify that £ is a A-system. Thus we conclude o (o) € £.
The above discussion shows that, under the hypothesis, 0(A;), o, ..., , are independent. Repeat-
ing the same arguments, one shows that o («#1),0(#),...,0(<f,;) are independent. O

As a corollary, we deduce that RVs are independent if their joint CDF factorizes into the product of
marginal CDFs.

Proposition 2.2.3. RVs X, ..., X;,, on a probability space (Q, & ,P) are independent if

n
PXi<x1,...,Xn<xp) = [[P(X; < x;) forall xy,...,x, € (—00,00].
i=1
PRrROOE. By Proposition 2.1.4, Xj,..., X, are independent if and only if 0(X;),...,0(X,) are indepen-
dent. Let «f denote the set of all intervals of the form (—oo, a] for a € R and R itself. Then o (<) = 98 =Borel
o-algebra on R. Hence for each i = 1,...,n, 0(X;) is generated by the sets Xl._l (A) for A € «f. The condi-
tion in the assertion exactly states that the collections «f; := {Xl.‘1 (A): Ae}fori=1,...,nareindepen-
dent. Also note that each «; is a 1-system: For X! (o0, a]) n X! ((—oo, b]) = X! ((0o, a A b]). Hence the
assertion follows from Proposition 2.2.2. O

Proposition 2.2.4. Let (Q2, &,P) be a probability space. Let &; ; for1 < i, j < n be independent o -algebras
onQ. Foreachl<i<n,let¥4;,.=0 (U]gjgn z%,j). Then4,...,%, areindependent.
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PROOF. Let «f; be the collections of sets of the form (N;<j<, A; j where A; j € &; ;. Then each «/;
contains Q and o (/) 2 Uy <j<n & j. Furthermore, <, ..., </, are independent since, by using the inde-
pendence of &; j,

(o

=[P =11
ij i

P(A; ;)
j

ot

i

(A
j

Hence by Proposition 2.2.2, it follows that o (<), ...,0(</,) are independent. Since o (<f;) 2 Ulsjsn Fij»
we also have o («f;) 2 ¥%;. Hence ¥4, ...,%, are independent. U

Remark 2.2.5. In the proposition above, we can take &; ; = 29 for some j’s if one wants to apply the
statement for different numbers of &; ;s for each i.

An important consequence of the previous proposition is that functions of disjoint sets of indepen-
dent RVs are independent.

Proposition 2.2.6. Let X; ; for 1 < i,j < n be independent RVs on a probability space. (Q,%,P). Let
fi : R — R be Borel measurable for each i = 1,...,n. Define Y; := fi(X;1,...,Xin) fori =1,...,n. Then
Y1,..., Y, areindependent.

PRrROOE By Proposition 2.1.4, Y1,...,Y, are independent if and only if o(Y1),...,0(Y},) are indepen-
dent. Let &; j := 0(X;,j) and ¥; := oU; Zi,5)- Then o(Y;) € ¥; for i = 1,...,n. Since X; ;’s are indepen-
dent, #; ;’s are independent. Then by Prooposition 2.2.4, ¢;’s are independent. It follows that o (Y;)”s
are also independent. U

2.3. Independence, distribution, and expectation

In Section 1.4, we constructed product measures on the product measurable space. The following
lemma connects it with the distribution of joint random vectors consisting of independent RVs.

Lemma 2.3.1 (Independence and product measure). Let Xy, ..., X, be independent RVs on a probability
space (Q, %,P). Let u; := |]3>0Xl._1 denote the distribution of X; fori = 1,...,n. Then the random vector
(X1,..., Xn) 1 (Q,F,P) — (R",B") has distribution ) ® -+ ® U,.

PROOF. Fix Borel subsets Aj,..., A, < R. Note that

n n
P(X1€AL,....Xn € Ap) = [[P(X;€ A) = [ i (A)) = (1 @+ ® ) (A x -+ x Ap),
i=1 i=1
where the three equalities above follow from independence, definition of distribution, and definition of
the product measure. This shows that the distribution of (X3, ..., X;) and the product measure y; ®---®
which are both probability measures on 28", agree on all measurable rectangles, which form a z-system.
Two measures agreeing on a n-system must be identical on the o-algebra generated by that 7-system
(see Lemma 1.1.38). Hence they agree on the Borel o-algebra 2". ([l

Lemma 2.3.2 (Expectation of a function of independent RVs). Let X,Y be independent RVs on a proba-
bility space (Q, %, P) with distributions u:= Po X! andv :=PoY ™. Ifh:R? — R is a measurable function
with either h = 0 orE[|h(X, Y)|] < oo, then

E[h(X, Y)] =f h(x,y) du(x) dv(y).

In particular, if h(x,y) = f(x)g(y) for (x,y) € R?, then
E[f(X0gW)] =E[f(XIE[g(Y)].
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PROOE. Viewing h(X,Y):Q — R?> — R,

E[h(X,Y)] = f hx)d(Po (X, ) ™hH (.- change of variables, see Proposition 1.5.3)
RZ
=f hx)duev (.-Lemma 2.3.1)
RZ

= f h(x,y)du(x)dv(y) (.- Fubini’s theorem, see Theorem 1.4.3).

This show the first assertion. For the second assertion, assume h(x, y) = f(x)h(y) for (x,y) € R?. From
the first assertion,

Elf(X)g(V)] =E[h(X,Y)]

=fff(x)g(y) du(x)dv(y)
=fg(y) (ff(x) d/u(x)) au(y)

= f gWEfX)]du(y) (".- change of variables, see Proposition 1.5.3)

=E[f(X)] f g du(y)
=E[f(X)]E[g(V)] (. change of variables, see Proposition 1.5.3).
This shows the assertion. OJ

Exercise 2.3.3 (Expectation of product of independent RVs). Let Xj,..., X, be independent RVs on a
probability space (Q,%,P). Use Lemma 2.3.2 to deduce that if either X; =0fori=1,...,norE[| X;|] <oco
fori=1,...,n, then

n

=[]EX1.

i=1

E

n
[]Xi
i=1

Example 2.3.4 (Uncorrelated but dependent). Two random variables X, Y are said to be uncorrelated if
E[XY] =E[X]E[Y]. Due to Exercise 2.3.3, we know that independence implies uncorrelation. However,
the converse is not true. That is, two random variables can be uncorrelated but still be dependent.

Let (X,Y) be a uniformly sampled point from the unit circle in the 2-dimensional plane. Param-
eterize the unit circle by S' = {(cos,sinf)|0 < 6 < 27}. Then we can first sample a uniform angle
© ~ Uniform([0, 27)), and then define (X, Y) = (cos ©,sin®). Recall from your old memory that

sin2t=2costsint.

Now
E(XY)=E(cos®sin®)
1
= —[E(sin20
> (sin20®)
1 271
:—f sin2tdt
2 Jo
1 1 27
=—[——C052t] =0.
21 2 0
On the other hand,

27

E(X) =E(cos®) :f costdt=0
0
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and likewise E(Y) = 0. This shows Cov(X, Y) =0, so X and Y are uncorrelated. However, they satisfy the
following deterministic relation

X*+Y%=1,
so clearly they cannot be independent. It is clear that why the x- and y-coordinates of a uniformly sam-
pled point from the unit circle are uncorrelated - they have no linear relation. A

2.4. Sums of independent RVs — Convolution

When two RVs X and Y are independent and if the new random variable Z is their sum X + Y, then
the distribution Z is given by the convolution of PMFs (or PDFs) of each RV. The idea should be clear
from the following baby example.

Example 2.4.1 (Two dice). Roll two dice independently and let their outcome be recorded by RVs X and
Y. Note that both X and Y are uniformly distributed over {1,2,3,4,5,6}. So the pair (X, Y) is uniformly
distributed over the (6 x 6) integer grid {1,2,3,4,5,6} x {1,2,3,4,5,6}. In other words,
11 1
PUX,Y)=(xy)=PX=x)P(Y =y) = 55" 36
Now, what is the distribution of the sum Z = X+ Y? Since each point (x, y) in the grid is equality probable,
we just need to count the number of such points on the line x + y = z, for each value of z. In other words,

6
PX+Y=2)=) PX=x)P(Y =z-Xx).

x=1
This is easy to compute from the following picture: For example, P(X + Y =7) =6/36 =1/6. A
x+y=7
x+y=6 \.\ x+y=12
x+y=5 x+y=11
xty=4 x+y=10
x+y=3 x+y=9
x+y=2 x+y=8

FIGURE 2.4.1. Probability space for two dice and lines on which sum of the two are constant.

Proposition 2.4.2 (Convolution of PMFs). Let X, Y be two independent integer-valued RVs. Let Z = X +Y .
Then
P(Z=2) =) PX=xP(Y =z-x).
X

PRrROOE. Note that the pair (X, Y) is distributed over s according to the distribution

PX=x,Y=y)=P(X=x)P(Y =y),

since X and Y are independent. Hence in order to get P(Z = z) = P(X + Y = z), we need to add up all
probabilities of the pairs (x, y) over the line x + y = z. If we first fix the values of x, then y should take
value z — x. Varying the range of x, we get (2.4.2). O
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Exercise 2.4.3 (Sum of ind. Poisson RVs is Poisson). Let X ~ Poisson(A;) and Y ~ Poisson(A,) be inde-
pendent Poisson RVs. Show that X + Y ~ Poisson(1; + A,).

For the continuous case, a similar observation should hold as well. Namely, we should be integrating
all the probabilities of the pair (X, Y) at points (x, y) along the line x+ y = z in order to get the probability
density fx.y(z). We first derive a general convolution formula for CDFs in Proposition 2.4.4 and then
deduce convolution formula for PDFs in Proposition 2.4.5.

Proposition 2.4.4 (Convolution of CDFs). If X, Y are independent RVs on a probability space (Q, F,P),
then letting F(x) :=P(X < x) and G(y) :=P(Y = y),

P(X+Y =<2 =fF(z—y)dG(y) =: (F * G)(2),

where [ -dG is the shorthand of integrating with resepct to the measure v with distribution function G.
Here F % G is called the convolution of F and G.

PROOE. Let u and v denote the probability measure on R with distribution functions F and G, re-
spectively (i.e., u((—oo, x]) = F(x) and so on). Note that

PX+Y<2z)=E[1(X+Y <2)]

= fRZ 1x+y<2)dPo(X,Y)™}) (. change of variables, see Proposition 1.5.3)
:fR2l(x+ySz)dp®v(x,y) (.-Lemma2.3.1)

= ff l(x<z-y)du(x)dv(y) (.- Fubini’s theorem, see Theorem 1.4.3)
=fF(z—y) dav(y) (.-defof F)

:fF(z—y)dG(y) (.-defof dG).
O

Proposition 2.4.5 (Convolution of PDFs). LetIfX,Y are independent RVs on a probability space (Q, &, P).
LetZ.=X+Y.

(i) If X is continuous with PDF f, then Z has PDF

o0
fz(2) :=/ flz=y)dG(y).
—00
(ii) IffurthermoreY is continuous with PDF fy, then Z has PDF

(0]
fe@= [ fxz-pfrmdy
—00
PROOE. We begin with computing the CDF of Z. By Proposition 2.4.4,

P(Z<2) sz(z—y)dG(J/)
0 rz-y
:ff Fx(0) dxdG(y)
=[] pt-paxacw

:f f fx(x-y)dG(y)dx.

The last expression shows that Z has PDF [ fx(z— y) dG(y) as asserted in (i). Then (ii) follows from
the definition of [ dG(y) and Exercise 1.5.6. O
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Example 2.4.6. Let X,Y ~ N(0,1) be independent standard normal RVs. Let Z = X + Y. We will show
that Z ~ N(0, 2) using the convolution formula. Recall that X and Y have the following PDFs:

e L
fx(x) \/2_”6’ , fry me

By taking convolution of the above PDFs, we have
© (1 x? 1 (z—x)?
=[G e 7))o
fz N aad wey W 5
2

(_x?_(z x> )dx
|

2
z
—X*+xz— 3) dx

L "o
:gf_ooexp
1 [ z\2 zZ?
=5 _ooexp(—(x—i) ——) dx
]. _22/4 ]. ( Z ) 1 —22/4
=——e —ex x—=| |dx=—=ce ,
Van o VT T ( 2) Van

where we have recognized the integrand in the line as the PDF of N(-z/2,1/2) so that the integral is 1.
Since the last expression is the PDF of N(0, 2), it follows that Z ~ N(0,2). A.

The following example generalizes the observation we made in the previous example.

Example 2.4.7 (Sum of ind. normal RVs is normal). Let X ~ N(y1,0%) and Y ~ N(uz,0%) be independent
normal RVs. We will see that Z = X+Y is again a normal random variable with distribution N (u + 2, 0% +
0%). The usual convolution computation for this is pretty messy (c.f., wikipedia article). Instead let’s save
some work by using the fact that normal distributions are preserved under linear transform (Exercise
1.6.16). So instead of X and Y, we may consider X’ := (X—u)/0o1 and Y':= (Y —up) /0, (Itis important to
note that we must use the same linear transform here for X and Y). Then X’ ~ N(0,1), and Y' ~ N(u, )
where = (U2 — p1)/01 and o = 03/01. Now it suffices to show that Z’ := X'+ Y’ ~ N(u,1+0?) (see the
following exercise for details).
To compute the convolution of the corresponding normal PDFs:

B o0 1 x2 1 (z—x—u)2
f2(z) = f—oo(\/ﬁexp (_?)) (\/27102 P (_ 202 )) dx
o] xZ (z—x—p)z

exp(—? — T) dx.

2710

At this point, we need to ‘complete the square’ for x for the bracket inside the exponential as below:

x? L amx- w*

= T 5o — (0°X° + (x + p—2)°)
_1+0? 2y 2(u— z)x+(,u—Z)2)
202 1+0? 1+0?

1+0? (x (u— Z)) +(,u—z)z_ (u—2)
202 1+02 1402 (1+02)?2
1+02 (x (- z)) +(z—u)2 o2
202 1+02 1+02 1402

2 _ Y
:1+0' x+(u z)) N (z—p)

202 1+0?2 2(1+0?)°
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Now rewriting (2.4.7),

e el e
=5 - d
fz(2) f ( 20707 expl-——3 X+ 102 X
(=-2)\?
B 1 exp (_ (Z—H)Z )fw 1 exp _(x+ l+0’2) dx
V2r(1+02) 20 +0?) 2”% 12+ch2

e i)
exp|— > |
2n(1+02) 2(1+09)
where we have recognized the integral after second equality as that of the PDF of a normal RV with mean

IZ v and Varlance .Hence Z' ~ N(u,1+ 02), as desired. A

Exercise 2.4.8. Let X, Y be independent RVs and fix constants a >0 and b e R.
(i) Show that X + Y is a normal RV if and only if (aX + b) + (aY + b) is so.

(ii) Show that X+ Y i 1s anormal RV, then X+ Y ~ N(u; + ,Ltg,Ul + 02), where ) = E(X), o =E(Y), 01 =
Var(X), and 01 Var(Y).

Exercise 2.4.9 (Sum ofi.i.d. Exp is Gamma). Let X}, X>,---, X;, ~ Exp(A1) be independent exponential RVs.
(i) Show that fx,+x,(2) = A2ze M1(z20).
(i) Show that fx,+x,+x,(2) =27113z2e7*1(2 2 0).
(iii) Let S, = X; + X +---+ X,,. Use induction to show that S,, ~ Gamma(n, A), that is,
AN Zn—l e—/lz

fS,, (2) = W



CHAPTER 3

Laws of Large Numbers

3.1. Overview of limit theorems

The primary subject in this note is the sequence of i.i.d. RVs and their partial sums. Namely, let
X1, Xo, - be an (infinite) sequence of i.i.d. RVs, and define their nth partial sum S, = X; + Xo +---+ X,
for all n = 1. If we call X; the ith step size or increment, then the sequence of RVs (S;) ;> is called a
random walk, where we usually set Sy = 0. Think of X; as the gain or loss after betting once in a casino.
Then S, is the net gain of fortune after betting n times. Of course there are ups and downs in the short
term, but what we want to analyze using probability theory is the long-term behavior of the random walk
(Sn) n=1. Results of this type is called limit theorems.

- o LW ] PR % ff;;}A“,.N{vﬁm
e - sl WWMW !

| | | i | | i | | | i I i |
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FIGURE 3.1.1. Simulation of simple random walks

Suppose each increment X has a finite mean u. Then by linearity of expectation and independence
of the increments, we have

([S2) -5y,
n n
Sn Var(S,) nVar(X;) Var(X;)
Var(—) = 5 = > = .
n n n

So the sample mean S;/n has constant expectation and shrinking variance. Hence it makes sense to
guess that it should behave as the constant u, without taking the expectation. That is,

i S _
i, S =

58



3.2. BOUNDING TAIL PROBABILITIES 59

But this expression is shaky, since the left hand side is a limit of RVs while the right hand side is a constant.
In what sense the random sample means converge to y? This is the content of the law of large numbers,
for which we will prove a weak and a strong versions.

The first limit theorem we will encounter is called the Weak Law of Large Numbers (WLLN), which is
stated below:

Theorem 3.1.1 (WLLN, preliminary ver.). Let (Xy) =1 bei.i.d. RVs with mean u < oo and let Sy, = Z,’Clzl X;,
n =1 be a random walk. Then for any positive constant e >0,

lim [F’(
n—oo
In words, the probability that the sample mean S, /n is not within ¢ distance from its expectation pu
decays to zero as n tends to infinity. In this case, we say the sequence of RVs (S,,/n),>1 converges to y in
probability.
The second version of law of large numbers is call the strong law of large numbers (SLLN), which is
available if the increments have finite variance.

Sn
——pu|>¢|=0.
n ! E)

Theorem 3.1.2 (SLLN, preliminary ver.). Let (Xy)y»>1 bei.i.d. RVsandlet S, = ZZ: 1 Xi, n=1 bearandom
walk. Suppose E[X1] = i < oo and E[X?] < co. Then
. Sn
P (r}l_l:glo - p) =1.
To make sense out of this, notice that the limit of sample mean lim,,_. S,/ n is itself a RV. Then SLLN says
that this RV is well defined and its value is y with probability 1. In this case, we say the sequence of RVs
(Sn/n) =1 converges to p with probability 1 or almost surely.

Perhaps one of the most celebrated theorems in probability theory is the central limit theorem (CLT),
which tells about how the sample mean S,/n “fluctuates” around its mean p. From 3.1, if we denote
02 = Var(X);) < oo, we know that Var(S,,/n) = 6%/n — 0 as n — co. So the fluctuation decays as we add
up more increments. To see the effect of fluctuation, we first center the sample mean by subtracting its
expectation and “zoom in” by dividing by the standard deviation o/+/n. This is where the name ‘central
limit’ comes from: it describes the limit of centered random walks.

Theorem 3.1.3 (CLT, preliminary ver.). Let (Xi)r>1 bei.i.d. RVs and let S;, = ZZ: 1 Xi,n=1 be a random
walk. Suppose E[X;] = y < oo and [E[Xlz] =02 <oo. Let Z ~ N(0,1) be a standard normal RV and define
Sp—un  Sp/n—pu
Zy = = .
ovn olvn

Then forall zeR,
1 1 z x2 d
im P(Z sz):IP(Zsz)=—f e 2 dx.
n—0o " V21 J-co

In words, the centered and rescaled RV Z,, is asymptotically distributed as a standard normal RV
Z ~ N(0,1). In this case, we say Z,, converges to Z as n — oo in distribution. This is a remarkable result
since as long as the increments X have finite mean and variance, it does not matter which distribution
that they follow: the ‘central limit’ always looks like a standard normal distribution. Later in this section,
we will prove this result by using the MGF of S;, and Taylor-expanding it up to the second order term.

3.2. Bounding tail probabilities

In this subsection, we introduce two general inequalities called the Markov’s and Chebyshef’s in-
equalities. They are useful in bounding tail probabilities of the form P(X = x) using the expectation E[X]
and variance Var(X), respectively. Their proofs are quite simple but they have lots of nice applications
and implications.
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Proposition 3.2.1 (Markov’s inequality). Let X = 0 be a nonnegative RV with finite expectation. Then for
any a >0, we have

E[X]
P(Xza) =s—.
a

PROOE. Consider an auxiliary RV Y define as follows:

a ifX=a
Y =
0 ifX<a.

Note that we always have Y < X. Hence we should have E[Y] < E[X]. But since E[Y] = aP(X = a), we
have

AP(X =z a) < E[X].
Dividing both sides by a > 0 gives the assertion. U

Example 3.2.2. We will show that, for any RV Z, E[Z%] =0 implies P(Z = 0) = 1. Indeed, Markov’s in-
equality gives that for any a > 0,

E[Z2]

P(Z?>>a) < =0.

By continuity of measure, it follows that P(Z? = 0) = lim\ gP(Z%> <€) = 1,50 P(Z =0) = 1. A

Proposition 3.2.3 (Chebyshef’s inequality). Let X be any RV withE[X] = p < oo and Var(X) < co. Then for
any a >0, we have

Var(X)

P(IX-pulza) < P

PROOF. Applying Markov’s inequality for the nonnegative RV (X — u)?, we get

— N2
POX -l > @) = P((X - 2 = @) < X~ _ VarlX)

a? a?

Example 3.2.4. Let X ~ Exp(A). Since E[X] = 1/, for any a > 0, the Markov’s inequality gives
1
P(X=za)=<—,
( 2 al
while the true probability is
P(X=>a)=e

On the other hand, Var(X) = 1/A? so Chebyshef’s inequality gives

1
P(lX—l/Al = (l) = W

If 1/A < a, the true probability is
P(IX-1/Aza)=PXza+1/)+P(X<-a+1/1)
=P(X=a+1/1) = e MV = pm1-1a

As we can see, both Markov’s and Chebyshef’s inequalities give loose estimates, but the latter gives a
slightly stronger bound. A
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Example 3.2.5 (Chebyshef’s inequality for bounded RVs). Let X be a RV taking values from the interval
[a, b]. Suppose we don’t know anything else about X. Can we say anything useful about tail probability
P(X = 1)? If we were to use Markov’s inequality, then certainly a < E[X] < b and in the worst case E[X] =
b. Hence we can at least conclude

b
PX=A)<—.
( ) 1

On the other hand, let’s get a bound on Var(X) and use Chebyshef’s inequality instead. We claim that

(b-a)*
4

Var(X) <

which would yield by Chebyshef’s inequality that

(b-a)?
P(X-E[X]I<sA) < 7.

Intuitively speaking, Var(X) is the largest when the value of X is as much spread out as possible at the
two extreme values, a and b. Hence the largest variance will be achieved when X takes a and b with
equal probabilities. In this case, E[X] = (a+ b)/2 so

a@+b*  (a+b’ _(b-a)?
2 4 4

Var(X) = E[X?] - E[X]? =

Exercise 3.2.6. Let X be a RV taking values from the interval [a, b].

(i) Use the usual ‘completing squares’ trick for a second moment to show that
0<E[(X-0% =(t—E[X])*+Var(X) VieR.

(ii) Conclude that E[(X — £)?] is minimized when ¢ = E[X] and the minimum is Var(X).
(iii) By pluggingin t = (a+ b)/2in (3.2.6), show that

(b-a)?
Var(X) =E[(X - a)(X - Db)] +

( a+ b)z
—E[X] - X
2

(iv) Show thatE[(X —a)(X - b)] =0.
(v) Conclude that Var(X) < (b - a)?/4, where the equality holds if and only if X takes the extreme values
a and b with equal probabilities.

Exercise 3.2.7 (Paley-Zigmund inequality). Let X be a nonnegative RV with E[X?] < co. Fix a constant
0 = 0. We prove the Paley-Zigmund inequality, which gives a lower bound on the tail probabilities and
also implies the so-called ‘second moment method’.

(i) Write X = X1(X > 0E[X]) + X1(X < OE[X]). Show that
E[X] =E[X1(X < OE[X])] + E[X1(X > OE[X])]
< OE[X] +E[X1(X > OE[X])].
(i) Use Cauchy-Schwartz inequality (Exercise 1.5.25) to show
(E[X1(X > 6E[X])])? < E[X?]E[1(X > OE[X])?]
= E[X?]E[1(X > OE[X])]
=E[X?]P(X > OEX).

(iii) From (i) and (ii), derive

E[X] < OE[X] + VE[X2]P(X > 0EX).
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(Note that since X = 0, the above inequality is meaningful only when 8 < 1.) Conclude that, for

0€10,1],
M2 2
E[X?]
(iv) (Second moment method) From (iii), conclude that
P(X>0)= [E[X]Z
TE[X?)

Alternatively, use the Cauchy-Schwarz inequality (Exercise 1.5.25) to the RV X1(X > 0) to de-
duce the above result.

Proposition 3.2.8 (Chernoffbound). Let X, :=¢&1+---+&,, wherel,,..., ¢, arei.i.d. RVs such thatElexp(0¢;)] <
oo for@ € [0, ¢). Denote the log moment generating function of &1 as ¢(0) =logElexp(8¢,)]. Then

P(X,=1t)<exp|— sup Ot—np@®)]|. (16)
0€10,¢)
Furthermore, assume that E[¢1] = 0. Then L := supg<g<./» l¢" (0)| < co and
exp —LTIZ) ift<cL/2 (Gaussian tail)
P(Xp=1) < R i
exp|—57 + 8—L) ift>cL/2 (Exponential tail).

PRrROOE. For any parameter 6 € [0, ¢), by exponentiating and taking Markov’s inequality,

P(X, = 1) <P(exp(0 X,) = exp(61)) 17)
<exp(-01t)Elexp(0X,)]
<exp(—01)Elexp(0¢&q) - --exp(0& )]
=exp (-0t +ng®)),
where the identity above uses the independence between the increments ¢;. This holds for all 8 € [0, ¢).
This shows (16).

Next, denote the moment generating function of ¢; as ¢(0) = E[exp(6¢1)]. Recall that it is a power
series with radius of convergence = ¢ by the hypothesis. Hence we can differentiate it term-by-term
when 6 € (¢, ¢). In particular, this gives (0) = 1, ¢/(0) = E[§;] = 0, and 3" (0) = E[¢3] = 0. It follows that
@(0)=0, ¢'(0) =y'(0) =0, and ¢" (0) = ¢"(0) = 0. Then by Taylor’s theorem,

L L
00) < (0) +¢'(0)0 + 502 = 592 for all 6 € [0, c/2].

This and (16) gives
L
PXpz=t)<exp|— sup Ot——-6°].
0€l0,c/2]

The quadratic function 6 — 6t — %92 is globally minimized at 8 = ¢/ L with minimum value LTBZ. Hence
when ¢ < cL/2, the supremum in the above bound is attained at 8 = t/L. If t = ¢/2L, the same quadratic
function is increasing in [0, ¢/2L] so the constrained maximization is solved at 6 = c¢/2L. U

Example 3.2.9 (Chernoff bound for Gamma distribution). Let¢y,...,¢, beii.d. Exp(c) RVs (with mean
1/¢c). Let X;,:=¢&1+---+ &, ~Gamma(n, c). Recall that

w(0) = Elexp(0&,)] = ﬁ for < c.
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By Prop. 3.2.8, for t = 0,
c
P(X,=t) <exp|— sup Ot—nlog——|.
0€l0,¢) c-6
Let g(0) := 0t — nlog -%;. Then g'o)=t- 5 and g"0) = —# < 0. Thus 6 = ¢— (n/1) is the global
maximizer of g. Using this choice,

t
P(X,=1t) <exp (—(ct— n) + nlog%).

Note that the above tail bound is only useful when ¢ > n/c =E[X,,]. A

3.3. Weak Law of Large Numbers

3.3.1. L? weak law and examples. In this section, we state and prove various versions of the weak law of
large numbers (Theorem 3.1.1).

Estimating the variance of the sum of n RVs is of central interest. In general, when we try to write
down the variance of a sum of RVs, in addition to the variance of each RV, we have extra contribution of
covariance between each pairs of distinct RVs.

Definition 3.3.1. Let Xj,..., X;, be RVs on the same probability space (Q, &,P). We say they are uncorre-
lated if

E[X; X;] =E[X;]1 E[X]] foralll=i<j<n.
Note that independent RVs are uncorrelated by Exercise 2.3.3.

Exercise 3.3.2. In this exercise, we will see how we can express the variance of sums of RVs.
(i) Show that

Var(X +Y) = Var(X) + Var(Y) + 2Cov(X, Y).
(ii) Use induction to show that for RVs X7, X5 -+, X,

n
5 x)-

i=1
(iii) Show thatif Xj,---, X;, are uncorrelated RVs, then

Var(X; +---+ X)) = Var(X;) +--- + Var(X,,).

n
Var

Var(X;))+2 Y Cov(X; X)).

i=1 1Si,j5n

Assuming finite variance for each increment, the weak law is an easy consequence of Chebyshef’s
inequality.

Theorem 3.3.3 (L2 weak law). Let (XK) k=1 be uncorrelated RVs with finite mean p < oo and uniformly
bounded finite variance. Let S, = Y.7!_| X;, n = 1. Then for any positive constant € > 0,

lim IP(
n—oo
PROOE. Let C > 0 be a constant such that Var(Xy) < C for k = 1. By Chebyshef’s inequality, for any
€ >0 we have

Sn
n'u

>£):0.

S Var(S,/n C
p( —n—#‘>5)5(—2")=—2»
n € ne
where for the last equality we used Exercise (3.3.2). The last expression converges to 0 as n — oo. U

The weak law of large numbers is the first time that we encounter the notion of ‘convergence in
probability’. We say a sequence of RVs converge to a constant in probability if the the probability of
staying away from that constant goes to zero:
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Definition 3.3.4. Let (X,;),>1 be a sequence of RVs and let u € R be a constant. We say X, converges to u
in probability if for each € > 0,

lim P(|X,-u|>¢)=0.

n—oo
Exercise 3.3.5. Let X;, — x and Y;, — y in probability as n — co.

(i) Show that for every € >0,
P(IXn+Yp—x—yl>€)<P(Xp—xI>€/2)+P (Y, -yl >€/2).

Conclude that X, + Y,, — x+ y in probability as n — oc.
(ii) Show that for every € > 0,

P(IXnY,—xyl>e)=P(1X, Yy — Xpy+ Xy —xy| >¢)
<P (1 Xl Yn — Y1+ Y11 Xpn — x| > €)
<P(IXnllYn—yl>€l2) +P(Iyl1Xn — x| > €/2).

Conclude that X, Y;,, — xy in probability as n — co.
(iii) Suppose x # 0 and P(X,, # 0) = 1 for all n = 1. Show that for every € > 0,

Y, Y,
IP(—"—X >£)=[F° o Y,V Y >s)
<P —1 |Y —y|+|y|—|Xn_x|>£)
“oUx " | X x|
1 | X5 — x|
<P |V, —y|>er2|+P|lyl >e/2].
| X5l | X x|

Conclude that Y,/ X;, — y/x in probability as n — co.

Before we proceed further, let us take a moment and think about the definition of convergence in
probability. Recall that a sequence of real numbers (x,) ;>0 converges to x if for each ‘error level’ € > 0,
there exists a large integer N(¢) > 0 such that

|x,—x|<e Vn=N(e).

If we would like to say that a sequence of RVs (X},)>¢ ‘converges’ to some real number x, how should we
formulate this? Since X, is an RV, {| X, — x| < €} is an event. On the other hand, we can also view each x;,
as an RV, even though it is a real number. Then we can rewrite (3.3.1) as

P(lx,—x|<e)=1 Vn=N(e).

For general RVs, requiring P(| X, — x| < €) = 1 for any large n might not be possible. But we can fix any
desired level of ‘confidence’, § > 0, and require

P(x,—x|l<e)=1-6
for sufficiently large n. This is precisely (3.3.4).

Example 3.3.6 (Empirical frequency). Let A be an event of interest. We would like to estimate the un-
known probability p = P(A) by observing a sequence of indpendent experiments. namely, let (Xi) =0
be a sequence of i.i.d. RVs where X = 1(A) is the indicator variable of the event A for each k = 1. Let
Pn:= X1+ + Xy)/n. Since E[X;] =P(A) = p, by WLLN we conclude that, for any € > 0,

P(Ipn-pl>€)—0 asn— oo.



3.3. WEAK LAW OF LARGE NUMBERS 65

Example 3.3.7 (Polling). Let E4 be the event that a randomly select voter supports candidate A. Using
a poll, we would like to estimate p = [P(E4), which can be understood as the proportion of supporters of
candidate A. As before, we observe a sequence of i.i.d. indicator variables X; = 1(E4). Let p,, := S, /n be
the empirical proportion of supporters of A out of n samples. We know by WLLN that p,, converges to p
in probability. But if we want to guarantee a certain confidence level « for an error bound &, how many
samples should be take?
By Chebyshef’s inequality, we get the following estimate:
Var(p,) B Var[X;] - 1
€2 ne? " 4ne?’
Note that for the last inequality, we noticed that X; € [0, 1] and used Exercise 3.2.6 (or you can use that for

Y ~ Bernoulli(p), Var(Y) = p(1 — p) < 1/4). Hence, for instance, if ¢ = 0.01 and a = 0.95, then we would
need to set n large enough so that

P(Ipn—pl>¢) <

< 0.05.

X 10000
P(Ipn—pl>0.01) <

This yields n = 50,000. In other words, if we survey at least n = 50,000 independent voters, then the
empirical frequency p,, is between p—0.01 and p+0.01 with probability at least 0.95. Still in other words,
the true frequency p is between p, —0.01 and p, + 0.01 with probability at least 0.95 if n = 50,000. We
don’t actually need this many samples. We will improve this result later using central limit theorem. A

Example 3.3.8 (Bernstein’s polynomial approximation). Let f:[0,1] — R be a continuous function. For
each n = 1, define the Bernstein polynomial f,, of degree n by

n

fn():= ) (Z)xm(l —x)""" f(m/n).

m=0

We claim that
lim sup |f(x) —fn(x)| =0.

=00 xe10,1]

PrROOE. While the above statement is completely analytic, we will use probability theory to prove it.
Fix p € [0,1] and let X3, X5, ... be i.i.d. RVs with distribution Bernoulli(p). Then E[X;] = p and Var(X;) =
p(1—p)fori=1.LetS,:=X;+ -+ X,. Note that

ELf(Sp/m]= ) f(mIn)P(S,=m)

m=0
=Y fmin (’Zl)pm(l -p)" " = fu(p).
m=0

For each 6 > 0, by using Chebyshef’s inequality and the fact that p(1 — p) < 1/4 for p € [0,1],
Su Var(S,/n) pQl-p) 1
Pll—=-p|>d]|=< = <
( n p‘ ) 62 no? 4né2
Now since f is continuous on the compact interval [0, 1] it is uniformly continuous. That is, for each

€ >0, there exists 6 > 0 such that |x—y| < implies | f (x) - f ()| < 6. Fixe > 0, and let M := sup ¢ o 1) f (X).
Then by Jensen’s inequality and using (18),

|F(p) = fup)| = | F(P)—E[f(Snlm)]|
<E[|f(Sn/m) — f(D)]]

Uwum—hwnﬂ

Vpelo,1]. (18)

=F <0

S
= +E
n

>0

-pP

Sn
If(sn/n)—fntp)ll(’;—v

on o _
np

S
S€+2M|P( +?.
n

>6)55
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This shows that
i . M
limsup sup |f(x) —fn(x)| <limsup (e+ —2) —¢.
n—oo  xel0,1] n—o0 nd
But since € > 0 was arbitrary, this shows that the above limsup equals zero, as desired. O

A

Exercise 3.3.9 (Monte Carlo integration). This exercise introduces a probabilistic technique to approxi-
mate a complicated intergral, called the Monte Carlo integration, which is based on Weak Law of Large
Numbers and Chebyshef’s inequality.

Let (Xg) g1 beii.d. Uniform([0,1]) RVs and let f: [0,1] — R be a continuous function. Let

1
In=— (fF(XD)+ f(X2) +-+ f(Xn)

foreach n=1.

(i) Suppose fo1 | f(x)|dx < co. Show that I, — I := fol f(x) dx in probability. Thus I, serves as a proba-
bilistic estimation of the unknown integral I.
(ii) Further assume that fol | f(x)]? dx < co. Use Chebyshef’s inequality to show that

Var(f (X 1 1
P(I,-11=alvn)< Var/ (X)) _ L (f f(x)2dx—12).
a? a’ \Jo
Exercise 3.3.10. Let (X;),>0 be a sequence of i.i.d. Exp(A1) RVs. Define Y;,, = min(X;, X»,---, Xp,).
(i) For each ¢ > 0, show that P(|Y; — 0| > ¢) = e A€,
(ii) Conclude that Y,;, — 0 in probability as n — co.
Example 3.3.11. For each integer n = 1, define a RV X, by

3 {n with prob. 1/n
" \1/n with prob. 1-1/n.
Then X;, — 0 in probability as n — co. Indeed, for each € >0,
P(X,—-0l>e)=P(X,>¢)=1/n
for all n> 1/e. Hence lim,,_., P(| X;, — 0] > €) = 0. However, note that
E[X,] = l+n'-n?->1 asn—oo.
This example indicates that convergence in probability only cares about probability of the event P(| X;, —

E[X,]| > €) but not the actual value of X;, when that ‘bad’ event occurs. A

Example 3.3.12 (Coupon collector’s problem). Let (X;)>; be a sequence of i.i.d. Uniform({1,2,---,n})
variables. Think of the value of X; as the label of the coupon you collect at ¢th trial. We are interested in
how many times we need to reveal a new random coupon to collect a full set of n distinct coupons. That
is, let
" =min{r = 1|#{X1, Xo, -+, X, } = n}.

Because of the possible overlap, we expect n reveals should not get us the full set of n coupons. Indeed,

n n-1 n-2 1 n!

P(r"=n)= e — = —,
n n n n"

Certainly this probability rapidly goes to zero as n — co. So we need to reveal more than n coupons. But
how many? The answer turns out to be 7" =~ nlogn. More precisely,

Tn

nlogn — 1 as n— ooin probability. (19)
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A change of perspective might help us. Instead of waiting to collect all n coupons, let’s progressively
collect k distinct coupons for k = 1 to n. Namely, for each 1 < k < n, define

8 = min{r = 11#{Xy, X2, -+, X} = k}.

So 7 is the first time that we collect k distinct coupons.

Now consider what has to happen to collect k + 1 distinct coupons from k distinct coupons? Here is
an example. Say at time 72 we have coupons {1,3}. 72 is the first time that we pick up a new coupon from
except 1 and 3. This happens with probability (n —2)/n and since each drawisi.i.d.,

n-2
13—12~Geom( )
n

A similar reasoning shows

n-k
phtl _ gk ~Geom( )

So starting from the first coupon, we wait a Geom(1/n) time to get a new coupon, and wait a Geom(2/n)
time to get another new coupon, and so on. Note that these geometric waiting times are all independent.
So we can decompose 7" into a sum of independent geometric RVs:

n-1
T?l — Z (Tk+1 _Tk).
k=1

Then using the estimates in Exercise 3.3.13, it is straightforward to show that
E[z"] = nlogn, Var(z")< n?.
In Exercise 3.3.14, we will show (19) using Chebyshef’s inequality. A

Exercise 3.3.13. In this exercise, we estimate some partial sums using integral comparison.

(i) For any integer d = 1, show that

by considering the upper and lower sum for the Riemann integral /;" x dx.
(i) Show that

n-1 1
logn< ) —<1+log(n-1).
k=1 k
(iii) Show thatforall d =2,
n—1 1 © 1 0o
— < —sl+f —dx<2.
(=1 ke kZ::I k4 x4

Exercise 3.3.14. For each n = 1, let Xj ,, X2,,,,--+, X5, be a sequence of independent geometric RVs
where X , ~Geom((n—k)/n). Define t"" = X; , + Xo, , + -+ + Xy -

(i) Show that E[z"] = nY.}_] k~!. Using Exercise 3.3.13 (ii), deduce that
nlogn <E[t"] < nlog(n—1) + n.

(ii) Using Var(Geom(p)) = (1 - p)/p? < p~2 and Exercise 3.3.13 (iii), show that

n—1
Var(t™) = n* Y k% <2n”
k=1
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(iii) By Chebyshef’s inequality, show that for each ¢ > 0,
Var(t™) - 2

P(17" —E[t"]| > enlogn) < < .
( 8") e2n?log’n ~ €2log’n

Conclude that
n__ E n
T—[T] — 0 as n — ooin probability.
nlogn

(iv) By using part (i), conclude that

Tn

nlogn

— 1 as n — ooin probability.

Exercise 3.3.15 (Tail bound on the coupon collecting time). Let T denote the first time to collect 7 dis-
tinct types of coupons, where each draw picks one of the n types independently uniformly at random.
Whow that for each ¢ > 0,

P(r = [nlogn+cnl)<e ‘.

(Hint: Let A; denote the event that the ith coupon is not selected among the first [rnlogn + cn] draws.
Then

[

<nexp(-logn—c)=e"°.

1 [nlogn+cn]
P(r=[nlogn+cn]) <P )

n n n
UAi)S Z[P’(Ai)sZ(l—
i=1 i=1 i=1

n
)

3.3.2. Weak law without finite second moment. In this section, we will state and prove more general
versions of the weak law of large numbers than Theorem 3.3.3, which assumed finite second moments.
The goal of this section is to establish the following general WLLN:

Theorem 3.3.16 (Weak Law of Large Numbers). Let X1, Xo,... bei.i.d. RVs. Suppose that
lim xP(|X;|>x)=0. (20)
X—00

Let S, := X1+ -+ X, and u,, := E[X11(1 X3] < n)]. Then
Sp—ny,
n
Note that in Theorem 3.3.16, we do not even assume finite first moment condition for X;’s. In this
case, we cannot use Chebyshef’s inequality directly as we did in the proof of Theorem 3.3.3. An immedi-
ate consequence of the above result is the following familiar version of WLLN assuming finite mean:

— 0 as n— oo in probability.

Corollary 3.3.17 (Weak Law of Large Numbers with finite mean). Let Xj, X>,... be i.i.d. RVs. Suppose
thatE[| X;]] <oo. Let Sy, := X1+ -+ X, and u,, := E[X1]. Then
S
— — i as n— ooin probability.
n
PROOF. Note that

xP(X11>x) <E[ X101 X1 > x)] =E[I1 X1 [1 -E[1 X111(I X1/ < x)] =0 as n— oo,
where for the limit we have applied MCT (Theorem 1.3.19) for the increasing sequence of RVs | X; [1(| X;]| <
x) / 1X1| and the fact that E[|X;|] < co. Hence (20) holds, and by Theorem 3.3.16, we have S”_% -0
in probability, where u, = E[X11(|X;| < n)]. Also note that u,, — ¢ as n — oo by DCT (Theorem 1.3.20),
noting that X;1(1X;| < n) — Xj a.s, [X311(X3] < n) < X1 and E[| X;]] < co. Then % — p in probability
since for each € > 0, by taking n large enough so that |y, — ul < €/2,

S S
n >€)S|P(‘7n—[.tn

P(;—y >£/2)—>0 as n — oo,
Sn—npy
n

Sn
+lup—pl>e| =P 7—,un

where the limit follows since

— 0 in probability. U
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The key idea to extend WLLN to the “heavy-tail” case is to use truncation and then use Chebyshef.
In order to prove Theorem 3.3.16, we prove a lemma that concerns WLLN for triangular array of RVs. (A
special case is WLLN for a sequence of RVs as usual)

X114 — independent
X152, X232 — independent
X1;3, X2;3, X3;3 — independent

Namely, all RVs that appear in the above triangular array are independent, and for each k > 1, the k™ row
consists of k RVs Xy.t, ..., Xk k.

Lemma 3.3.18 (WLLN for triangular array). For each n =1, let X,.1,..., Xy;n be independent. Let b, >0
with by, — oo as n — oo. Let X .k := Xy, 11 Xy k| < by). Suppose that
(@) ZZ=1 P Xp;k| > bp) = 0(1); and

(b) b2yl E[Xoy] = o).

Let Sp:=Xp +++ Xpp and an =3 _ | E [Yn;k] . Then

Sn - an
by

— 0 as n — ooin probability.

PROOE. Denote S, := X1 + -+ + X ... Fix € > 0. We start by noting that

o ol

In order to bound the first term, we use union bound and (a) to get
_ n
P(Sn#Sn) < IP( U Xl > bt | = 3. PUXoel > bp) = 0(0).

1<ksn ) k=1

Sn—ap Sp—ap

>€

SP(§n¢Sn)+[P(

n n

In order to bound the second term, note that E[S,] = a, and |S,| < ZZ:1 by, so by Chebyshef’s inequality,

S, —an Var(S,,) 1 & — nor—2
P||l——— < =—— ) Var(X,) < E|X,..| =o0(1),
( by e = e & < s LE K
where the last estimate uses (b). Then the conclusion follows. U

PROOF OF THEOREM 3.3.16. According to Lemma 3.3.18 with b,, = n, it suffices to verify conditions
(a)-(b) in Lemma 3.3.18. For (a), note that by (20),

n
P> Xkl > bp) = nP( Xyl > n) = o(1).
k=1

It remains to verify (b). For this, we need to show that

nTE[(X21(X] < )] = o(1).
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To this end, let X := X;1(| X;| < n). Use Exercise 1.5.9 and to write

E[1X]3] :f P(X?>x)dx

0

:f P(X|=x"?) dx
0

:f 2uP(|X|=zu)du
Ol’l

:[ 2uP(X|=u)du
0

n
sf 2uP(Xil= wdu.  (-1X|=<1X])
0

Thus, by making a change of variable u/n = ¢ and denoting g(u) = 2uP (| X;| = u),

n 1
nE[(XFL(X:] < n))] =%f g(u)duzf g(nt)du.
0 0

The last expression vanishes as n — oo since g(nt) — 0 as n — oo for each ¢ > 0. To give the details, note
that since 0 < g(u) < 2u and g(u) = o(1), g is bounded by some constant, say, M > 0. Fix € > 0. Since
g(u) = 0(1), there exists N > 0 such that g(y) <eforall y< N. Then forall n= N/e,

1 £ 1
Osf g(nt)du=f g(nt)du+f gnt)du<seM+(1-¢)e.
0 0 €

Then letting € \, 0 shows that fol g(nt)du = o(1), as desired. U]

The following exercise demonstrates a direct route to prove Corollary 3.3.17 without using triangular
arrays.

Exercise 3.3.19 (WLLN for RVs with finite mean). In this exercise, we will prove the WLLN for RVs with
infinite variance by using a ‘truncation argument’. (Note that we cannot use Chebyshef here.)

Let (Xz) k=1 be i.i.d. RVs such that E[| X |] < oo and Var(Xj) € [0,00]. Let u = E[X;] and S, = Z,’ézl Xi,
n = 1. We will show that for any positive constant € > 0,

> g) —o. 1)

() Fix M =1 Let S§M:=¥"  X;1(1X;| < M) and p=M := E[X;1(|X;| < M)]. Show that n~'S5M — u=M as
n — oo in probability.

(ii) Show that ,uSM =E[X11(1X;] = M)] — pas M — oco. (Hint: Use dominated convergence theorem.)

(iii) Let S;M:= X, Xi1(1X;] > M). Use Markov’s inequality and (ii) to show that, for any 6 >0,

(B

(iv) Fix ¢, 0 > 0, and show the following inequality

5 -#]=¢) =@
P >¢e|<P
=M’

n

L H

Use (ii)-(iii) to deduce that there exists a large M’ = 1 such that
P(’&—u ZE)S[FD( S

n n

Finally, use (i) to show that there exists a large n’ = 1 such that
S

r(|>

>M
n

26) <6 'E[1X111(X;| > M)] -0 as M — oo.

SSM

n__ /JSM S>M

n

28/3)+P(

> 5/3) +1(|u=M - pl = €/3).

<M’
u

> £/3) +0/2.

n'
_,_I'l

25)55.
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Conclude (21).

3.4. Borel-Cantelli Lemmas
In this section, we study almost sure convergence systematically.

Definition 3.4.1 (Almost sure convergence). Let X, (X;),=>1 be a RVs on the same probability space. We
say that X,, converges to a almost surely (or with probability 1) if
IP(lim Xn:X) -1
n—oo
Definition 3.4.2 (Infinitely often). Let (2, %,P) be a probability space and let (A;),>1 be a sequence of
events A, € &. We say A, occurs infinitely often (i.o. for short) if the following event occurs:

{Apio}l={weQ :we Ayio}:={weQ : we A,for infinitely many n’s}.

Exercise 3.4.3. Let (Q,%,P) be a probability space and let (A;),>1 be a sequence of events A, € &.
Recall that
o0 oo
limsupA,:= lim |J An,,  liminfA,:= lim [ A,.
m n=m

Nn—00 m—00 = n—oo m—oo

(i) Show thatlimsupl,, = 1(limsup A,) and lilgn infl4, =1 (lilgn infA,).
—00 —00

n—oo n—oo

(ii) Show that P (lim sup An) =limsupP (A,) and P (lirgn iann) < lirgn inf* (Ay).
—00 —00

n—oo n—oo
(iii) Let X,;,, n=1be RVson (Q,%,P) and let x € R. Show that X;, — 0 a.s. as n — oo if and only if for all
e>0,P(Xy,l>¢€ion)=0.

Example 3.4.4 (a.s. convergence is strictly stronger than in probability convergence). In this example, we
will see that convergence in probability does not necessarily imply convergence with probability 1. De-
fine a sequence of RVs (T},) ;=1 as follows. Let T; = 1, and T, ~ Uniform({2, 3}), T3 ~ Uniform({4, 5,6}), and
so on. In general, X ~ Uniform{(k—1)k/2,---,k(k+1)/2} forall k = 2. Let X}, = 1(some T} takes value n).
Think of

» = nth arrival time of customers

X; = 1(some customer arrives at time 7).

Then note that

P(X;=1)=1,

PX=1)=P(X3=1)=1/2,

PXy=1)=P(X5=1)=P(Xg=1)=1/3,
and so on. Hence it is clear that lim,_..,P(X; = 1) = 0. Since X}, is an indicator variable, this yields that
lim; ..o P(| X, — 0| > €) =lim,_P(X,, =1) =0 for all € > 0, that is, X, converges to 0 in probability. On
the other hand, X; — 0 a.s. means P(lim,_. X; = 0), which implies that X,, = 0 for sufficiently large

n = 1. However, X;, = 1 for infinitely many n’s since customer always arrive after any large time N. Hence
X, cannot converge to 0 almost surely. A

Exercise 3.4.5 (a.s. convergence implies in probability convergence). Let (X},),>1 be a sequence of RVs
and let a be a real number. Suppose X, converges to a with probability 1.

(i) Show that
P(lim IXn—a|S€):1 Ve >0.
n—oo
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(ii) Fixe > 0. Let Ay be the event that | X, — a| < € for all n = k. Show that A; € A, <--- and

o0

lP(lim X, — al 55/2) <P|| ) Al
n—oo

k=1

(iii) Justify the following: that for each ¢ > 0,
o0
lim P (X, —al<e&) = lim P(A,) :P(U Ak) > P(lim X, — al sg/z) -1
n—oo n—oo k=1 n—oo

Conclude that X;, — a in probability.
A typical tool for proving convergence with probability 1 is the following.

Lemma 3.4.6 (Borel-Cantelli lemma). Let (Q,%,P) be a probability space and let (Ay)n=1 be a sequence
of events A, € F.

(e.0)
P(A;) < oo. (i.e., P(A;)’s are summable)
n=1

Then we have
P (A, noti.o.) =P (A, occurs only for finitely many n’s) = 1.

PROOFE. Let N =39, 1(A,), which is the number of n’s such that A,, occurs. By Fubini’s theorem (or
MCT, Theorem 1.3.19),

E[N] =E [ > 1(An)] = ) Ell(AY] = ) P(Ay) <oo.
n=1 n=1 n=1

Since N = 0, it follows that P(/N < oo) = 1 since otherwise E[N] = co. Deduce that the RV N must not take
oo with positive probability. Thus P(A; noti.o.) =P(N < o0) = 1. O

Exercise 3.4.7 (BC Lemma and a.s. convergence). Let (X,),>1 be a sequence of RVs and fix x € R. We
will show that X, — x a.s. if the tail probabilities are ‘summable’. (This is the typical application of the
Borel-Cantelli lemma.)

(i) Fixe>0. Suppose }.57 , P(|X,, — x| > €) < co. Use Borel-Cantelli lemma to deduce that | X, — x| > ¢ for
only finitely many n’s.
(ii) Conclude that, if Z‘,’le P(X;, — x| >¢€) <ocoforall e >0, then X;, — x a.s.

Example 3.4.8. Let (X,;),=0 be a sequence of i.i.d. Exp(1) RVs. Define Y,, = min(Xj, Xo,- -+, X};). Recall
that in Exercise 3.3.10, we have shown that

P(Y, - 0| >¢) = e ",
for all € > 0 and that Y;; — 0 in probability as n — co. In fact, ¥;, — 0 with probability 1. To see this, we

note that, for all € >0,
-Ae

S - Aen €
P(Y,-0|>¢) = e M= — <o
nZ::I ! nX::l 1-ele
By Borel-Cantelli lemma (or Exercise 3.4.7), we conclude that Y,, — 0 a.s. A

Example 3.4.9. Let (X};,) ;>0 be a sequence of i.i.d. Uniform([0, 1]) RVs.
(i) We show that X}/" converges to 1 almost surely, as 1 — oo. Fix any € > 0. Since X, > 1,

PU(X)" =11 >€) =P((X)"" > (1+€) or (X)) < (1-€)) =P(X)""" < (1-¢€)
=P(X,<(1-e")=(1-¢",

which goes to 0 as n — co. Therefore, X}/" converges to 1 in probability. However, since
% (1-€)" < oo, we have that X},/" also converges to 1 almost surely.
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(ii) Define U, = max{X;, X3, X3,..., X"~{, X"}. We show that the sequence U, converges in probability
to 1. For an € < 1 fixed

P(U,-112€)=PU,<1-€)=P(X;<1-¢X?<1-¢,...,X' <1-¢)
=P(X;<1-eP(Xs<1-¢€)---P(X"<1-¢)
=PX;<1-ePXo<(1-6)")---PX,<(1-e)™
— (1—6)‘(1—6)1/2--‘(1—6)1/'1 — (1_6)1+1/2+-~~+1/n -0,

sincel+1/2+---+1/n— o0, as n — oo.

(iii) Define V,, = max{Xl,XZZZ,Xg’z,...,Xﬁl”__ll)z,X,’fz}. Does the sequence V;, converge in probability to 12
Similarly as in the previous part, for a fixed € < 1 we have

P(U,-11z¢€)=(1 e

which doesn’t converge to zero (but to a positive number), since 1+1/2% +---+1/n? is a conver-
gent series. Therefore, V,, doesn’t converge to zero in probability. Hence it also doesn’t converge
to0a.s..

A
The following proposition is often used to ‘upgrade’ in-probability convergence to a.s. convergence.

Proposition 3.4.10 (Subsequential a.s. conv. = in prob. conv.). Let (X,),>1 be a sequence of RVs and fix
x € R. Then X, — x as n — oo in probability if and only if for every subsequence X, k = 1, there is a
further subsequence X, xmy), m = 1 such that X, x(m)) — X a.s. as m — oo.

PROOE. Suppose X;, — x in probability. Fix € > 0. Then for each n = 1, there exists n(k) = 1 such that
P Xpw —xl > ¢€) < 2 % for k = 1. Then ¥ 4>, P X — xl >¢€) < Y i=12"% =1 < 00, so by Borel-Cantelli
Lemma 3.4.6 (or Exercise 3.4.7), it holds that | X, x) — x| > € for only finitely many k’s with probability one.
This means X,,x) — x a.s. as k — oo.

Conversely, suppose that for each subsequence Xj,x), k = 1 of (X;,) ,>1, there is a further subsequence
Xnk(my)» m = 1 such that X,x(m) — X a.s. as m — oo. Fix e > 0. Let y,, :=P(| X, — x| > €). We wish to show
that y, — 0 as n — oco. Since a.s. convergence implies in probability convergence, the hypothesis implies
that for each subsequence y, ) of y,, there exists a further subsequence n(k(m)) such that y,m) — 0.
This implies that y,, cannot have a limit point other than zero. If y,, - 0, then there is an open neighbor-
hood U of 0 and a subsequence yy, i) such that y, ) ¢ U for all k = 1. But then no subsequence yykm)
of ¥,k can converge to 0 since they are all outside of U. Hence y, must converge to zero. g

Example 3.4.11 (Fatou’s lemma with in-probability convergence). Let X, = 0 and X, — X in probability.
Then the conclusion of Fatou’s lemma (Thm. 1.3.18) still holds despite the in-probability convergence:

liminf E[X,] = E[X].
n—oo

To see this, let n(k) be a subsequence such that E[X,)] — lirllninfE[Xn] as k — oco. By Prop. 3.4.10, there
—00

exists a further subsequence n(k(m)), m = 1 such that X,z () — X almost surely. Then we apply Fatou’s
lemma along this sub-subsequence to get

liminf E[X},] = liminf E[X},4)] = iminf E[X,,x(m)] = E[X].
n—oo k—oo m—oo
A

Proposition 3.4.12 (In prob. conv. implies weak conv.). Let X, (X,),>1 be a RVs on the same probability
space such that X,, — X in probability (i.e., X, — X — 0 in prob.). If f : R — R is continuous, then f(X,) —
f(X) in probability. Furthermore, if f is continuous and bounded, then E[f(X,)] — E[f(X)] as n — oo.
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PROOE. Fix a subsequence n(k), k = 1. By Proposition 3.4.10, there exists a further subsequence
n(k(m)), m = 1 such that X,,xom) — X a.s.Then f(X,xm)) — f(X) a.s.. ! By Proposition 3.4.10, it
follows that f(X,) — f(X) in probability.

Further assume that f is bounded. Recall that Then f(Xj,km)) — f(X) a.s.. Then by BCT (Theorem
1.3.16), Elf (Xn@kmy))] — E[f(X)] as m — oo. Since every subsequential limit of E[f(X)] equals E[f(X)],
it follows that E[ f(X;)] — E[f(X)] as n — co. O

Now we prove a special case of the strong law of large numbers. The proof of full statement (Theorem
3.1.2) with finite second moment assumption has extra technicality, so here we prove the result under a
stronger assumption of finite fourth moment.

Theorem 3.4.13 (SLLN with fourth moment). Let (X,),>1 be a sequence of i.i.d. RVs such that[E[Xfl] < 00.
LetS,=X1+---+ X, foralln=1. Then S,/ n converges to E[X,] with probability 1.

PROOE. Our aim is to show that
(oo}
E[(Sp/m)*] < co.
n=1
Then by Borel-Cantelli lemma, (S,,/n)* converges to 0 with probability 1. Hence S,/n converges to 0
with probability 1, as desired.
For a preparation, we first verify that we have finite first and second moments for Xj. It is easy to
verify the inequality | x| < 1 + x* for all x € R, so we have

E[X1]] < 1+E[X}]] <oo.

Hence [E[X;] exists. By shifting, we may assume that E[X;] = 0. Similarly, it holds that x? < ¢ + x* for all
x € Rif ¢ >0 is large enough. Hence E[X?] < co.
Note that
E[Sp]=E

=E| ) XiXjXeXe|= ) E[XiXjXiX,).

1<i,j,k,l<n 1<i,j,k,f<n

" 4
k=1
Note that by independence and the assumption that E[X;] = 0, E[X; X; X; X,] = 0 if at least one of the four
indices does not repeat. For instance,
E[X1X5] = ELX,]E[X5] =0,
E[X1 X5 X3] = E[X1]E[X5]E[X3] = 0.

Hence by collecting terms based on number of overlaps, we have
n
15iyj'zk'kn[E [Xi X X X¢] = l_:zl[E[X,f*] + (;) lskzjsn[E[Xl?][E[X]?]
= nE[X}]+3n(n— DE[X?)%
Thusforall n=1,
nE[X}]+3n(n- DEX?)? - nEIX]1+3n°EIX]1°  E[X{]+3E[X]]

nt nt n?

E[(Sn/m)?] =

Summing over all n, this gives

oo x 1
n;rﬁ[(sn/n)“] < (ELX71+3ELX7]) ) PR

n=1

Hence by Borell-Cantelli lemma, we conclude that (S,/n)* converges to 0 with probability 1. The same
conclusion holds for S,/ n. This shows the assertion. ]

1T see this, assume Y, — Y a.s., fixw € Q s.t. Y (w) — Y (w). Then by continuity of f, (Y (w)) — f(Y (w)).
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The following example shows that the converse of the Borel-Cantelli lemma is false.

Example 3.4.14 (The converse of BC lemma is false). Let ([0,1],93, u) be the probability space on the
unit interval [0, 1] with 28 =Borel o-algebra on [0,1] and pu =Lebesgue measure on [0, 1]. Fix a sequence
(an)p=1 andlet A, := (0, a,). Suppose a,, = o(1). Then
{Api0}=limsup A, = 9.
n—oo

However, if a;,, = 1/n, then

Y A =Y ap=o0.
n=1 n=1

Hence in this case, the probabilities of A, are not summable but still A;, does not occur infinitely often.
A

Lemma 3.4.15 (The second Borel-Cantelli lemma). Let (Q,%,P) be a probability space and let (Ap) n=1
be independent events in &. Then we have the following implication:

o0
Y P(Ay)=c0c =  P(Ajoccursio)=1.
n=1

PROOE. Let N =39, 1(A,), which is the number of n’s such that A, occurs. Fix an integer M > 1.
Then by using independence and 1 — x < exp(—x) for all x € R,

N
M A,
n=M

It follows that P (sup,,» 5,14, =0) = 0 for all M > 1.Noting that sup,,»,14, takes values from {0, 1}, we
have sup,,-;,14, =1 a.s.. Hence

N N N
= [Ja-rPAa) <[] exp(—P(An))=exp(— Y. P4y

n=M n=M n=M

IP( sup 1,4,1:0)=[FD Nz
M=snsN

P(A,io0)=E[1(A,i0)]=E [lim suplag,

n—oo

:[E[ lim suply,,

M—00 =M

=E [ lim 1] =1.
M—oco
The following is a typical application of the second BC Lemma.

Proposition 3.4.16 (SLLN does not hold without first moment). Let (X,),>1 be i.i.d. RVs on the same
probability space with E[| X,|] = co. ThenP(|X,| = ni.o.) = 1. Furthermore, for S, = X1 +---+ Xy,

. Sp(w) . .
Plw: lim exists in (—oo,00) | = 0.
n—oo n

PROOE. By the tail-sum formula (Prop. 1.5.10) and since x — P(| X;| > x) is non-increasing,

oo=[E[|X1|]=f [|3>(|X1|>x)dx:f P(X,l>x)dx<1+ ZP(|Xn|Zn).
0 0 n=1

Since the events | X,| = n are independent, by the second BC Lemma (see Lemma 3.4.15), P(|X,| =
ni.o.) = 1. To show the second part, write

A=14w: lim exists in (—oo,00) ¢, B:={w:|X,(w)|=ni.o.}.
n—oo n

Since we have shown that P(B) =1, P(A\ B) = 0since 0 < P(A\ B) < P(B¢) =0. Hence
P(A) =P(ANB).
We would like to show the RHS equals zero. For this, it suffices to show that An B = @. To this end,
suppose there exists w € An B. Write
ﬁ Sn+1 _ Sn _ Xn+1

n n+l nn+l) n+l’
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One the one hand, since w € A, the LHS must converge to zero. On the other hand, since w € A, we have

Sp(w) . . Sy X1 . .. . . _
i 0. Since w € B at the same time, ;%4 — 747 < —1/21i.0.. This is a contradiciton. Thus ANB = @,
as desired. O

From Proposition 3.4.16, we now know that E[| X;|] < oo is necessary order for SLLN to hold. In fact,
this condition is also sufficient for SLLN to hold, as we will prove later.
It will be useful for later examples to strengthen the second BC Lemma as the following version:

Lemma 3.4.17 (A quantitative version of the 2nd BC Lemma). Let (Q, %,P) be a probability space and let
Ay, Ay, ... be pairwise independent events. Suppose thatZ‘;lozl P(A,) =oco. Then

# of occurance of Aj,..., A, Yo 1(AR)

= — as n — oo.
expected # of occurance of Ay, ..., A, Za:l P(Ay)

PROOF. Let X, :=1(A,,) and S, = X5 +---+ X;;. We wish to show that S,,/E[S;] — 1 a.s.. We first show
that the convergence holds in probability. First, since the events A;, Ay, ... are pairwise independent, so
are the indicators 1(A;),1(A»),..., so

Var(S,) = Var(X;) +--- + Var(X,)
<E[X?]+--+E[X?]
=E[Xy]+---+E[X5],
where the last equality uses the fact that X,,’s are 0-1 RVs. Now by Chebyshef’s inequality and using the
hypothesis that E[S;] — oo, for each § > 0,
Var(S;,) 1

P (S, —E[S,]l > 6E[S,]) < S2E[S, 2 < 52E[S,] —0 asn—oo.

This shows that S, /E[S,;] — 1 in probability.

In order to upgrade the above convergence to almost sure convergence, we use a subsequence and
monotonicity argument. Denote W,, := S, /E[S,,]. We wish to show that W, — 1 a.s.. Recall that we have
shown the following: For all § > 0,

1
P(W,—-1|>0)< ——— asn—oo.

52E[S,]
Let n(k) := inf{m = 1|E[S,,] = k?}. Then
P( Wy —1]>6) < < < oo. (22)
k=1 ) kZ::1 52[E[Sn(k)] kzz:l 62k?

This holds for all § > 0, so by the BC Lemma (see Lemma 3.4.6) that Wy, — 1 a.s. as k — oo.

Now we have shown the desired a.s. convergence along the subsequence n(k). It remains to ‘interpo-
late’ between these indices using the fact that S, is non-decreasing. Namely, for each m = 1 and choose
k=k(m)=1sothat n(k) <m<n(k+1). Then

Snk) < Sm = Sn(k+1)-
Dividing using the inequality E[S;, )] < E[Sy] < E[Shk+1],
ElSnwy] _Snw  _ _Sm_ _ S+ ElSnk+1)]
ElSnk+n)] ESni] ~ EISm] ~ ElSpgsn] ElSpm]
Recall that by the choice of n(k), we have k< ElSnml < (k+ 12 < ElSpk+n] < (k+ 2)2. Hence
K _ ElSawk+n] _ (k+2)°
(k+2)2 " ElSypl ~  k*

This shows that E[S;(x+1)]/E[Sp] — 1 as k — oco. Since Wy = Spi /ElSnig] — 1 a.s., (22) implies that
Wh, = S /E[Sim] — 1 as n — oco. This completes the proof. O
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The key point of the proof above is the following: In order to show X,,/c, — 1 a.s., where ¢, — oo and
X, =20, X, /, it suffices to show that X, /cny — 1 and cpis1)/cny — 1 a.s. for some subsequence
n(k) — oco.

Example 3.4.18 (Record values). Suppose Xi, X»,... are i.i.d. RVs on a probability space (Q, %,P). Let
Ap = {X; > sup; <, Xk} denote the event that X, exceeds all preceeding RVs, i.e., a record is made at
the nth draw. Let R, := Z,’Clzl 1(Ag) denote the number of records up to time n. We will show that

Ry

—1 a.s.asn— oo.
logn

In order to show this, we claim the following:
(%) Ay, A, ... are mutually independent and P(A,) = 1/n.

Once we have the above claim, noting that E[R,] = nl~ logn, we can deduce R;,/logn — 1 a.s. by
Lemma 3.4.17.

It remains to justify the claim (*) above. To do so, fix n = 1 and we consider the order statistics Y;,, =
Yo.n = -+ 2 Yy, of Xi,..., X, For each sample w € Q, there exists a permutation o(w) on {1,...,n} such
that Y;.,(w) = X)) (w). Omitting dependence on w, we obtain a random permutation o on {1,..., n}.
Since Xj, ..., X, are i.i.d., the distribution of the order statistics is invariant under permuting the order
of Xj,..., X It follows that o is uniformly distributed among all possible n! permuations on {1, ..., n}.

From here, we deduce

n
k=1

(n-1! 1

P(Ap) =Ploc(n)=1) = —
n!

To show mutual independence, notice that, for 1 = m < n,
P(AnNnAp) =PAnN{Xy > Xu-1,..., X1}
=P(lo(m)<o(),...,0(m-Din{o(n) =1})

(n—l)(m—l)!(n—l—m)! 11
_ = == =P(An)P(A,).
m n! mn

This justifies the claim (*) above. A

Example 3.4.19 (Head runs). Consider the bi-infinite sequence of RVs (X;);>z, where P(X,, = 1) =
P(X, = —1) = 1/2 for each n € Z. This gives a random bi-infinite sequnece of +1’s and —1’s. In this
example, we are interested in the statistics of runs of +1’s (i.e., a consecutive block of +1’s). Namey;, let
= maxi{m : Xy_m41 = -+ = X, = 1} be the length of run of +1’s at time n. Let L, := maXj<m<n¥m
denote the maximum length of runs of +1’s among times 1 through n. We claim that

Ly
logn

—1 a.s.asn— oo.

To justify the above, first note that for any x = 0,
PU,2x)=Pl,2[x])=PX,_(qs1==X,=1)=2""<27%
Hence for each € > 0,

Y PUUy=+elog,m <Y n 1 <oo.

n=1 n=1
By the BC Lemma (see Lemma 3.4.6), it follows that there exists N, > 0 such that ¢, < (1 +¢)log, n for all
n = N, almost surely. Then for all n = N, since x — log, x is increasing,

max(én,,...,¢n) < (1+¢)max(log, Ng,...,log, n) < (1+¢)log, n.
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Then almost surely,

L max(#y,...,¢
limsup 1 slimsupM+(l+£) =1+e¢.
n—oo l0g,n  n-oo log, n

Here, we have used the fact that, for any almost surely finite RV X, |X|/logn — 0 a.s.. Since € > 0 was

arbitrary, this shows limsup lofg"n <1las..
n—oo 2

For the other direction, we fix n = 1 and partition {1,..., n} into disjoint blocks of size R:=[1+ (1 —
€)log, n]. Namely, Consider the interval partition (0, R], (R,2R], and so on. We consider the indicators
1(¢xr < R), which are determined by sets of non-overlapping RVs {X(x_1)r+1,-.., Xkr}. Hence these indi-
cator RVs are independent. Furthermore, P(£/ g < R)=1— 2R =1-p~1%¢ Then

1 n/R n-&'
< —
15) _exp( 210g2n)'

Since the last term is summable, by BC Lemma, L, > (1-¢)log, n for all sufficiently large n almost surely.

This yields liminf; OL” <1-¢as.. Then letting € \, 0 shows the claim. A
n—oo 1081

P(L, =1 -¢)log, n) <P(r,¥2r,.... kg < (1-¢€)log,n) = (1— .

3.5. Strong Law of Large Numbers

In this section, we finally establish the strong law of large numbers only assuming the exisistence of
first moment of increments. Recall that this was a necessary condition for SLLN to hold, see Proposition
3.4.16.

Theorem 3.5.1 (SLLN with first moment). Let (X;),=>1 be a sequence of i.i.d. RVs such that E[| X,|] < co.
LetS,=X1+---+ X, foralln=1. Then S,/ n converges to E[ X1] with probability 1.

PRrROOE. (This proof is based on Etemadi’s original proof (1981) in [ 1.) Since E[|X;]] < oo, we
have p:=E[X;] € (—oo,00). We first note that since X,, = X} — X, and the sequences of RVs (X,}),>; and
(X;,)n=1 also satisty the hypothesis, by linearity, it suffices to show the assertion for these two sequences
of nonnegative RVs. Without loss of generality, we may simply assume that X;, = 0. Now we show the
assertion in three steps.

(Truncation) Let Xk = X;1(|Xg| < k) for k= 1. Denote §k = Yl +eee +Xn. We claim that it is enough to
show that

Sn
— — |4 a.s.asn— oo. (23)
n

To see this, let N := ZZO: 1 Xk # Xk). Note that by using MCT (or Fubini’s theorem),

E[N]=E

31X ;éik)] = Y E[106:#X0)| = Y PUX,I = K)
k=1 k=1 k=1

o0
sf P( Xy >0 dr
0

S/ P(X;1>t)dt=E[|X;1]] < oo.
0

Since N = 0, it follows that N < co almost surely. Fix w € Q such that N(w) < co. Then

N(w)
|n_1(Sn(w)—§n(w))‘ <n'y 'Xk(w)—ik(w)’—»o as 1 — oo.
k=1

This shows that
p ( lim |n71(S, - S,

n—oo

=o) > P(N <o0) = 1.

Thus n~'S,, — pa.s. implies n~'S,, — pa.s..
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(a.s. convergence along a subsequence) Fix @ > 1. We use an exponential subsequence n(k) := [a],

k = 1. We will show (23) along the subsequence n(k), k = 1. We start as usual by estimating the
tail probabilities using Chebyshef: For each € > 0,

(s

Var(Sppy) & ) Var(X ;)

-2
i =E [Sucw || > entho) <e k; w7 5 Pn?

=¢? Z Var(X,,) Y. n)™?

m=1 k:n(k)=m

where the last equality uses Fubini’s theorem for interchanging double sum of nonnegative
terms.
Now noting that n(k) = [a¥] = a*/2 for k= 1,

Z n(k)_254 Z a_stl_a_zm ,

k:n(k)=m k:ak=m

where we have used the fact that a 2% for k = 1 s.t. a* = m is a geometric sequence with ratio
a2 with first term at most m 2. This and Lemma 3.5.2 give

Y varX,) Y n(k)—zs — Z Var(Xm) - 1ff[|xl|]

m=1 k:n(k)=m

Combining with the first displayed inequality in this case, we have shown that

(e8]

> P

k=1

gn(k) —-E [gn(k)] ‘ >¢ n(k)) < 0.

Since this holds for all € > 0, by the Borel-Cantelli lemma, it follows that

Snte —E Sk
n(k)

To complete the proof of the current case, it remains to show

— 0 a.s.as k— oo.

n(o)~'E [En(k)

—u as k—oo.

Note that by DCT, we have that E[X,] — E[X;] = 1 as n — oco. Hence the above is the mean
of quantities that each converge to y, so it should also converge to u. To do a more rigorous
justification, note that E[| X |1(| Xk| > k)] = E[| Xkl — E[| Xg|1(| Xkl < k)] — 0 by MCT. Fix € > 0.
Then there exists N = N(¢) = 1 such that E[| Xi|1(|Xk| > k)] < €. Then by Jensen’s inequality,

N(e)

S ENXILXG] > B = ne+ Y ENXG.
k=1 k=1

E[S,] —E[S,]| <

(I Xkl > k)| =

Dividing both sides by 7 and letting n — oo shows limsup n~'E[S,,] —E[S,]| < €. Since £ > 0 was
n—.oo

arbitrary, this shows limsup n~YE[S,] - [E[S_,,JI = 0, which is enough to conclude.
n—o0

(Interpolation) For each m = 1, let k = k(m) be the unique integer such that n(k) < m < n(k+ 1). Since

we are assuming X, = 0 for all n = 1, we have
Snik) = Sm = Snik+1)-
This yields
nk) Sney _ Sm _ Sntk+n nlk+1)

—<

nk+)nk ~ m nk+l) nk
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Recall that by the choice of n(k), we have n(k+1)/n(k) — a as k — oco. Using the previous part,
we conclude, almost surely,

- o Smo_ Sm
a 'y <liminf =2 <limsup == < a .
m—co M  m—oco M

Since a > 1 was arbitrary, letting a \, 1 then shows the assertion.

The following lemma was used in the proof of SLLN above.

Lemma 3.5.2 (An estimate used in the proof of SLLN). Let (X;),=>1 be a sequence of i.i.d. RVs such that
E[|X,|] <oo. Let X, := X, 1(|X,| < n). Then

® Var(X,)
Y 7 <4ElXi]] <co.

n=1

PROOE. WEe first show two claims. Note that for any RV Y with E[Y?] < oo,
[e.o] (o.0] o0
[E[YZ]:f I]J’(Y2>y)dy:f [P>(|Y|>\/})dy:f 2tP(Y|> 1) dt,
0 0 0

where we made a change of variable ,/y = t. Moreover, for each y = 0, we will show that

(e, 0)
yY nlysn <2

n=1

Indeed, note that for y > 1,

(o] o0 e .0]
J/Z n21(y < n):yz n_zl([y]sn):yf x2dx=
n=1 n=1 [y1-1

For 0 < y <1, we have

Y o
[y1-1

o0 o0 o0 o0
yY nflysm=)Y n?=1+Y. n_251+f x2dx=2.
n=1 n=1 n=2 1
This shows the two claims abov& .

Now observe that, since P(|X,| > n) =0 and | X,| < |X,l,

Var(X,) <E Yi :fo 2yu3>(|§n|>y)dysf0 1(y < n)2yP(X1| > y) dy,

where we have also used the fact that P(|X;| > y) =P(|X,| > y). Now using Fubini’s theorem,

X Var(X,) & (" _
L5 =L 0 1y < m2yP(X1| > y)dy
n=1 n=1

:fo 2P(1X,1> y) (yz n21(y < n)) dy

n=1

S4f0 P(X1l> y) =4E[| X;]] < oco.

Next, we establish a ‘uniform’ version of SLLN.

Definition 3.5.3 (Empirical distribution function). Let X, X, ... be a sequence of RVs on the same prob-
ability space (2, &#,P). For each n = 1, define the empirical distribution function F, by

F,(x):= 1 Y 1(Xg < x).
ni=1

That is, F,(x) is the frequency of X}’s among the first n RVs that are at most x.
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Now suppose Xi, Xp,... are i.i.d. with distribution function F. For each fixed x € R, the RVs Y} :=
1(Xj < x) arei.i.d., so by SLLN, as n — oo, we must have

n
Fo(x)=n"'Y v S5 EV) = P(X; < %) = F(0).
k=1
This shows F,, — F a.s. pointwise. In fact, a stronger statement holds. That is, the worst-case error

sup, |F,(x) — F(x)| also converges to zero almost surely. This is the content of the following Glivenko-
Cantelli theorem.

Theorem 3.5.4 (Glivenko-Cantelli theorem). Let X1, X5,... be i.i.d. RVs on the same probability space
(Q,Z,P). Then

P| lim sup|F,(x)—-F(x)|=0]|=1.
n—oo
PROOF. Fix m > 0. For each j =1,...,m—1, define x;, ; := inf{y : F(y) = j/m}. Since F is non-
decreasing, X1 < Xm2 < -+ < X, m-1. Denote Xxo ,;, = —oo and X, ;, = 00. Then”
F(xm,j=) = F(xm,j-1) < jim-(j-1)/m=m".
Fix x € R. Then there exists k € {1,...,m — 1} such that x,, y-1 < x < X;;, k. Then

Fp(x)—F(x) = fn(x) - Fn(xm,k_1+Fn(xm,k_) —F(xpx—) + F(xpm—) — F(X)
<0
<F, (xm,k_) - F(xm,k_) + F(xm,k_) - F(xm,k—l)

1

S Fu(xpme—) —F(Xpmr—)+m™

m
=m™ + Y | Fu(Xm k=) = FQm =)
k=1

Similarly,
Fp(x) = F(x) = Fp(x) = Fn(Xm,k-1) +Fn (X k-1) = F (X k1) + F (X k-1) — F(X)
=0
=Fy, (X, k1) — F(xm,k—l) + F(xm,k—l) - F(xm,k_)

> Fp(Xpm 1) = F(Xm 1) —m ™!

m
=-m ™ = Y Fp(tmi) = Ftm g,
k=1

Thus we have

m
|Fp(x)-F(x)|<m ' + Y Fn (X k) = FXm i) |+ | Fn (X k=) = F (X, =)
k=1
The RHS above does not depend on x so we may take the supremum over x on the LHS. Also, by SLLN
(see Theorem 3.5.1), for each fixed y € R, F,(y) — F(y) almost surely as n — co. Furthermore, F,(y-) =

n! Z:l P(Xy < y) = P(X; < y) = F(y—) almost surely as n — co. Hence

limsup sup | F,(x) — F(x)| < m! as.

n—oo xeR

Than taking m — co shows the assertion. U

21f F is continuous, then Fxp,j) = jim and F(xp,j) — F(xp,j-1) = m~! However, F may have jumps in general so
F(xm,j) — F(xm,j—l) could be as large as 1.



3.6. RENEWAL PROCESSES AND RENEWAL SLLN 82

Example 3.5.5 (Shannon’s theorem). Let X3, X»,... be i.i.d. RVs on a probability space (Q2, &, P) taking
values from «f :={1,...,r} with PMF p(k) := P(X; = k) > 0 for all k € {1,...,r}. Think of o as the set of
alphabet and the sequence of RVs Xj, ..., X, as a random string of length n with these alphabet. For each
n=1,defineaRV X, as

2pi= pX)) p(Xa)... p(Xn).

Then by SLLN, almost surely as n — oo,
B 1.2 r
-nllogz, = - Y logp(X;) — E[logp(X))] =- Y p(k)logp(k) =:H.
i=1 k=1
The quantity H is called the entropy of the PMF p, and it measures how random it is. The above result
implies that -n! logZ, — H in probability, so for each € > 0,
P(exp(-nH+e) <Z,<exp(-nH-¢)=P(|[H+n 'logZ,|<e)—1 asn—oo.

This is called the asymptotic equipartition property. A

3.6. Renewal processes and Renewal SLLN

An arrival process is a sequence of strictly increasing RVs 0 < 71 < T, < --- with the convention of
setting Ty = 0. For each integer k = 1, its kth inter-arrival time is defined by 74 = Ty — T¢—;. For a given
arrival process (Ti) k=1, the associated counting process (N(t)) »o is defined by

o0
N(t) = 1(Ty < t) = #(arrivals up to time 1).
k=1
Note that these three processes (arrival times, inter-arrival times, and counting) determine each other:
(T k=1 = TK) k=1 <= (N(£)) 0.

Exercise 3.6.1. Let (Ti)x>1 be any arrival process and let (N(t));>¢ be its associated counting process.
Show that these two processes determine each other by the following relation

{T, =t} ={N() = n}

In words, nth customer arrives by time ¢ if and only if at least n customers arrive up to time t.

N A
4 T,
3 T
2 T,
—> N(s) =3
1 7
>
O T]_ TZ T3 S T4 t

FIGURE 3.6.1. Illustration of a continuous-time arrival process (Tj) =1 and its associated count-
ing process (N(#));=0. Tx’s denote inter-arrival times. N(t) =3 for T3 < t < Tj.
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Exercise 3.6.2 (Well-definedness of the counting process). Let (N(f));>o denote the counting process of
a renewal process with inter-arrival times (7)r>; such that there exists € > 0 for which 7 > € infinitely
often (but not necessarily independent or identically distributed). Recall that N(#) and 7’s are associ-
ated as

N@®=) 1T+ +1, D).
n=1

(i) Showthat T, >3} _,el(ty=¢) forn=1.
(ii) Fix ¢ = 0. Justify the following steps:

P(N(t) =00) =|P(suan < t) < IP(Z el(tp=ze) < t) =[P>( 1Tz < t/e)
n=1 k=1 k=1

=PEN=1st 1 <eforallk=N)
oo
<) Prr<eforallk=N)=0.
N=1
Deduce that P(IN(f) <oo) =1forall £ = 0.

Definition 3.6.3 (Renewal process). A counting process (N (1)) is called a renewal process if its inter-
arrival times 71,72, -+ are i.i.d. with E[7;] < co.

A cornerstone in the theory of renewal processes is the following strong law of large numbers for
renewal processes.

Theorem 3.6.4 (Renewal SLLN). Let (Ty)x>o be a renewal process and let (1) r=o and (N(t)) =0 be the
associated inter-arrival times and counting process, respectively. Let E[t;] = u be the mean inter-arrival

time. If0 < < oo, then
N(t 1
[P’(lim N :—) =1.

t—oo f u

PROOE. First, write Ty =71 + 72 +--- + Tk. Since the inter-arrival times are i.i.d. with mean u < co, the
strong law of large numbers imply

nm(nmﬂzu)zl. (24)
k—oo k
Next, fix t = 0 and let N(#) = n, so that there are total n arrivals up to time t. Then the nth arrival time T},
must occur by time ¢, whereas the n + 1st arrival time T,+; must occur after time ¢. Hence T, < t < Ty41.
In general, we have

TNy = t<TN@p+1-
Dividing by N(t), we get

T _ ! < Tnp+1 N()+1
N N NMOM+1 N
To take the limit as ¢ — oo, we note that P(T; < o) = 1 for all k since P(T = 00) = XX P(1;=00) =0
(since P(7; = oo) > 0 implies E[7;] = co, which is a contradiction). This yields N(¢) = k for some large
enough ¢. Since k was arbitrary, this yields N(¢) ,/ oo as t — oo with probability 1. Therefore, according
to (24) and SLLN (see Theorem 3.5.1), we get

T T, N +1
p(]imﬂ:u)zp(]imwzu):[@(hmizl =1.
t—oo N(1) r—oo N(1)+1 t—oo  N(f)

(25)

Hence (25) gives

t
P|lim — = =1.
(th{}oN(t) “)
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FIGURE 3.6.2. Tllustration of the inequalities (25).
Since u > 0, we can take the reciprocal inside the above probability. This shows the assertion. O

Example 3.6.5 (Poisson process). Suppose (N(f))s>o is a renewal process with its inter-arrival times
(Tx) k=1 as Exp(A) distribution with some A > 0. In this case, we call (N(f)) ;>0 a “Poisson process with
arrival rate A”. Note that the mean inter-arrival time is E[7;] = 1/A, so the renewal SLLN yields
N(t
IP(lim L:/1) =1.
t—oo f
Namely, with probability 1, we tend to see about A¢ arrivals during [0, t] as t — oco. In other words, we

tend to see A arrivals during an interval of unit length. Hence it makes sense to call the parameter A as
the ‘arrival rate’ of the process. A

Next, we consider a renewal process together with rewards, which are given for each inter-arrival
times. This simple extension of the renewal processes will greatly improve the applicability of our theory.

Let (Ti) k=0 be a renewal process and let (74)r>¢ and (IN(?));>o be the associated inter-arrival times
and counting process, respectively. Suppose we have a sequence of rewards (Yi)r>1, so we regard a
reward of Y} is given at the kth arrival time Ty. We define the reward process (R(t)):>o associated with
the sequence (7, Yi) k=1 as

N(1p)
Rt)=) Y.
k=1

Namely, upon the kth arrival at time Ty = 77 +--- + 7§, we receive a reward of Y;. Then R(t) is the total
reward up to time .

As we looked at the average number of arrivals N(f)/t as t — oo, a natural quantity to look at for the
reward process is the ‘average reward’ R(¢)/t as t — oo. Intuitively, since everything refreshes upon new
arrivals, we should expect

R(¥)  expected reward during one ‘cycle’
t expected duration of one ‘cycle’

as t — oo almost surely. This is made precise by the following result.
Theorem 3.6.6 (Renewal reward SLLN). Let (R(t)) >0 be the reward process associated with an i.i.d. se-

quence of inter-arrival times (Ty) =1 and an i.i.d. sequence of rewards (Yi)i=1. Suppose E[Y] < co and
El(t] € (0,00). Then

p 1, R0 BT} _
n—oo Elz:]
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PROOE. Let (T§) k=0 denote the inter-arrival times for the renewal process (T)x>o. Note that
R(t 1 NO ) Nt

RO (1L N0 )N
t N@) & t

Hence by SLLN, the ‘average reward’ up to time ¢ in the bracket converges to E[Y;] almost surely. More-
over, the average number of arrivals N(t)/t converges to 1/E[t;] by Theorem 3.6.4. Hence the assertion
follows. U

Remark 3.6.7. Theorem 3.6.4 can be obtained as a special case of the above reward version of SLLN,
simply by choosing Y = 1 for k = 1 so that R(¢) = N(#).

Example 3.6.8 (Long run car costs). This example is excerpted from [ ]. Mr. White do not drive the
same car more than ¢* years, where t* > 0 is some fixed number. He changes to a new car when the old
one breaks down or reaches t* years. Let X be the life time of the kth car that Mr. White drives, which
are i.i.d. with finite expectation. Let 7 be the duration of his kth car. According to his policy, we have

T =min(Xg, t).
Let Ty = 71+ -+7 be the time that Mr. White is done with the kth car. Then (T) > is a renewal process.
Note that the expected running time for the kth car is
Elti] =Bl | X < IP(Xg < 1) + El15 | Xi = ¥ 1P (X = 1)
= E[Xe | Xp < IP(Xe < %) + £ P(X = 1).
Suppose that the car cost g during each cycle is given by
g(0) = {A+B ifr<t*
A ifr=1¢".
Namely, if the car breaks down by #* years, then Mr. White has to pay A + B dolors; otherwise, the cost is
only A dolors. Then the expected cost for one cycle is
Elg(ti)] = A+BP(1; < t*) = A+ BP(X; < t¥).

Thus by Theorem 3.6.6, the long-run car cost of Mr. White is
R(1) E[g(ty)] A+ BP(X <t").

lim = .
oo Eltel  E[Xpl Xk < t*IP(Xk < %) + *P(X = t¥)
For more concrete example, let X ~ Uniform([0,10]) and let A= 10 and B = 3. Then

Elg(ty)] =10+3¢*/10.

On other other hand,
Elte] = E[ Xk | Xk < t*]P(Xk < t*) + I*P(Xk > t*)
L, 10—¢*
=——+t

210 10
Note that for E[ X | X} < t*] = t*/2, observe that a uniform RV over [0, 10] conditioned on being [0, £*] is
uniformly distributed over [0, *]. This yields

Elg(ry)]  10+0.3¢"
E[rx]  t*(1—t*/20)

Lastly, in order to minimize the above long-run cost, we differentiate it in ¢* and find global minimum.
A straightforward computation shows that the long-run cost is minimized at

=t* — (t%)%/20.

" 003
Thus the optimal strategy for Mr. White in this situation is to drive each car up to 8.83 years. A
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3.7. Convergence of random series

So far, our treatment of the laws of large numbers takes the perspective of analyzing the ample mean
Sp/n. In this section, we introduce another perspective of analyzing the partial sums, or random series,
Sy, directly. It has an important advantage to yield a near-optimal rate of convergence for the laws of
large numbers.

Our starting point is the Kolmogorov’s maximal inequality, which is demonstrated in the following
exercise.

Exercise 3.7.1 (Kolmogorov’s maximal inequality). Let X, X»,--- be independent RVs with E[X;] = 0.
Denote S;, = X7 +---+ X, and Sy = 0. In this exercise, we will show that

IP( max |Sg| = r) < t72Var(S,). (26)

1<k<n

(i) Let 7 =inf{k = 0 : |Sk| = t} denote the first time that |Sj| exceeds ¢. Show that

E[S3]> ) E[S31(r = K)].
k=1

(ii) Foreach 1 < k < n, note that Si1(r = k) and S;, — Sg = Xj+1 + -+ X, are independent. Deduce that
E[S;1(T = k) (S, — Sk)] =0.
(iii) For each 1 < k < n, write Sfl = Si +285i(Sy—Si) + (S, — Sk)z. Using (ii), show that
E[S71(T = k)] = E[(S +2Sk(Sn — S)1(T = k)]
=E[(S71(r = k)] + 2E[S1(T = k) (S — Sp)]
= E[(Sgl(r = k)] = PE[1(T = k).
(iv) From (i)-(iii), deduce that

E[S3] = ¢ ) E[L(T = k)] = °E
k=1

Y 1= k)] =’P(r<n)= rzu»( max |Sg| = t).

k=1 1<k=n
Conclude Kolmogorov’s maximal inequality (26).
An immediate application of Kolmogorov’s maximal inequality is the following lemma.

Lemma 3.7.2 (Summability of variance implies convergence of sums). Let X1, Xy, ... be independent RVs
on the same probability space with zero mean. Then the following implication holds:

o0 o0
) Var(X;)<oo => ) X, converges almost surely.
n=1 n=1

PROOE. Denote S, = X; +---+ X;,. Fixintegers M > N = 1 and € > 0. By Exercise 3.7.1,

N
IP( maxNISm—SMI >£) SE_ZVaI'(SN—SM) =¢? Z Var(X;,).

M=ms= m=M-+1

Taking N — oo and using continuity of measure and the hypothesis,

o0
P(maxlSm—SM|>£)S£_2 Z Var(X,;) -0 as M — oco.
M=m m=M+1

By using triangle inequality,

IP( max |S;;, — Sul >2£) < IP(maxISm —Sul+max|S,, — Syl > 2¢
m,n= m=M n=M

:IP(maXISm—SM|>£ —0 as M — oo.
m=M
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Denote Wy := max;, n=p1Sm — Sul. Then Wy is non-increasing in M. So {sup,,»; W, > €} is a decreasing
event. Hence by continuity of probability measure,

P [limsup Wy, > 25) = IP( lim sup W, > 28) = lim P (sup W, > 23)
M—oc0 M—ocop> M M—oco \p=M

= lim P (W), >2¢) =0.
M—o0

Since € > 0 was arbitrary, this shows limsup Wj; = 0 almost surely. Hence W); — 0 a.s. as M — oo.
M—o0
Therefore, the random sequence S,, n = 1, forms a Cauchy sequence almost surely. Hence S,, converges

almost surely. U

Lemma 3.7.3 (Kolomogorov's three-series theorem). Let X;, Xy, ... be independent RVs on the same prob-
ability space. Fix A> 0 and let Yy, := X,1(1X,| < A). Then 3.5, X;, converges almost surely if and only if

i) X5, P(Xnl > A) <oo; and
(ii) Z‘,’lozl E[Y,] converges a.s..; and
(iii) X7, Var(Yy,) < oco.

PROOF. We first show the “if” part. Lemma 3.7.2 and (iii) shows that Y77 , (¥, — E[Y}]) converges
almost surely. Using (ii), it follows that }.9° | Y;, converges almost surely. Let N = 39>, 1(X}, # Y3,). Then
by MCT or Fubini and using (i),

E[N]= ) PXn# Yy =) P(Xyl>A) <oo.
=1

n n=1

Since N =0, it follows that N < oo a.s.. Hence

o0 (e8] o0
P Z X, does not converge) =P ({ Z X, does not converge} N { Yy converges})
n=1 n=1 n=1

<P(N =00)=0.

Thus .77, X;, converges a.s..

Next, we show the “only if ” part. For this direction, we will crucially use Lindeberg-Feller CLT (see
Thm. 4.4.8) from later sections. Suppose 377, X, converges a.s.. We wish to show that all three condi-
tions in the statement must hold.

First suppose (i) is violoated, that is, Z;ozl P(1X,| > A) = co. By independence of the RVs X, the
second BC lemma (see Lem. 3.4.15) implies that | X,,| > A i.o. with probability one, so Z%’Zl X, does not
exists with probability one (i.e., P(liﬂ&lf[ﬁzl Xi #limsupX;_, Xi) =1).

n—oo

Second, suppose (i) holds but (iii) is violated. Take

< Yim —E[Yi]
Cp = Var(Yy), Xpmi=—.
n kgl ( k) n,m \/G
Then note that E[X},,;,] = 0 and Var(X,;,;) = 1. Also, since |Y,| < A, E[| Y]] < A so | Xp.m| <2A/\/c, a.s..
Hence for each fixed € > 0, since ¢, — oo as n — oo, 2A/,/cy, < € for n large enough. Hence | Xj;,;,| < € for
n large enough, so

n
. 2 _
'}320,21 ELX;.n1(1 Xp;ml > €)] = 0.
By Theorem 4.4.8, it follows that S, := Xp;1 + -+ + Xy, = Z ~ N(0,1). Furthermore, that 337, X, con-
verges a.s. and (i) imply 37, ¥, converges a.s. by using a similar argument as in the proof of the “if”
part. Consequently, T}, := ZZZI Yn/v/cn = 0 (note that P(|T,| > €) = P(] Zl’jzl Ynl > €y/cp) — 0). By Slut-
sky’s theorem (see Exc. 4.2.20), S;, — T, = Z ~ N(0,1). Thus

Y ElY,l/Ven=(Sp—Tp) = Z~N(O,1),
k=1
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but this is a contradiction since the LHS above is a sequence of real numbers so it cannot converge weakly
to anormal RV.

Lastly, suppose (i) and (iii) hold. Then by Lemma 3.7.2, Y7 _, Y, —[E[Y},] converges a.s.. We have seen
that .27 | X;, converges a.s. and (i) imply } .7 | ¥, converges a.s., so in our case .37, ¥, converges a.s..
Now Y7 E[Yp] = (X7 _; Yim) — (X7 _; Ym —E[Yy]) is the difference of two a.s. converging series, so it
converges a.s.. This shows (ii) holds. U

Exercise 3.7.4. Let X, X,... be independent RVs on the same probability space such that P(X,, = n™%) =
P(X;, =-n"% =1/2for n=1. Show that 252, Xn converges almost surely if and only if @ > 1/2. (Note
that 97 | | X,| converges if and only if & > 1 as | X,| = n% a.s.. Due to the cancelation, convergence of
> 57, Xy requires slower decay rate.)

Exercise 3.7.5 (Kronecker’s lemma). If a,, /" coand }.7” % converges, then show that ai 251X — 0.

Theorem 3.7.6 (SLLN with a rate of convergence). Let X1, X»,... be independent RVs on the same proba-
bility space. Suppose thatE[X,] =0 and [E[X%] =0?<oo. LetS,=X1+ -+ Xj. Then for any € >0,
Sn

\/ﬁ(log n)(1/2)+£

PROOE. Let a,, := v/n(logn)/?*¢ for n > 2 and set a; = 1. Then

— 0 a.s.asn—oo.

[e.°] 5 [e.]
Var(X,/ay) =01+ ) ————=
r;l nl ) n;z n(logn)!+2
By Lemma 3.7.2, it follows that }97 | X,/ a, converges almost surely. Then by Kroneker’s lemma (see
Exercise 3.7.5), a;ls n — 0 almost surely, as desired. O

Remark 3.7.7. The correct rate of convergence for SLLN is given by the law of the iterated logarithm:

. o
limsup — a.s.as n— oo.

Sn
n—co y/ny/loglogn V2

The rate given by Theorem 3.7.6 is not too far from the above optimal rate.

In this section, we have studied necessary and sufficient conditions for the condition

[e.°]
IP( Xn converges) =1
n=1
to hold. But what if we only want some positive probability that the random series converges? Is there
some weaker condition than those stated in Theorem 3.7.3 that imply

(o]
P ( Y Xy converges) > 02
n=1

The answer is no. Surprisingly, the only possible value for P (Y5 , X,, converges) is 0 or 1, so if it is posi-
tive, it has to be one. This type of result is known as ‘0-1" law. See Exercise 3.7.8 for details.

Exercise 3.7.8 (Kolmogorov’s 0-1 law). Let Xi, X»,... be RVs on the same probability space. For each
n=1,letFy, :=o0(Xy, Xn+1,...) andlet I =77, F,. Here I is called the tail o -algebrafor the sequence
of RVs (X,,) n=1° If A€ I, then A s called a tail event.

Let X3, X»,... beindependent RVs on the same probability space and let - denote the corresponding
tail o-algebra. Let A € 9 be any tail event. In this exercise, we will show that P(A) € {0,1}. This is called
Kolmogorov’s 0-1 law.

3Note that A € J if and only if the occurance of A does not depend on changing the values of any finite number of RVs
X»n's — A depends on the ‘tail’ of the sequence of (X;) ;>1.
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(i) fBeo(Xy,...,Xm) and C € 0 (X 41, Xm+2,-..), then show that B and C are independent. (Hint: if
Ceo(Xm+1,---» Xm+k) for some k = 1 use Prop. 2.2.4. For the general case, the latter o -algebra is
generated by Ux>10 Xm+1,---» Xm+k), Which is independent from o (Xy, ..., X;,). Then use Prop.
2.2.2 to conclude.)

(ii) If Be 0(X1,Xy,...) and C € 9, then B and C are independent. (Hint: if B € o(Xy,..., X§) for some
k =1 use Prop. 2.2.4. For the general case, argue similarly as before.)

(iii) From (i)-(ii), dedcue that A is independent from itself. Hence P(A) =P(AN A) = P(A)2, so P(A) €
{0,1}.

Example 3.7.9. If B, is a Borel subset of R, then {X,, € B,;i.0.} is a tail event. If X;, = 1(A,) and B, = {1},
then it follows that {A, i.0.} is also a tail event. Also, {lim,_., X, exists} is a tail event. By Exercise 3.7.8,
these events all have probability 0 or 1.

Exercise 3.7.10 (Exchangeable sequence and Hewitt-Savage 0-1 law). Let X, X,,... be asequence of RVs
on a probability spcae (Q2,%,P). An event A € & is called exchangeable if there exists a Borel set B < RN
such that

{(X1,Xa,...) € B} = {(Xo01), Xo(2),..-) € B}

for all finite permutations o : N — N (here o only permutes the first 7 entries for some finite n).
Now further assume that Xi, Xp,... are i.i.d. and & = 0(X3,X»,...). Let A € & be an exchangeable
event. In this exercise, we will show that P(A) € {0, 1}. This is called Hewitt-Savage 0-1 law.

(i) Let&,:=0(Xy,...,X,). Show that there is a sequence of events A, € &,, n = 1, such that P(A,A A) —
0 as n — oo (here CAD := (C\ D)uU (D\ C) denotes the symmetric difference). We will write
A, ={(X1,...,X,) € By} for some Borel B,, < R".

(ii) Let A, :={X,41,..., Xon € By}. Show that P(A,AA) = P(A,AA) = o(1). (Hint: Let o be the permua-
tion on N that maps {1,...,n} to {n+1,...,2n} and leaves all other integers fixed. Then o maps
Ap to Ay, but fixes A. Since the RVs are i.i.d., applying o to the indices does not change the
probability.)

(iii) Deduce that P(A, N A,) — P(A) and P(A, N A,) = P(A,) P(A,) = P(A,)?> — P(A)? as n — co. Con-
clude that P(A) € {0, 1}. (Hint: Use (ii) and that the RVs are i.i.d..)

Remark3.7.11. Given a stochastic process with i.i.d. increments, the event that a state is visited infinitely
often is in the tail space of the values of the process, however it is not in the tail space of the increments,
so Kolmogorov’s 0-1 does not apply. It is however an exchangeable event, and so occurs with probability
0 or 1 by Hewitt-Savage.



CHAPTER 4

Central Limit Theorems

In this chapter, we will study the celebrated central limit theorem (CLT) that we briefly touched upon
in Theorem 3.1.3.

4.1. The De Moivre-Laplace CLT

In this section, we prove the following De Moivre-Laplace Theorem, which is a special case of the
Central Limit Theorem (Theorem 3.1.3) we stated for the more general situation with i.i.d. increments
with finite second moments. The argument is lementary and is based on explicit asymptotic computa-
tion using Stirling’s formula.

Theorem 4.1.1 (De Moivre-Laplace CLT). Let (Xy) > bei.i.d. RVs with
PXp=1)=P(Xp=-1)=1/2.
LetS, = Z:I Xi,n=1. Let Z ~ N(0,1) be a standard normal RV and define

S
Z, = —~.
vn
Then Z,, converges to Z as n — oo in distribution, namely,

lim P(Z, <2z)=P(Z < z).
n—o00

The proof is based on the asymptotic expression of simple symmetric random walk PMF (Lemma
4.1.3) based on Stirling’s approximation (Exercise 4.1.4).

Proposition 4.1.2. Ifc; — 0, aj — oo, andcjaj — A as j — oo, then
lim (1+c¢;) = e
n—oo

PROOF. Let y; = (1+c¢;)%. Thenlogy; = ajlog(l + ¢;). Note that

log(1+¢;)

logy; = ajcjc—j.

Recall that log(1 + x)/x — 1 as x — 0 (Use L'Hospital). Hence the above expression converges to 1-1 as
J — oo. It follows that y; — et as j — oo. g

Lemma 4.1.3. Let (Xy)i>1 bei.i.d. RVs with
P(Xp=1)=PXp=-1)=1/2.
LetSp,=Y}_, Xi,n=1. Iflim,, o, 2k/\/2n = x, then
P(San =2K) ~ () 2™,

where a,, ~ b, means a,!/ b, — 1 as n — co.

90
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PROOE. Note that S, =2k ifand only if n+ k X;’s are +1 and n— k X;’s are —1. Hence

19—2n
P(S2n =2k) = (nsz)fz” = %
By Stirling’s approximation (27),
@mi2?" o-2m 2nle)*"\ann
(n+k)i(n—k)! (n+k)/e)"*\2n(n+k)-(n—k)/e)" *\2n(n—-k)

B L n2n\/ﬁ
VI (n+ k)"t k- (n—k)kVn—k

1 k -n—k k —-n+k k -1/2 k -1/2
=— |1+~ 1- = 1+— 1-—
\/nn( i n) ( n) ( i n) ( n)

N N

Van n? n
Note that using Proposition 4.1.2, we have
2 "N k2
lim [1- —| =exp|lim — |=exp(x*/2)
n—o0 n2 n—oo 1 ’

k -k 2
lim (1+ —) =exp|— lim —) =exp(—x2/2),
n—oo n n—oo n

. k\* kP )
lim (1-—| =exp|— lim —|=exp(—x°/2).

n—oo n n—oo n

Moreover, k/n — 0o (1 + (k/n))~'? — 1. Combining the above equations, we get
VAP (S, = 2k) — exp(—x2/2).
This shows the assertion. 0
Now we prove the De Moivre-Laplace CLT.
PROOF OF THEOREM 4.1.1. Let 2Z denote the set of all even integers. Then

P(av2n< Sy, <bV2n) = > P(S2n = m)
melayv2n,bv2n)n2Z
= Z P(Szn:x\/ 271),

x€la,bln2Z/v2n

where we used change of variable x = m/v/2n and 2Z/+v/2n denotes the set of all even integers divided
by v2n. Then by Lemma 4.1.3,

Y PSwm=xV2m = Y __

—e
xela,bln2Z/v2n xela,bln2z/v2n VI

_ Z 1 e—x2/2 1

xelablm2ziyzn V2T Vni2

We recognize the last summation as a Riemann sum for the definite integral f : )~V 2512 dx, since
we are summing over all rectangles of width 1/v/n/2 within the interval [a, b]. This gives

b
Y PSa=xV2n) = .

—x2/2
—¢e dx.
x€la,blN2Z/v/2n a V21

The integral above equals P(a < Z < b), where Z € N (0, 1). This shows the assertion. U
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Exercise 4.1.4 (Stirling’s approximation). In this exercise, we will show that
n!~ (nl/e)"v2nn, 27)

where a;, ~ b,, means a, /b, — 1 as n — co.

(i) Compare the summation }.}!_, log k with Riemann integeral of log x to show that

n n+l1
f logxdxslogn!sf logxdx.
1 1
(i) Use the fact that [logxdx = xlogx — x + C to deduce that
nlogn—n<logn!< (n+1)log(n+1) —n.
(iii) Define
1
d, =logn!— (n + 5)10g(n) +n.
Show that
1 1
dy,—dys1 = (n+§)log(1+;)—1.

(iv) Use (iii) and the Taylor expansion

g1+ ) =1L L
n) n 2n% 3n® 4n*
to snow that
© -DFk-1) 1 2 3 4

dp—dps = = - + - +.e-
no o ,ngzk(kﬂ)nk 2:2.3n2 2-3-4n3  2-4-5n* 2.5-615

Use facts about alternating series to deduce
1
0<d,—dus1 < —-
n

(v) From (iv), deduce that d, is a decreasing sequence and

di—dp1=)_(de—dis1) < ) 2 < > 2 <%
k=1 k=1 k=1
Conclude that lim,,_., d,, = C for some constant C.
(vi) Using (v) and (ii), deduce

. n! C
nh_?.lo nh+li2gn
According to Wallis formula (see, e.g., ref), C =log v'2x. Thus we obtain Stirling’s approximation

27).

Exercise 4.1.5 (Convergence of product). This exericise generalizes Proposition 4.1.2 to triangular arrays.
Consider a trianglular array of sequence ¢y, 2,5, . .., Cp,n for n= 1. Suppose

n n
max |ck,,|=0(1), lim Z Cin =2, supz [Ck,nl < 00
I<k=n n—oo = n=1j=1

Then show that

n

lim [](1+ckn) =exp).

n—oo k=1


https://en.wikipedia.org/wiki/Wallis%27_integrals
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4.2. Weak convergence

So far we have studied two modes of convergence of RVs: (1) convergnece in probability that shows
up in the weak laws of large numbers (see, e.g., Theorem 3.5.1) and (2) the almost sure convergence that
shows up in the strong laws of large numbers (see, e.g., Theorem 3.5.1). In this section, we introduce
another mode of convergence that appears in CLTs and give it a systematic treatment.

Definition 4.2.1 (Weak convergence). A sequence of distribution functions F,, is said to converge weakly
(or in distribution) to another distribution function F, in which case we denote F;,, = F, if

r}im Fn(y) = F(y) forall yeRs.t. Fiscontinuous at y.
—00

If X, X,,, n=1 are RVs (not necessarily defined on the same probability space), then we say X,, converges
weakly (or in distribution) to X (and write X,, = X) if their distribution functions F,(x) := P(X, < x)
converge weakly. If u,, u for n = 1 are probability measures on R, then we say u, converge to u weakly
(and write u, = p) if the associated distribution functions x — u,((—oo, x]) converge weakly to x —
p((=00, x]).

Exercise 4.2.2. (Countable discontinuities of CDF) Let F denote the distribution function of some ran-
dom variable X. Show that F has at most countably many discontinuity points. Furthermore, show that
the set of continuity points of F is dense in R. (Hint: Let D = set of discontinuity points of F. For each
xeD,F(x")<F(x),s0l,:=(F(x1),Fx)isa non-empty open interval. Argue that if x, y € D are distinct,
then I, and I, are disjoint. Noting that each I, contain at least one rational number, deduce that D is
countable.)

Exercise 4.2.3 (Uniqueness of weak limit). Suppose F;, = F and F,, = G for distribution functions F, F,
and G. Show that A(F # G) = 0, where A denotes the Lebesgue measure on R.

4.2.1. Examples of weak convergence.

Example 4.2.4. Let (Xi)i>1 beiid. RVswithP(Xz =1) =P(Xz=-1)=1/2. Let S, = Zzlei, n=1. Let
Z ~ N(0,1) be a standard normal RV and define

Lp=—=.
n NG

Then Theorem 4.1.1 shows that Z,, = Z as n — oco. A

Example 4.2.5 (Weak convergence of empirical distributions). Let X;, X»,... be a sequence of RVs on
the same probability space (Q2, %,P) with common distribution function F. By the Glivenko-Cantelli
theorem (see Theorem 3.5.4),

1 n
Fp(x):=—) 1(Xx<x) — F(x) foralxeR.
n =1

In particular, this implies F,, = F as n — oco. In fact Glivenko-Cantelli shows that the convergence holds
for all points x, but weak convergence only requires the convergence only at the continuity points of F.
A

The following example shows that it is possible to have F, (x) — F(x) precisely only at the continuity
points of F.

Example 4.2.6. Let a RV X has distribution function F. Let X, := X+ n~1, which has distribution function
Fy, given by

Fo(x)=P(X,<x)=PX+n'<sx)=PX<x-nH=Fx-n).

Then lim—.o Fy(x) = limy, -, F(y) = F(x™). Since F is right-continuous, it follows that lim,—.., F(x) =
F(x) if and only if x is a continuity point of F. A
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Example 4.2.7 (Birthday problem). Let Xj, X, ... bei.i.d. RVs with uniform distribution on {1,..., N}. For
each N =1, define Ty :=max{n =1 : Xj,..., X, are all distinct}. Note that

P(Ty=m =[] (1—'”—_1). (28)
m=2 N

When N = 365, the above equals the probability of not having the same birthday in a class of n students.
This quantity is surprisingly small for modest values of n. To see this, let ¢,y := ’"T_l and consider the
triangular array ¢ n, ..., CLe/ NI N for N=1. Then

1-1 Lx\/NJ—l) lxvVN] -1
max = N

eeey =0(1),
N N 1

Z N N 2 2

XNl py 1 1 [xVN](lxvVN]-1)
sup Z — =sup— <00
Nzl o N N=1 N 2

W m-1_ 1 VNIGVN - <

’

Hence by Exercise 4.1.5, we have

lim P(Ty/VN = x) = lim P(Ty = |xVN]) = exp(—x?/2) forx=0.
N—o0 N—oo

Take N =365 and noting that 22/v/365 = 1.1515 and (1.1515)%2/2 = 0.6630, this yields
P(T365 > 22) = exp(—0.6630) = 0.515.

The above approximation is within 2% from the true value P(T545 > 22) = 0.524 that can be computed
from the exact formula (28). Thus, in a class of at least 22 students, there is at least 47% chance to have
two students of the exactly same birthday:. A

4.2.2. Theory on weak convergence. In this subsection, we give some theoretical results concerning
weak convergence.

The following result shows that one can construct a sequence of RVs converging almost surely to
realize a weak convergence of distribution functions.

Lemma 4.2.8 (Weak convergence realized as a.s. convergence). If F,, = F, then there are random vari-
ables Y, Yy, n =1, with distribution function F, so that Y, — Y a.s.

PrOOE. Following Proposition 1.2.13, we define RVs on the ‘standard probability space’ (Q2,%,P),
where Q = (0,1), 28 is the Borel g-algebra on (0,1) and P denotes the Lebesgue measure on (0,1). Let
Y, :(0,1) — R defined by Y, (w) :=sup{y : F,(y) <w} and Y (w) :=sup{y : F(y) < w}. For convenience, we
denote Y, (w) = F,;l(w) and Y(w) = F Yw). In Proposition 1.2.13, we have shown that F1 F,;l, n=1are
RVs with prescribed distribution functions. It remains to show that F,,! — F~! a.s.. To this end, we make
the following claims:

(a) For each w € (0, 1), define a,, :=sup{y : F(y) <w} and by, :=inf{y : F(y) > w}. Let Qp = {w : a, = b,}.
Then Q\ Qg is countable.
(b) F,;1(w) — F~1(w) for all w € Q.

Given the above claims, P(lim;_., Y; = Y) =2 P(Qp) =1 -P(Q\ Qp) = 1, since P is the Lebesgue measure
on (0,1) and P(Q\ Qp) = 0 since Q\ Qg is countable.

To justify (a), first note that a, < b, by the definition. Also from the definition, nonempty open
intervals (ay, b,) for w € Q\ Qg are disjoint. Hence these open intervals contain distinct rational number,
so the cardinality of Q\ Qg is at most the cardinality of the rational numbers. It follows that Q\ Qy is
countable.
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To justify (b), first observe that
y<F_1(w) = F(y)<w forweQ 29)
y>F_1(w) = F(y)>w forweQy.

Indeed, the first implication follows from the definition of F ~1. The second implication follows since for
w € Qy, F 1 (w) = a, = by, and y > b, implies F(y) > w by definition of b,,.
Next, fix w € Q and we show

liminfF, ! (w) = F~ ! (w). (30)
n—oo
Suppose for contradiction that the strict inequality < holds above. By Exercise 4.2.2, we can choose a
continuity point y of F such that lilgn infF,, Lw) < y<F ~1(w). If we choose a subsequence n(k) such that
—00

limy_o F;(lk) (w) = lirlln infF,; 1(w), then for all sufficiently large k= 1,
—00

Fio@) <y<F ().
Applying F,) and F to the first and the second inequalies with (29) and using the fact that they are
non-decreasing,
w=Fyu@), F()<w forall k> 1.
Butsince F;,, = F and since F is continuous at y, we have F,(y) — F(y) as n — oco. Hence by taking k — oo,

w=lim w=< lim F,4)(y)=F(y) <o,
k—oo k—oo

which is a contradiction. This shows (30).
Lastly, fix w € Q¢ and we show

limsup F, ! (w) < F (). (31)

n—oo
Suppose for contradiction that the strict inequality > holds above. By Exercise 4.2.2, we can choose a
continuity point y of F such that lirlln infF,1(w) > y > F"!(w). If we choose a subsequence n(k) such that
—00

limy_.o Fr:(lk) (w) =limsup F,, 1(w), then for all sufficiently large k = 1,
n—oo

Fpio@)>y>F ().

Applying F,,x) and F to the first and the second inequalies with (29) (here we need to use the hypothesis
that w € Qp) and using the fact that they are non-decreasing,

wzFyp@), F()>w forall k> 1.
Butsince F,, = F and since F is continuous at y, we have F,(y) — F(y) as n — oco. Hence by taking k — oo,

w=lim w= lim F,4 () =F}) > o,
k—o0 k—o0

which is a contradiction. This shows (31). This completes the proof. ([l

An immediate and important application of Lemma 4.2.8 is the following characterization of weak
convergence, which explains the naming of ‘weak convergence’.

Proposition 4.2.9 (Characterization of weak convergence). Let X, X,;, n = 1 be a sequence of RVs not nec-
essarily defined on the same probability space. Then X,, = X if and only if for every bounded continuous
function g :R— R, we haveE[g(X,,)] — E[g(X)].

Remark 4.2.10. If F,,(x) = P(X, < x), F(x) = P(X < x), then Prop. 4.2.9 shows that F,, = F iff E[g(X},;)] —
E[g(X)]. But by change of variables,

fg(X) an(X)ﬁfg(x) dF(x).
R R
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Similarly, if p,, = p is given, then by Prop. 1.2.13, we can cook up sequence of RVs X,, = X with y, =
PoX 'and u=Po X !sou, = wiff F, = Fiff X,, = X iff E[g(X,,)] — E[g(X)] for all test functions g iff

fg(x) dun(x)ﬁfg(x) du(x)
R R

for all test functions, by change of variables.

PROOF OF PROPOSITION 4.2.9. According to Lemma 4.2.8, we can choose a sequence of RVs Y, Y3,
n =1 such that X, 4 Y, X 4 Y, and that Y;, — Y a.s.. Then by BCT (see Theorem 1.3.16),

lim Elg(X,)] = lim E[g(Y,)] = Elg(Y)] = Elg(X)].

For the converse direction, suppose that for every bounded continuous function g : R — R, we have
Elg(X,)] — E[g(X)]. We wish to show that X, = X. This would be immediate if we can take g to be
the indicator function g,(y) = 1(y < x), but such indicator ‘test function’ is not allowed since we only
use bounded and continuous test functions. Instead, we approximate g, by a piecewise linear function.
That is, fix x € R and € > 0, and define a bounded and continuous function g, . by

1 ify<x
8xe()) =40 ify>x+e
1-1(y-x) ifxsysx+e.
Then1(y=x)<g:(y) <1(y<x+¢),s0
limsup P(X, < x) =limsup E[1(X}, < x)]

n—oo n—oo

<limsup E[gy ¢ (X,)]

= E[8x,e(X)]
<ElX=x+&]=PX=x+¢).

Letting € \, 0 and using the right continuity of CDF (see Prop. 1.2.12 (iii)), we deduce
limsupP(X, <x) <P(X<x) forallxeR.

n—oo
For the other direction, fix x € R and ¢ > 0, and define a bounded and continuous function h, . by
1 ify<ux
hx,s(J/): 0 ify>x—g
1+%(y—x) ifx—-e<sy=x.
Then1(ysx—€) < hy(y) <1(y <x),5s0

liminfP(X,, < x) =limsup E[1(X}, < x)]
n—o0 n—oo

= liminf E[Ay ¢ (X,)]
n—o00
= [E[hx,g (X)]
>El1X<x-¢8)]=PX=<x-¢).
Letting € \, 0 and using continuity of probability measure from below (see Prop. 1.2.12 (iv)), we deduce

liminfP(X, <x) = P(X<x) forall xeR.

n—oo

To finish, now let x be any continuity point of F. Then

liminfP(X, <x) =2 P(X <x) = P(X < x) = limsup P(X,, < x).

n—oo n—oo

This shows lim;,_.o P(X}, < x) = P(X < x), as desired. O
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Remark 4.2.11 (Test functions). At a high level, the role of a ‘test function’ is testing some aspect of an
unknown object. Think of slicing a high-dimensional and complicated shape by some two-dimensional
plane. You can look at the section (now it’s 2D) and study properties of it. That’s certainly not enough
to tell you the whole object, but still gives you some information. You can also take sections of multiple
other planes and study the corresponding sections. Technically if you study enough collection of such
sections, sometimes that gives you complete understanding of the object.

In our situation, a RV X is the object we want to know, and a function f: R — R gives some "section"
of X by the expectation E[f(X)]. If we take f to be of the form f(x) = 1(x < A) for A an interval, then
knowing E[ f(X)] for all such indicator test functions is enough to determine the distribution of X. Also,
if we want to know if X;, = X, then it is enough to know if E[f(X},)] — E[f(X)] for all f bounded and
continuous functions (Prop. 4.2.9).

As for another example in modern graph theory, there is a notion of a sequence of graphs G, con-
verging to a limiting objected U called a ‘graphon’ in a topology induced by the ‘cut metric’. A well-known
theorem by Lovaz states that G, — U if and only if f(G,) — f(U) for all f, which takes a graph/graphon
and gives the ‘homomorphism density’ of an arbitrary finite graph.

Theorem 4.2.12 (Continuous mapping theorem). Let g be a measurable function and let D¢ denote the
set of discontinuity of g. If X, = X andP(X € Dg) = 0 then g(X;) = g(X). Ifin addition g is bounded then
E(g(Xn)] — E[g(X)].

PROOF. First note that Dy is a Borel set. By Lemma 4.2.8, we may choose RVs Y;, =4 X;, with YV}, = Y
as. and X =4 Y. If f is continuous then Dfog € Dg 80 P(Y € Dfog) <P(Y € Dg) =P(X € Dg) =0 s0
P(Y € Dfog) =0. It follows that

P(f(g(Yn) — f(g(Y) =P (f(g(Yn) — f(g(Y))and Y ¢ Dy,g)
=P({w: lim fog(vu) = Fog(Y@)}niw: Y(®) ¢ Dyuyl)
P{w: fog(Y(w)) = fog(Y(w)}n{w: Y (w) ¢ Dogl)
=P({w: Y(w) ¢ Dfogl) = 1.
Hence f(g(Yy)) — f(g(Y)) as.. If, in addition, f is bounded then the bounded convergence theorem
implies E[f(g(Yn))] — E[f(g(Y))]. Since this holds for all bounded continuous functions f, it follows

from Proposition 4.2.9 that g(X,,) = g(X). For the second part of the assertion, note that ¥, — Y a.s. and
P(Y € Dg). So by a similar argument,

P(g(Yn) —g(V))=P({w: g(YVp(w) — gY )} n{w: Y(w) ¢ Dg})
ZP{w: Y(w) € Dgh) = 1.
Hence g(Y;,) — g(Y) a.s., and the desired result follows from the bounded convergence theorem. O
Proposition 4.2.13 (Equivalent conditiosn for weak convergence). These following are all equivalent:
i X,=>X;
(ii) For all open sets G <R, lirIlIliOI;JIf P(X,eG) =P(Xe€G);
(iii) For all closed sets K <R, limsupP(X, € K) <= P(X € K);

n—o0

(iv) For all Borel sets B< R withP(X € 0B) =0, lim;,_.P(X;, € B) =P(X € B).

PROOE. (i) = (ii) : By Lemma 4.2.8, we may choose RVs Y, =4 X,, with ¥, - Y ass. and X =5 Y,
where Y, Y, are defined on the same probability space (Q,%,P). Then since G is open, almost
surely,

liminf1(Y, € G) =1(Y € G).
n—oo

To see this, let A:={w : Y,(w) — Y(w)}. Then by the hypothesis, P(A) = 1. Fix w € A. Choose
a subsequence n(k) so that limy_.., 1(Yyx) (w) € G) = 0. This means for all large enough k = 1,
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Yo (@) € GC. Since G€ is closed, any limit point of the sequence Yy, (w) belongs to G°. Since
weA Yy —Yw) e G
P (liminf1(Y, € G) = 0) =P ({liminf1(Y, € G) =0} n 4)
n—oo n—oo
=P(YeG)=PA(Y €G)=0).
Since lirIlninf 1(Y, € G) and 1(Y € G) are RVs taking values from {0, 1}, this shows the desired
—00
conclusion. Now applying Fatou’s lemma (see Thm. 1.3.18) gives
liminf P(X,, € G) = liminf P(Y, € G)
n—oo n—oo
> P(liminf Y, € G)
n—oo
=P(Y @)
=P(Xe€q).
(ii)=(iii) : Apply the previous implication by noting that K¢ is open.

(i), (ili) = (iv): Let B and B° denote the closure and the intrerior if B, respectively. Note taht B and B°
are closed and open in R, respectively. The boundary 0B := B\ B°. Then

P(XeB)=P(X e B°UdB)=P(Xe€B°)+P(X €dB) =P(X € B°).
Since B < B < B°, we get
P(XeB)=P(XeB)=P(X€B°).
Thus by using (ii) and (iii),
limsup P(X,, € B) <limsup P(X,, € B) <P(X € B)=P(X € B),

n—oo n—oo

liminf P(X},, € B) = liminf P(X,, € B°) <P(X € B°) =P(X € B).
n—oo n—oo

Hence the conclusion follows.
(iv)= (i) : Let x be any continuity point of F, the CDF of X. Let B := (—oo, x]. Then P(X € 0B) =P(X =
x) = 0. Hence by (iv), lim;—.., P(X, € x) = P(X < x). Thus X,, = X.
O

Theorem 4.2.14 (Helly’s selection theorem). For every sequence F,, of distribution functions, there is a
subsequence Fy(i) and a right continuous nondecreasing function F so thatlimy_.. Fn () = F(y) at all
continuity points y of F.

ProoOE. We will first construct a candidate limiting function G on the rationals. Let g1, g,... be an
enumeration of the rationals. Since F;(q;) is an infinite sequence in the compact set [0, 1], there exists
a subsequence n(m; (k)) such that F,;, (r))(g1) converges to some point in [0, 1], which we will denote
as G(q1). Next, Fyn, k) (qg2) is an infinite sequence in [0,1], so we can choose a further subsequence
n(my(k)) of n(my(k)) such that F,(, k) (g2) converges to some point in [0, 1], which we will denote as
G(q2). Repeating this process, we can consturct a nested subsequences (171 (k))x>1 2 (12(k)) >1 2 -+ and
a function G : Q — [0, 1] such that

lim  Fyn,0)(qi) = G(g;) foralli=1.
k—o00

Now we take the ‘diagonal subsequence), ny := n(my(k)), k = 1. Then by construction,

klim Fn.(g))=G(q;) foralli=1. (32)

Note that G is non-decreasing over Q since if ¢,q’' € Q and g < ¢’, then F,, (q) < F,,(g") forall k = 1 so
taking k — oo gives G(q) < G(q').
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Next, we define a function F : R — [0, 1] by extending G to all reals by
F(x):=inf{G(q) : g€ Q, q > x}.

From the definition it is easy to see that F(x) < F(y) if x < y. Also, F is right-continuous. To see this, let
Xn \\ X. Then F(x,) \\ F(x) so lim,, .o, F(x,) =inf,>1 F(x;). Hence

lim F(x,)=infinf{G(q): g€ Q, g> x,}
X \X n=1

=inf{G(q) : g€ Q, g > x,, for some n > 1}
=inf{G(q) : g€ Q, g > x} = F(x).
This shows that F is a distribution function.
To complete the proof, we will show F,,, = F. Let x be a continuity point of F so that limy_ F(y) =
F(x). Fix € > 0 and pick rationals a, b, ¢ such that a < b < x < c and
F(x)—e<F(a)sF(b)<F(x)<F(c)<F(x)+e. (33)
By definition of F and since G is non-decreasing over Q,
F(a) = G(b) =G(c) = F(o).
From (33), this yields
F(x)—e<Gb) =G(c)<F(x) +e.
Now using (32) and Fy, (a) < Fy, (x) < Fy, (D), we get

F(x)—e < lim Fy, (b) <liminf Fy, (x) <limsup Fy, (x) < lim Fy, (c) < F(x) +¢.
k—o0 k—o0 k—o00 k—o0
Then taking € /0 shows limy_.o, Fp, (x) = F(x), as desired. ]
Remark 4.2.15. The limit F in Theorem 4.2.14 might not be a distribution function. For instance, let
a,b,c>0s.t. a+ b+ c=1and let G be a distribution function. Define F,, by

F,(x)=al(x=-n)+bl(x=n)+cGx)
Then F,, is a distribution function, as

cG(x) ifx<-n
F,(x) =< a+cG(x) if-n<x<n
a+b+cGx) ifn<x.

Now for any fixed x € R, lim;—. o Fy,(x) = a+cG(x), so F, = F where F = a+cG. But F is not a distribution
function since limy_., F(x) = a+c=1-b and lim,_._, F(x) = a. In other words, mass b ‘escapes to +oco
and mass b ‘escapes to —oo’. This type of ‘improper weak’ convergence is called the vague convergence.

Definition 4.2.16 (Tightness). A sequence of RVs X, is tight if for each € > 0, there exists M, > 0 such
that
limsup P(| X, | > M) <e.
n—oo
(in words, ‘no mass excapes to +oo’). A sequence of distribution functions F,, n = 1 is tight if for each
€ >0, there exists M, > 0 such that
limsup Fp(—M,) +1—F,(M,) <.
n—oo
Exercise 4.2.17 (Tightness and weak convergence). Show the following statement: Let F,, be a sequence
of distribution functions. Then every subsequential limit of F;, is a distribution function if and only if
(Fp) n=1 is tight.
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Exercise 4.2.18 (A sufficient condition for tightness). Let F,, be a sequence of distribution functions.
Show that (F,) > is tight if there exists a function ¢ = 0 such that ¢(x) — 0 as |x| — co and

sup | ¢(x)dF,(x) <oo.
n=1
Exercise 4.2.19 (The Lévy metric). Let 2 denote the space of all distribution functions. Define a function
0:9 x99 —Rby
p(FEG) =inf{e : F(x—€)—e<G(x)<F(x+¢&)+eforall x e R}.

Show that p defines a metric on 2. Furthermore, show thatif F, F;;,n = 1 are in &, then F,, = F if and only
if p(F,, F) — 0.

Exercise 4.2.20 (Slutzky’s theorem). Show thatif X, > X and Y, — yeR, then X, + Y, => X+ y.

4.3. Characteristic functions

In this section, we introduce the theory of characteristic functions. Roughtly speaking, one considers
a function ¢ that ‘represent’ a random variable X in a way that study of RVs can be transfered to a study
of functions. In this section, we let i := v/—~1 and let C := {a+ ib : a, b € R} denote the set of all complex
numbers. For a complex number z = a + ib, we denote Re(z) := a (the real part of z), Im(z) := b (the
imaginary part of z), Z := a— ib (the complex conjugate of z), and |z| = vV a? + b? = zZ (the modulus of z).

4.3.1. Definition and the inversion formula. One can define a complex-valued RVs in a straightforward
mannaer. That is, let (Q, %,P) be a probability space. We can put the Borel o-algebra 98 on C the usual
Borel o-algebra we put on R? by identifying a + ib with (a, b). Then a complex-valued RV is simply a
measurable function Z : (Q, %) — (C, A).

Definition 4.3.1. Let X be a RV. We define its characteristic function ¢ x : R — C by
px(1):=E[exp(—itX)] =E[cos(+X)] + iE[sin(zX)].

In general, if u is a probability measure on a (R, 98), then the characteristic function ¢, of y is defined by
Qu(t):= f exp(—itx) uldx) = f cos(tx) u(dx) + if sin(tx) p(dx).
R R R

Note that if u is the distribution of a RV X (i.e., u = Po X~1), then the characteristic functions of X
and u as defined above agree by the change of variables formula (see Thm. 1.5.3).

Proposition 4.3.2 (Basic properties of characteristic functions). Let X be any RV and let ¢ be its charac-
teristic function. Then the following hold:
i) p0)=1;
(i) (-1 =¢(2);
(iii) [@(2)| = |E[exp(itX)]| <E[lexp(itX)|] =1;
@iv) lp(t+h) —p)|<E [I exp(itX) - ll], so @(t) is uniformly continuous on (—oo,0);
V) @ax+p(t) =exp(ith)px(at).
PROOF. (i) Trivial.
(ii) p(—=1) =E[cos(—tX)] + iE[sin(—tX)] =E[cos(tX)] — iE [sin(tX)] = ¢(1).
(iii) Let f(x, y) = v/x?+ y?, which is a convex function. By multivariate Jensen’s inequality (see Exercise
1.5.13),

|Elexp(itX)]] = f(E[cos(¢X)], E[sin(¢X)]) <E[f (cos(¢X),sin(¢X))| =E[1] = 1.
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(iv) Note that
o+ ) = (0] = [E[ (€™ = De'™¥] | < E[|(e™¥ - ei]]
o <e[Jos 1)
Since [¢/"X —1| <2 and |e"X — 1| — 0 as h — 0, we have E [|e!"* — 1|] — 0 as h — co by BCT (see

Theorem 1.3.16). Since this convergence does not depend on ¢, uniform continuity of ¢ follows.
(e) E[exp(it(aX + b))] = exp(itb)E[exp(iatX)] = exp(itb)p(at).

:[E[|(eihX_1)|

0

The following factorization property of the characteristic functions is a key to analyzing sums of
independent RVs.

Proposition 4.3.3 (Factorization property of the characteristic functions). Let X,Y be independent RVs
on the same probability space. Then @ x.y(t) = @x(t) @y (t) forallt.

PROOE. Note that exp(itX) and exp(itY) are independent since X and Y are independent (see Prop.
2.2.6 and Lem. 2.3.2). Hence

@x+y (1) =E[exp(it(X+Y))] =E[exp(itX)exp(itY))]
=E[exp(itX)]|E[exp(itY))] = px(D)py (1).

O

Example 4.3.4 (Coin flips). Let X be an RVwithP(X =1) =P(X =-1) =1/2. Then

it 4 o~it
px(t)= — = cos(1).
A
Example 4.3.5 (Poisson). Let X ~ Poisson(1), so P(X = k) = Ak]f!% for k=0,1,.... Then
X Ake_)“ e (Ae”)k it it

_ itk _ A _ A ettt _ A(et'-1)

(PX(l‘)—k;]e e ];)—k! =e e’ =e .
A

Example 4.3.6 (Normal). Let X ~ N(0,1), so X has PDF fy with fx(r) = 1) /2" "/2. Then

1 . 2
(1) = f eltxe—x /de
Px Vo JR

1 (x—it)?
= —t2/2f (— )d )
exp( ) . exp 2 X

The integral in the last expression should be 1 since it is the integral of the PDF of the normal distribution
with ‘mean i’ and variance 0. This will show

Px(t) = exp(—12/2).
(See [ , Ex 3.3.5] for a more rigorous justification.) A

Example 4.3.7 (Uniform). Let X ~ Uniform((a, b)), so X has PDF fx with fx(t) = %l(x € (a,b)). Then

—a
1 b . eitb_eita
H=——| e¥dx=———.
¢x(0) b—a[a ittb—a)

pith_pit

In particular, if a = —b, then ¢ x () = Th =sin(tb)/(bt) . A
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Example 4.3.8 (Exponential). Let X ~ Exp(A), so X has PDF fx with fx(t) = e **1(x = 0). Then
plit=Ax) ro 1

<Px(t)=7tf e”xe"”dx:/lf e(”"”xdxzft[ -
0 0 it—A

0

In particular, if a = —b, then @ x(¢) = %.eb_”b =sin(tb)/(bt) . A
In the following result is a characteristic function version of the well-known Fourier inversion for-

mula. An important corollary of it is that the characteristic function uniquely determines the distribution

(see Corollary 4.3.11).

Theorem 4.3.9 (Inversion formula). Let ¢(t) := [ e''* u(dx) where u is a probability measure. If a < b,
then

1 T e—itu _ e—itb H({a’ b})
lim — —— (N dt=ul(a, b)) + .
T—oo 27 J-T it (,0( ) 'u(( ) 2
PROOE. Denote
::git,x)
T p-ita_ ,-ith T [ g-ita_ g-ith
It :=f ————o(ndt :f f— e'™ pdx)dt. (34)
-T it -T it
We would like to apply Fubini’s theorem to interchange the integrals in the last expression. For this,
observe that
e~ita _ p=ith b
_— :f e 'dx, (35)
1t a
so by the multivariate Jensen’s inequality (see Exercise 1.5.13),
p-ita _ o=ith b
, sf le”"™|dx=b-a. (36)
it a

Since |e!’*| < 1, it follows that the integrand g(t, x) in the last expression in (34) is uniformly bounded by
b — a. Since p is a probability measure, it follows that f_TT f lg(t,x)|lu(dx)dt < 2T (b - a) < co. Hence we
can apply Fubini’s theorem and use the fact that cos(#)/¢ is an odd function to get

T eit(x—a) _ eit(x—b)
IT:ff - dtu(dx)
RJ-T it

T o _ T «j -
:f(f Mm_[ SN =b) ) . @37)
r\J-1 t -T t

Now we introduce the following notations

T o T o;
RO,T) :=fTsthtdr, sm::f Sl—rtltdt, sgn(x) = 1(x > 0) — 1(x < 0).
- 0

Then we have

dt=2

T o 0T o
R(B,T)zzf sin@t f sin(u)
0

0
Note that lim7_. S(T) = /2 by Exercise 4.3.10, so we get lim7_., R(6, T) = wsgn(0). It follows that

du=2S0T)=2sgn(@) S(0|T).

0 ifx<aorx>b
TliilgoR(x—a,T)—R(x—b,T):Ra,b(x) =12n ifa<x<b
n ifxef{a, b}
Now (37) and BCT yield the desired result as

T—o0

lim IT:fRa,b(x)ﬂ(dx) =2nu((a,b) +nu(ia, b}).
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O

Exercise 4.3.10. Show that (x, y) — e~ sin x is integrable on (0, a) x (0, c0) with respect to the Lebuesgue
measure on R2. Use Fubini’s theorem to deduce

2sinx o0
—— dx = arctan(a) — (cos a)
0o X 0

e_ay ye_ay
1+y? 1+ y?

dy—(sina)f
0

By using the bound 1+ y? < 1, deduce that

=—.
a

2sinx
dx — arctan(a)
0o X

Further, show that lim,—.c [y’ % dx =lim,_arctan(a) = §.

Corollary 4.3.11. Let X and Y be RVs and suppose they have the identical characteristic functions. Then
X=4Y.

PROOE. Let u and v denote the distributionx of X and Y, respectively. By Theorem 4.3.9,

u((a, b)) + %’b}) =v((a, b)) + @ for all a,b € Rwith a < b. (38)

Let Ax :={xeR: u({x})>0}and Ay :={xeR : v({x}) and B:=R\ (Ax U Ay). Note that Ax corresponds to
the set of discontinuity points of the distribution function of X, x — P(X < x), so itis countable. Likewise,
Ay is countable. The set B consists of the common continuity points of the distribution functions of X

and Y. Note that B is dense in R.
Fix z € Ax. Then we may choose y < z with y € B so that (38) gives

({izh v({z})
2

ul(y, 2)) + =v((y,2) + .

2

Letting y / z with y € B (we can do this since B is dense in R), and using continuity of probability
measures, we deduce p({z}) = v({z}). This holds for all z€ Ayx. By symmetry, this shows

u(z) =v({z}) forallze AxuU Ay. (39)
Hence, it follows from (38) and (39),
ul(a, b)) =v((a,b)) for all a,b e Rwith a < b.

Since the set of open intervals form a 7-system and generate the Borel o-algebra on R, by Lemma 1.1.38,
we conclude = v. 0

Exercise 4.3.12. Let X be aRV. Ifits chatacteristic function ¢ x takes values in R, then show that X =; — X.

Exercise 4.3.13 (Sum of independent normals = Normal). Let X; and X, be independent normal RVs.
Use the inversion formula (Theorem 4.3.9) to deduce that X; + X» has the normal distribution with mean
E[X;] +E[X>] and variance Var(X;) + Var(X>).

When the characteristic function ¢ of a probability measure y is integrable, then y admits a PDF
which is given by the inverse Fourier transform of ¢.

Proposition 4.3.14 (Inverse Frourier transform of integrable characteristic ft.). Let u be a probability
measure on (R, 98) and let ¢ be its characteristic function. Suppose [ |¢(x)| dx < co. Then u has a bounded
and continuous density function

1 .
f» ::—f e "o dt.
27 Jr



4.4. PROOF OF CENTRAL LIMIT THEOREM 104

PROOFE. We first note that, by the inversion formula (see Thm. 4.3.9), for a < b,

T ,—ita _ ,—ith
pabh L[t par.
T=0o 2T J_T i

u((a, b)) +

Let fr(x) := M(p(ﬂl(—T <= x < T). Then |fr(x)| < (b— a)lp(x)| (see (36)), so fr is dominated by

(b — a)p, which is integrable by the hypothesis. Hence by DCT, we have

—ita _ ,—ith
plabh) 1 e 7 . (40)

plla by + 2 21w it

Note that the right hand side above is

b-a T b-a [~
< 1li _— Nldt< —— nldt,
oo 2n —Tl(p( ) 27 f—ool(p( )

where the first inequality above uses (36) and the second inequality uses DCT with functions fr(x) :=
l(x)|1(—T < x = T) and the integrability hypothesis of ¢. It follows that u is a continuous measure (i.e.,
has no point mass, p({a}) = 0 for all a € R). Hence from (40), (35), and Fubini’s theorem,

1 b,
= — -y
u((a, b)) Zﬂfu%([a e dy)(p(t)dt

—fb(ife‘”y (t)dt)d
=) \2r ke ¢ V.

The above holds for all open interavals (a, b). Hence by Lemma 1.1.38, it follows that f in the statement
is indeed a density function for u. That f is bounded follows easily from the hypothesis. The continuity
of f follows from DCT. Indeed, noting that

}ll{‘l’(l)|f(x+ h)— f(x)| = lim

h\O |27

if e_itx(e_ith—l)(p(t)dt‘
R

i b “ith _
= lim 2nfR|(e 1)(p(t)| dt

1 .
=— |1 “ith _ Dol de=o0,
- Rh{% |(e Jp( )|

where for the second equality, we used DCT for gy, (x) := |(e_”h — 1)(p(t)| —0a.s. and gn(x) <2|px)|. O

4.4. Proof of Central Limit Theorem

Lemma 4.4.1 (Continuity theorem). Lef i, 1 < n < oo be probability mesaures on (R, 28) with character-

istic functions ¢y,.

@) Ifun,= U, then @, (t) — Yo (t) forall t € R.

(i) If (1) converges pointwise to a limit ¢(t) that is continuous at 0, then the associated sequence of
distributions (i, is tight and converges weakly to the measure u with characteristic function ¢.

PROOE. (i) Let Xy, 1 < n < oo be RVs with distribution function x — i, ((—00, x]) (see Proposition
1.2.13). Fix t € R. Since x — e'’* is bounded and continuous function, by Proposition 4.2.9,

On(t) = Elexp(itX,)] — Elexp(i tXeo)] = Qoo ().

(ii). In order to show tightness of (u,),>1, we first note that by Exercise 4.4.2, the tail of u, can be
controlled by its characterstic function ¢, as

Un(x x| >2/u}) < u’lf (1-@n()dt, forall u>0. (41)

[—u,ul



4.4. PROOF OF CENTRAL LIMIT THEOREM 105

Fix € > 0. First we observe ¢(0) = lim,_. ¢, (0) = 1. By the hypothesis ¢ is continuous at 0, so
we get lim;_o, () = 1. It follows that

u—0

lim u_lf (1-@)dt=0.
[—u,ul

Hence we may choose u(g) > 0 small enough so that the integral in the LHS above is bounded
by €/2 for all u < u(g). Also, note that by BCT, we have

lim u_lf[ ](1—(pn(t))dt: u_lf (1-@)dt<el2.
—-u,u

n—oo [—u, ul

Thus we may choose N(¢) = 1 such that for all n = N(¢), the integral in the LHS is at most ¢.
Henec by (41),

Un(x : x| >2/u}) <e forall u<u(e) and n= N(e).

This shows that (u,) =1 is tight.

Now we conclude (ii). Let F,, denote the distribution function of i for n = 1. Choose an
arbitrary diverging subsequence (n(k))r>1. By Helly’s selection (see Thm. 4.2.14), there exists
a further subsequence n(k(m)) such that Fy i) = F as m — oo for some right-continuous
and increasing function F. By tightness and Exercise 4.2.17, F must be a probability distribu-
tion function. Let p denote the probability measure whose distribution function is F (such p is
unique by Lem. 1.1.38). By (i), the characteristic function of u is ¢. Since characteristic function
uniquely determines the associated probability measure (see Cor. 4.3.11), it follows that u does
not depend on the subsequence n(k) and the further subsequence n(k(m)).

To finish the proof, let f : R — R be a bounded and continuous function. Consider the
sequence of real numbers a,, := [ f du,. From what we just proved in the above paragraph, we
have that every subsequence of a, has a further subsequence that converges to a:= [ fdu. It
follows that a, — a as n — oco. Since this holds for all bounded continuous test functions f, by
Prop. 4.2.9, we conclude that u, = p.

O

Exercise 4.4.2 (Tail bound and characteristic function). Let X be a RV and let ¢ be its characteristic
function. Show that for each u > 0,

1 u
P(IXIEZ/U)SE (1-g()dt.

Exercise 4.4.3 (Tail bound of Taylor expansion of complex exponential).

n P\ n+l n
Fro Y 07| _ Ixl 2|x]|
m—o m! (n+1)! n!
Lemma 4.4.4 (Moments and characteristic function). Let X be a RV. Then the following hold:
. nOE[(eX)™ el n
M |ox(0- )Y ————|<E[leXI""" A2]zX]|"]
m=0 m!

(i) IfE[X%] <oo, then gx () = 1+ itE[X] - LE[X2] + 0(12).

PROOF. (i) From Exercise 4.4.3, we have

; 1
e'tX — i (X" < X)X <[eX|" A 21 X"
m=o m! (n+1)! n!

almost surely. Taking expectation and using Jensen’s inequality then shows the assertion.
(ii) From (i), we have

2
ox(t) - (1 +itE[X]— %[E[XZ]) < PE[ItIXP A21X1?].
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Let Y; denote the RV in the expectation in the RHS above. Then Y; — 0 a.s. as ¢t / 0, and
|Y;| < 2|X|?. Since E[X?] < oo, by DCT, it follows that E[Y;] = o(1).
O

Now we are finally ready to prove the classical central limit theorem for i.i.d. increments under sec-
ond moment assumption.

Theorem 4.4.5 (CLT). Let (X)i>1 bei.i.d. RVsand let S; = ZZ:I X;, n=1. SupposeVar(X;) = 0> < co. Let
Z ~ N(0,1) be a standard normal RV and define
Sp—un _Spln—p Xl—u+m+ Xn—H

oyn  olyn oyn ovn

Zp =

Then Z, = Z as n — oo.

PROOE. First notice that we can assume E[X;] = 0 without loss of generality. Then 0? =Var(Xj) =
[E[Xlz] —E[X;]% = [E[Xlz]. Since the increments X;’s are i.i.d., we have

@E[eS"] = E[e'M1]E[e! 2] - -E[e'"] = E[e!®1]",

By Lemma 4.4.4 and Prop 4.3.3, we have

252 n
@s, (D) =px, ()" = (1 5 + o(tz)) .

This and Prop. 4.3.2 (v) yield

t? "
0z, () =@x, (D" = (1 —5t o(tzln_l)) :
It is easy to extend Prop. 4.1.2 for sequences of complex numbres. Hence the RHS above converges to
exp(— t2/2) for all t € R as n — oo. With Example 4.3.6, we conclude that
@z, () —exp(~t*/12) = pz(t) forall teR.
Then by the continuity theorem (Lemma 4.4.1), it follows that Z, = Z. O

As a typical application of CLT, we can approximate Binomial(n, p) variables by normal RVs.

Exercise 4.4.6. Let (X;;)>1 be a sequence ofi.i.d. Bernoulli(p) RVs. Let S;; = X1 + -+ Xj,.

(i) Let Z, = (S, —np)/y/np(1-p). Use CLT to deduce that, as n — oo, Z; converges to the standard
normal RV Z ~ N(0, 1) in distribution.
(ii) Conclude that if Y; ~ Binomial(n, p), then

Y,—np

vnpl-p)

(iii) From (ii), deduce that have the following approximation

Zsﬂ),

vnp(l-p)

= Z ~N(0,1).

P(Y, <x) =P

which becomes more accurate as n — oo.

Exercise 4.4.7. Let (X;;);>1 be a sequence ofi.i.d. Poisson(1) RVs. Let S;, = Xj +--- + Xj,.

(i) Let Z, = (S, —nA)/vnA. Show that as n — oo, Z,, converges to the standard normal RV Z ~ N(0,1) in
distribution.
(ii) Conclude that if Y;, ~ Poisson(nA), then
Y,—nA

vnA

= Z~N(0,1).
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(iii) From (ii) deduce that we have the following approximation

P(Ynsx):lP(Zs x_n’l),
vnl

which becomes more accurate as n — oo.

4.4.1. CLT for triangular arrays. The standard CLT (Theorem 4.4.5) applies only for i.i.d. RVs. However,
there are some instances where we will have to use CLT for independent but not identically distributed
RVs. (e.g., CLT for the difference of sample means X-Yin Example 4.4.13'. In order to handle this, we
introduce extentions of CLT for trianglular array of independent RVs.

Consider the following triangular array of RVs:

X1 — independent
X1, Xo2 — independent
X3;1, X3:2, X3:3 — independent

Namely, all RVs that appear in the above triangular array are independent, and for each k = 1, the kM row
consists of k RVs Xj.1,..., Xi.x with finite variance. We are interested in the following statement

(Z?:I Xn;i) -k [Z?:I Xn;i]
Var (er'lzl Xn;i)

The above statement is not alway true. A sufficient condition for this is provbided by the following
Lindeberg-Feller CLT.

N(0,1) asn— oo.

Theorem 4.4.8 (Lindberg-Feller CLT). For each n =1, let X;.1,..., Xp,m be independent RVs with mean
zero. Suppose the following hold:

(i) (Limiting variance) There exists o > 0 s.t. 22’1:1 [E[X,Zl;m] —coasn— oo.
(i) (Tightness) Foralle>0,Y." _, [E[IXn;mlzl(IXn;mI >¢)] — 0 asn— oco.
Let Z ~ N(0,1). Then X1 + -+ Xp;n = 0Z as n — oo.

PROOE. Denote Z,, := X;.1 + - + Xp;n. Since the increments X,,.;’s are independent., we have

n
®07,) = [] @x,.(0).
m=1
By the continuity theorem (Lemma 4.4.1), it suffies to show that

n
l_[ P X, (1) = exp(—t202/2) forall t e R.

m=1
%. Fix € > 0. Then by Lemma 4.4.4,
|@nim = Brsm| < E 16X pm[® A 218 X ]
<E[1tXpnmP 11 Xpm < €D] +E[20E X *1 (X > ©)]
< eF [| X1 X < €D] + 282E [| Xy |21 Xy > €)]
< e [Xp. ] + 20°E [| Xy |1 X > €)] -

Denote ap;m := @x,, (1) and By, :=1—

Summing over m = 1,..., n and using hypothesis (ii), we get
n

limsup Y |@nm — Pryml < 0.
n—oo m=1

TAlso in Wilcoxon's signed-rank test in statistics
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Then by letting € \, 0, we see that the limsup in the LSH above is zero for each ¢ € R.
Next, recall that for each fixed t € R [¢z, (£)| < 1 (see Prop 4.3.2). Also, hypothesis (i) yields that for

2 2
large enoughn=1, |1 - d [E[X"'"] | < 1. Hence by Prop. 4.4.9 with 8 = 1, we deduce
' n rPE[X2.,,)] n
Jlim wzn(t)—ngl(l—T < ’}Hgor;l|anm Apyml =
Thus, in order to conclude, it is enough to show that
n r*E[XE.,,]
lim [] (1 - ﬁ) = exp(-t*0?/2). (42)
n—oo . 5 2
Let ¢pm := —t2E[X3,,,,]/2. By the hypothesis (i), we have lim, o X 11,_, ¢n;m = 0%. Hence by Exercise

4.1.5, we will have (42), provided that we check the following conditions:

n

max |cg,l =0(1), sup ). lckql <oo. (43)
1<k<n n=1 j=1

The second condition follows directly from the hypothesis (i). For the first condiion, fix € > 0 and write
E[X. ] < ELXG (1 Xpim| < €)1+ E[X. 1 X > €)]

= & +E[Xp,, 1 Xpym| > €)]
n
=&+ Y E[Xp 1 Xnml > )]
m=1

According to the hypothesis (ii), this shows

limsup max [E[Xn ml < <&

n—oo l=m<

By letting € \, 0, we see that the limsup in the LHS above is zero. This yields the first condition in (43), as
desired. t

Proposition 4.4.9 (Comparing product of complex numbers). Let ay,...,a, and by,...,b, be complex
numbers of modulus at most 0. Then

n n
[T am— 1 bm
m=1 m=1

n

m=1
PROOE
n n n n n n
[T am— 11 bm|<|ar [] am—a1 [] bm|+|a1r [] =01 [] b
m=1 m=1 m=2 m=2 m=2 m=2
n n
<0|[] am— [] bm|+la—b1160"".
m=2 m=2
Then the assertion follows by an induction. g

Exercise 4.4.10 (Lyapunov’s CLT). Suppose we have a triangular array of independent RVs, X1, ..., Xy
for n = 1. Suppose the Lyapunov’s condition holds: There exists § > 0 s.t.

" E[1Xni — E[Xp;]1770]

2+0
\/ ZZ:I Var(Xy;;)

Then show that the hypothesis of Lindeberg-Feller CLT in Thm. 4.4.8 holds for the normalized triangular
array (S; = Xp1 +---+ Xna)

—0 asn—oo. (44)

Xn;l Xn;l
VVar(S,) " VVar(S,)’
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4.4.2. Applications of CLT for confidence intervals. Suppose we have 7 i.i.d. RVs Xj,..., X, with mean
w and finite second moment. We are interested in the deviation probability P(|X — u| > £), which will give
a confidence interval for the population mean u using the sample mean X := n~'S,, as its estimator. A
typical practice in statistics is to “use CLI” as

u»( 87 —u|> g) —P(1Zal>evn) E P(1Z1>evn),

where Z, = n~! Y7 Xk —w and Z € N(0,1). However, the approximation step marked as “CLT” does
not make sense, since CLT holds when the sample size n — oo but the last expression compares with | Z|
with £y/n — oo as n — oo. A cleaner approach is to start from the CLT statement P(|Z,| < z) — P(Z < z)
as n — oo and manipulate the events to match up with the desired event involving X, as discussed in
Exercise 4.4.11.

Example 4.4.11 (Confidence interval for the mean with known variance). Let (X;);>o be a sequence of
i.i.d. RVs with unknown mean p but known variance 2. Here we do not know if X;’s are drawn from a
normal distribution. By CLT, we have

X-
olvn

as the sample size n — oo. In other words, Z;,, becomes more and more likely to be a standard normal RV,
soforany zeR

Zo=2"E 7 N1,

PZ,=2)=P(Z=2)

when 7 is large enough.
From this we can construct a confidence interval for u similarly as in Example 4.4.13. Namely,

p (—Za/g Xk Za/g) ~1-a. (45)
olvn
Rewriting, this gives
(].LE X - Zal2—— g X+Za/2 ])zl—a.
vn' vn

That is, the probability that the random interval [X Zal2 = f X+ 2zg2 \F] containing the population
mean  is approximately 1 — a. In this sense, this random interval is called the 100(1 — a)% confidence in-

terval for u. For instance, noting that zg g5/2 = 1.96, [x 1.96 \‘}, x+1.96-% ] is a 95% confidence interval

for p. A

Exercise 4.4.12. Let X equal the length of life of a 60-watt light bulb marketed by a certain manufacturer.
Assume that the distribution of Var(X) = 1296. If a random sample of n = 27 bulbs is tested until they
burn out, yielding a sample mean of X = 1478 hours, what is the corresponding 95% confidence interval
for p?

Example 4.4.13 (Confidence interval for the difference of two means). Let X and Y be independent RVs
such that E[X] = px, Var(X) = a%, E[Y]=puy, and Var(Y) = a%,. Suppose we do not know if X and Y have
normal distribution but we know o x and oy. Then by using CLT, all our confidence interval estimates in
the previous example hold asymptotically. Namely, by CLT,

XﬁN(ﬂx,O%(/n), Y:'N(px,(f%,/m),
as n, m — oo. As all samples are independent, we should have, as n, m — oo,

2 2

- _ o g
X-V=> . GF R
(.UX Ky " m)
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(See Exercise 4.4.14 for a rigorous justification of the above). Thus when n and m are large, X — Y nearly
follows normal distribution above. This implies the following 100(1 — a)% (approximate) confidence
interval for ux — uy:

2 2 2 2
- _ g g _ _ g g

Plux—py € [(X=V)—zap|| =+ L, X -V + 20\ =+ | |=1-a
n m n m

For instance, let n = 60 ,m = 40, X = 70.1,y = 75.3, ag( = 60, a%, =40, and 1 — a = 0.90. Note that
1-a/2=0.95=P(Z <1.645) for Z ~ N(0,1). Hence z,,2 = 1.645, so

2 2
[o5% o 60 40
Zar\| == + —L =1.6451/ — + — = 1.645-v/2 = 2.326.
n m 60 40

Noting that X—j = —5.2, we conclude that [-5.2-2.326, -5.2+2.326] = [-7.526,—2.87] is 2 90% confidence
interval for ux — py. In particular, we can claim that, with at least 90% confidence, py is larger than px
by at least 2.87. A

Exercise 4.4.14 (Lyapunov’s CLT for the Difference of sample means). Let X, Y be two RVs with E[X] =
px, E[Y] = py, 0% := Var(X) < oo, and 0% := Var(Y) < co. Let Xj,..., X, be i.i.d. samples of X and let
Y1,..., Y be ii.d. samples of Y. Further assume that X; and Y; are all independent. The goal is this
exercise is the prove that the difference X — Y of the sample means satisfy the CLT, that is,

(X-Y) - (ux—py)

= N(0,1) asn,m— oo. (46)

The standard CLT for i.i.d. RVs does not apply since X;’s and Y;’s have possibly different distribu-
tion. We will use a more general a particular instance of Lindeberg-Feller CLT for triangular arrays using

Lyapunov’s condition (see Exercise 4.4.10).
- — _ _ 2 2
(i) Show that E[X — V] = px — py and Var(X - ¥) = 2% + 2L,
(ii) Fix sequences (ny)n=1, (my)n=1 such that ny + mpy = N for all N = 1. In light of Exercise 4.4.10,
consider the following ‘triangular array’ of N RVs:

Nth row: XllnN, Xg/nN,...,XnN/nN, YllmN, Yz/mN,... YmN/mN. 47
—— —— —_—— —— Y—— ——
WI;N WZ;N WnN;N WnN+1;N WnN+2;N WN;N

Show that, for each 6 >0,
YN EIWin —EWnP*01 i P ENX - px P01+ my O ENY — py 7]

- 2+0 5 . 2+
V/Z i, Var(Wn) o, of

nn mpy
2+ 2+0
_ EIIX — px[?*9) N EIY = py [*]
- 2+68 2+6
1;72 -1 2 15[5?2 2 11;:572 -1 2 153?2 2
1+
ny 0X+(nN /mN)UY my; UX+(mN /nN)aY

(iii) From (ii) deduce that the Lyapunov’s condition (44) for the triangular array (47) is satisfied for § > 0,
ny, and my whenever

E[X - ux**®] <oo, E[Y —pyl**?l<oo, lim ny=oo, lim my =oo. (48)
N—o0 N—o0

(iv) From (i), (iii) and Lyapunov’s CLT (see Exercise 4.4.10), deduce that (46) holds whenever the first
two moment conditions in (48) hold.
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4.5. CLT with rate of convergence: Berry-Esséen theorem

What can we say about the rate of convergence in CLT? Obtaining a non-asymptotic convergence
bound is theoretically important, but also this question is practically motivated as well. For instance,
what is the error of approximation in (45) when we constructed confidence interval? Given € > 0, can we
find a sufficiently large sample size n such that

IP(Z,=2)-P(Z<2)|<¢€?

If the RVs have finite third moment, the following classical result by Berry and Esséen provides such
bound.

Theorem 4.5.1 (Berry-Esséen theorem). Let X1,..., X, be i.i.d. RVs with zero mean, unit variance, and
finite third moment. Let Zy, := n~V2(X; +---+ X,;) and Z € N(0,1). Then for any a€ R,

P(Zy<a)-P(Z<2)=0mn "*E(1 X)),
where the implied constant in O(-) is absolute.”
PROOE. See Terrence Tao’s blog: link. U

In this section, we will introduce a short and elegant proof of a weak version of Theorem 4.5.1 using
the so-called “Lindeberg replacement trick”.

Theorem 4.5.2 (Berry-Esséen theorem, weak form). Let Xj,..., X, be i.i.d. RVs with zero mean, unit
variance, and finite third moment. Let Z,, := n‘”z(Xl +---+X,) and Z € N(0,1). Then for any smooth
function f : R — R with uniformly bounded derivative up to third order,

Elf(Z)] -ELf(2)] = 0| n Y2EN X, P] sup|f" (x)I],

xeR

where the implied constant in O(-) does not depend on f.

PROOE. A first key step is to decompose a single standard normal RV Z into the sum of ni.i.d. normal
RVs. Let V3,...,Y, beii.d. standard normal RVs and let W,, := n~}(Y; +--- + ¥},). Note that W,, =4 Z ~
N(0,1) by Exercise 4.3.13. Next, we consider a ‘continuous transform’ from Z,, to W,, by replacing Xj with
Yi for k=1,...,n: (a.k.a. Lindeberg replacement trick)

\/ﬁZn;02=X1+X2+~--+Xn
VnZp1:=Y1+Xo+-+ X,
\/ﬁZn;ziz Y1+Y2+"'+Xn

ViZpn:=Y1+ Yo+ +Y,.

Using the above sequence of intermediate RVs, we consider the following telescoping sum
n
ELf(Z)] —Elf (D] =Elf(Z)] —E[f (W] = Y Elf (Znsie—1)] = ELf (Znsi)], (49)
k=1

where Z,,.;_ and Z,,. only differs at the kth summand. Fori =2,...,n- 1, denote
Spi=n"Y2(Xi+Xo+ -+ Xi_ 1+ Yig1 ++ V).
Since

-1/2 -1/2
Znk-1=Spk+n "X, Znk =Sk +n 7Y,

2does not depend on z and the distribution of X;


https://terrytao.wordpress.com/2010/01/05/254a-notes-2-the-central-limit-theorem/#berry
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using the second order Taylor expansion with remainder, we can write

f(Zn;k—l) = f(Sn;k + n_I/ZXk)

1
_ (Snsk) _
= f(Su) + f'Sm)n ”2Xk+—f 2:* X,§+o(n 32| X I® supl| f’”(x)l),

xeR
F(Znid) = [ (Sux + n/? Yi)
"
_ (S ;k) _
= F(Spi) + f (Spp)n V2 Y + fz_:y,§+o(n 321y B suplf”’(x)l).
xeR

Here the implied constant in O(-) is an absolute constant.

Now we take the expectation on both sides and take the difference. Notice that X; and Y} have the
same first and second moments. Also note that S, is independent from Xj and Y}. Using Lemma 2.3.2,
we get

E[f(Znk-D] —E[f(Zn)] = O (n‘“2 (EIY&l® +EYiI®) sup If”’(x)l).
x€R
Adding the above up for k= 1,..., n, using (49) and E| Y |® = 3,

E[f(Znk-D] —E[f(Zup)] = O (n—”2 (3+EIXc[°) sup If”’(x)l) :

xeR
This shows the assertion. O
Remark 4.5.3. Note that Theorem 4.5.1 implies Theorem 4.5.2 by integration by parts. Conversely, The-
orem 4.5.2 implies a weaker version of 4.5.1 by upper approximating the indicator function 1(x < z) by a
smooth three-times differentiable function f with uniformly (both in x and z) bounded third order de-
rivative of order O(¢~3) (see Exercise 4.5.4). From the construction of f, we have 1(x < z) < f(x) < 1(x <
z+¢). Then

P(Z < z) <E[f(2)], P(Z, < 2) <Elf(Zp].
Also, since Z ~ N(0,1) has bounded PDE we have
P(Z<2)sPZ=2)+(P(L=<z+e)-P(Z=<2)
SE[f(D]+P(Z<sz+e)-P(Z < 2) =E[f(2D)]+ O(e).

A similar argument using lower approximating 1(x < z) by third order smooth function shows corre-
sponding lower bounds. This and Theorem 4.5.2 show

IP(Zy < 2)-P(Z < 2)| = 0() + O (n 2E| X Pe73).

The right hand side can be upper bounded by C(e + n~'/2¢7%) for some constant C > 0. Differentiating
this by ¢, we find it is minized at &£ = O(n~'/8) with minimum value of order O(n~!'%). Hence we deduce

IP(Z,<2)-P(Z<2z)|=0mn"""%.
The implied constant in O(-) above does not depend on z, so we in fact get

sup|P(Z, <2)-P(Z<2z)|=0mn""8).

zeR
Notice that the bound of O(1n~'/8) on the CLT rate of convergence is slower than O(n~'/?) in the full
Berry-Esséen theorem (Theorem 4.5.1).

Exercise 4.5.4 (Third order smooth approximation of step function). Fix z € R and € > 0. We will con-
struct a function f : R — Rsuch that f(x) =1 for x < z, f(x) =0 for x = z+¢, and f"” is uniformly bounded
of order O(e~%) and the implied constant does not depend on z.
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(i) Fix a < b and consider g'(x) = Ax(x—a)(x—b). Then g(x) = %xg - %bxz +abx+ C haslocal maximum

at a, local minimum at b, and strictly decreasing on [a, b]. Let a=zand b=z +¢. Find A and C
such that g(z) =1, g(z +€) = 0. Show that A = O(e~3).
(ii) Take f = gwitha=z, b=z +¢ and A as in (i). Show that such f safistifes all required conditions.



CHAPTER 5

Maringales

5.1. Conditional expectation

5.1.1. Definition of conditional expectation. Let X, Y be discrete RVs. Recall that the expectation E[X]
is the ‘best guess’ on the value of X when we do not have any prior knowledge on X. But suppose we
have observed that some possibly related RV Y takes value y. What should be our best guess on X,
leveraging this added information? This is called the conditional expectation of X given Y = y. In the
most elementary case, this is defined by

EIX|Y =yl =) xP(X=x|Y =y),

where we are for the moment using the undergraduate definition of conditional probability P(A|B) =
P(AN B)/P(B)'. This best guess on X given Y = y, of course, depends on y. So it is a function in y. Now
if we do not know what value ¥ might take, then we omit y and E[X|Y] becomes a RV, which is called the
conditional expectation of X given 'Y .

Example 5.1.1. Suppose we have a biased coin whose probability of heads is itself random and is dis-
tributed as Y ~ Uniform([0, 1]). Let’s flip this coin n times and let X be the total number of heads. Given
that Y = y € [0, 1], we know that X follows Binomial(n, y) (in this case we write X|U ~ Binomial(zn, Y)).
So E[X|Y = y] = ny. Hence as a random variable, E[X|Y] = nY ~ Uniform([0, n]). So the expectation of
E[X|Y] is the mean of Uniform([0, n]), which is n/2. This value should be the true expectation of X. A

The above example suggests that if we first compute the conditional expectation of X given Y = y,
and then average this value over all choice of y, then we should get the actual expectation of X. This fact
is known as the law of iterated expectation:

E[X] =E[E[X]|Y]].
In fact, for any event A € o (Y), we should have iterated expectation for Y1 ,4:
E[X14] =E[E[X|Y]14].

Here is an intuitive reason why the iterated expectation works. Suppose you want to make the best guess
E[X]. Pretending you know Y, you can imporove your guess to be E[X|Y]. Then you admit that you
didn’t know anything about Y and average over all values of Y. The result is E[E[X | Y]], and this should
be the same best guess on X when we don’t know anything about Y.

The above introductory discussion suggest the following observations:
(a) Conditional expectation of X given another RV Y should be a RV depending on Y: E[X|Y] = g(Y).
(b) Iterated expectation should hold: E[X14] =E[E[X]|Y]1 4] forall A€ o(Y).

In the measure-theoretic definition of conditional expectation, we condition on a sub o-algebra instead
of another RV, and require iterated expectation as an axiom.

Definition 5.1.2 (Conditional expectation). Let (2, %, P) be a probability space and let X : Q — Rbe a
(%o — %B)-measurable RV with E[| X|] < co. Suppose & < %, is a g-algebra on Q. The conditional expec-
tation of F given &, denoted as E[X | ], is any RV Y : Q — R such that

IThis is undefined if P(B) = 0. This is one of the main reasons that requires more advanced measure-theoretic definition
of conditional expectation.

114
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(i) (Measurability) Y is (& — 98)-measurable;
(ii) (Iterated expectation) For each A€ &, E[X14] =E[Y14] (that s, fA XdP = fA Y dP).

We say any RV Y satisfying the above conditions is a version of E[X|Z]. In particular, if & = o(W) for
some j-measurable RV W, then we write E[X | &] = E[X | W]. If X = 15 for some B € %, then we write
E(l1g|F] =P(B|%).

Whenever we define a mathematical object axiomatically, we need to justify its existence and unique-
ness.

Proposition 5.1.3 (Existence, uniqueness, and integrability of conditional expectation). Conditional ex-
pectation E[ X | &] in Def. 5.1.2 uniquely exists and is integrable.

PROOE.  (Integrability) Suppose Y is a version of E[X | %]. We will show that E[| Y]] < co. Indeed, let
A:=1{Y >0} € & (using (i)). Then by (ii),

E[Y14] =E[X1.4] <E[|X|14] =E[X]] <oo0.
Similarly,
E[-Y14c] =E[—X1 4] <E[|X|14] <E[|X]] <o0.
It follows that
E[|YI] =E[Y14] +E[-Y14c] < 2E[| X]] < oo0.
(Uniqueness) Suppose Y, Y’ are versions of E[X | #]. Fixe > 0. Then A:={Y - Y’ > ¢} € &. By (ii),
0=E[(X—-X)1a] =E[X14] —E[X14]
=E[Y14]-E[Y'14]
=E[(Y - Y')14] = €P(A) =0.

This shows P(A) = 0. Since € > 0 was arbitrary, this shows that Y > Y’ a.s.. By symmetry, Y' > Y
a.s. as well. This shows Y = Y’ a.s..
(Existence) The existence of conditional expectation relies on the famous Radon-Nikodym theorem (see
Thm 5.1.4). First suppose X = 0. Denote u =P and define a set function v: % — R by
v(B) :=E[X1p], forall Be %Z.

Then v is a measure on &. Indeed, v(B) = 0 since X = 0 and countable additivity follows from
DCT and linearity of expectation:

o0 o0 n
v(|_| Bk):E XY 1 |=lmE|X) 1
k=1 k=1 =00 k=1
> E[X1g] = lim " V(B0 = 3
= lim E|X1pg, |= lim v(By) = v(By).
Ly £ nmoo k=1

Furthermore, observe that v « p (recall absolute continuity in Def. 1.2.22): If u(B) =P(B) =0,
then P(X1p5 =0) =1so0 v(B) =E[X15] = 0. Hence by Radon-Nikodym theorem (Thm. 5.1.4), the
Radon-Nikodym derivative Y := Z_; : Q) — R exists and is measurable w.r.t. #. Then

E[X1g]l=v(B)=E[Y1g] forall Be %.
Thus, the Radon-Nikodym derivative Y := Z—Z is a version of E[ X | 1.

For the general case, write X = X* — X~. Let Y* .= E[X"|Z#] and Y™ := E[X" | Z]. Then
Y:=Y" - Y~ is #-measurable and is integrable. Also, for all B € &, by linearity of expectation,

E[X1p] =E[X" 1] -E[X 1] =E[Y 1] —E[Y 15] =E[Y13]. (50)

Hence Y is a version of E[ X | &].
O
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Theorem 5.1.4 (Radon-Nikodym theorem). Let v and u be o-finite measures on (Q,%). Then v < p if
and only if there exists a measurable function f : (Q, %) — (R, 98) such that

V(B)=ffdy VBe %.
B

In this case, the function f is denoted as Z—:’t and is called the Radon-Nikodym derivative of v w.r.t. .

PrOOE The “only if” part is the core, and a proof of it can be found in [ , Thm. A.4.8]. For the
“if” part, suppose B € & with u(B) = 0. Then [ f du = 0 by the definition of Lebesgue integral. U

Example 5.1.5. Let X : (Q, %,P) — (R, %) be a continuous RV with probability density function fx. Con-
sider the induced probability measure v on R as v(B) := P(X € B) = [ f d for B € 98, where p denotes
the Lebesgue measure on R. Then v <« y, In this case, fj—; =f.

Exercise 5.1.6. Let (Q, %,P) be a probability space and let X, X' : Q — R be (%, — %)-measurable RVs
that are absolutely integrable. Suppose that P(X15 = X'15) = 1 for some B € &, where & < % isa o-
algebra on Q. Show that E[X|Z] = E[X'|Z] a.s. on B. (Hint: Repeat the uniqueness argument in the
proof of Prop. 5.1.3.)

5.1.2. Examples. In this section, we connect the measure-theoretic definition of conditional expecta-
toin in Def. 5.1.2 with more familar versions of conditional expectation in some special cases. It is helpful
to recall the following interpretation of involved objects:

Zy = Baseline information

X :(Q,%y) — (R,9AB) = RV of interest

ZF (€ Zy) = Additional information

E[X|Z] = Best guess of X given &.
Example 5.1.7 (Conditioning on perfect information). If X is measurable w.r.t. &, then E[X|&] = X.
That is, the best guess of X knowing X is X. Indeed, note that E[X1g] = E[X1p] for all B € &. Hence the
only thing that would prevent X for being a version of E[X | &] is its measurability w.r.t. &. Hence if X is

& -measruable, then E[X | ] = X. In particular, if P(X = ¢) = 1 for some constant ¢ € R, then X is always
measurable w.r.t. &, so E[c| %] = c. A

Example 5.1.8 (Conditinoing on no information). Suppose X is independent from &. That is, o(X) and
& are independent. Then by defintion of independence, o(X) and o (1) = {®, B, B¢, Q} are independent
for all B e &. By Prop. 2.1.4, it follows that

X1ll1p forall Be &.

In this case, knowing % would not help us to improve our current guess of X, so we should have E[ X | #] =
E[X]. In order to verify this, first note that the constant RV E[X] is measurable w.r.t. &%. Second, for the
iterated expectation, we use the independence assumption above as

E[X1p] =E[X]E[1p] =E[E[X]1p] forall Be Z.

This shows E[X | Z#] = E[X].
Conversely, assuming E[X | ] = E[X], we have

E(X1g] =E[E[X|Z]11(B)] =E[E[X]1g] =E[X]E[1g] forall Be %.
Thus X 1 &. Therefore, we have shown that E[ X | ] if and only if X 1 &. A

Example 5.1.9 (Conditioning on discrete outcomes). Suppose Bj, By,... be disjoint events in % that

partitions the whole sample space, i.e., Q = [ ;7 Bx. Suppose P(Bi) > 0 for each k = 1. Let & :=
o ({Bj, By,...}). Then we claim that

S E[X1p,]

EIX|Z)() =), -

k=1 [FD(Bk)

1(w € By). (51)
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Due to the partitioning, there exists a unique k = 1 such that w € B, for each w € Q, so only one term in

the RHS is possibly nonzero. That is, for each w € Q, we know the unique k = 1 such that w € Bi. In this
E[X
case, E[X | Z](w) = [L,(—;f)’“]. In words, the information & tells us which By in the partition each outcome

w lies, and the best guess of X is the average value of X over such By.
To verify (51), denote the RV in the RHS of (51) as Y. First note that Y is measurable w.r.t. & since it
is constant over each By. Denoting its value on By by S, then for each Borel AcR,
Y A= |J BreF=0(By,By...}).
k=1,BreA
Second, for the iterated expectation, fix an event B € &. Note that we can write B = Uy Bx for some
I<c{1,2,...} (see Exc. 1.1.13). Then we need to verify

E[X1p] =E[Y15] =E

ker PBk)

E[X1
5 E Bk]l(Bk)].

If X = 0, the above holds by MCT:

E[X1p,] [ [X13,]
E 1(By) E 1(By) E[X1p,]=E|X Y 1p, | =E[X13]. (52)
PRI P P I R e Pt R R
For the general case, we write X = X* — X~ and use the fact that E[X | #] = E[ X' | F]-E[X ™ | Z] (see (50)).
A degenerate but notable special case is when % = {@, Q}. In this case, (51) yields E[X | #] = E[X]. A

Example 5.1.10 (Undergraduate conditional probability). Suppose X = 1,4 and consider the partition
Q = BU B¢ for some event B € & with P(B) € (0,1). Then (51) yields

P(ANB)

P(Al1p) =E[14lo(1p)] = { PLACEY)

P(B)

Denoting P(A|C) :=P(An C)/P(C) for all A, C € & with P(C) € (0,1), we can rewrite the above as

on B
n B€.

P(AlB) onB

IPAI :[El 1 =
(Allp) =E[14lo(1p)] {IP(AIBC) on BS.

A

Example 5.1.11 (Conditioning on discrete RV). Let T be a discrete RV on (Q, %, P) taking countably
many values from {z;, f»,...}. We denote

EX|T=t;] :=

E[XL(T = t)] :[E[XI(T: i) 53)

P(T = 1) P(T = tx)
Note that if X is also a discrete RV taking values x; for i = 1, then X1(T = ¢;) takes value x; with proba-
bility P(X = x;, T = ;) for i = 1 and otherwise zero, so by Prop. 1.5.2,
PX=x;, T=1t)
P(T = t)

EX|T=t=) xi

i=1

=) xiPX=x|T=ty).
i=1
The above agrees with the undergraduate formula for conditional expectation of a discrete RV condi-
tional on another discrete RV.
Now (51) with the notation in (53) gives
© E[XL(T = 13)]

EX|Tw=Y —— 1(T(w) =t
[X| T](w) k; pr— T@=m

= Y EIX|T = t]1(T(0) = t).
k=1
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The computation in (52) and applying it to X = X* — X~ shows

E[X]=E[E[X|T]l=E Z EIX|T = t;]1(T = 1y).
k=1

= Z E[X|T = tx]P(T = tr),
k=1

which is the usual iterated expectation formula in undergraudate probability for conditioning on discrete
RVs. A

Example 5.1.12 (Conditional expectation from continuous joint distribution). Suppose we have two RVs
X, Y on the same probability space (2, &%, P) with joint density f(x, y), thatis,

[P’((X,Y)EB):ff(x,y)dxdy for B € %°.
B

Fix a function g : R — R and suppose E[|g(X)|] < co. Can we guess what is E[g(X)|Y] = h(Y)? A naive
compuation suggests the following:

E[g(X)|Y] =ng(x)fX|y:y(x) dx,

where fx|y=y(x) is the “conditional probability density function for X given Y = y”. This must be com-
puted as

fxy

leY:y(x) = m

Now that we have a guess, we formally verify it.
Let h: R — R be any function such that

h(y)f flx, dx:f gX)f(x,y)dx  forall yeR.
R R
In particular, whenever fR f(x,y)dx >0, we have

Jr8O f(x,y)dx
h(v) =
v Joflx,y)dx

If [ f(x,y)dx =0, then h(,y) =0 as., so [ g(x)f(x,y)dx = 0. Hence h(y) can be defined to be any
number in R in this case. We claim that

Elg(X) Y] =h(Y). (54)
It is customary to denote
Elg(X)|Y =yl :=h(y).

Then we recover the familar iterated expectation formula

E[X]=E[E[X]Y]] =[Rh(y)fy(y)dy=fR[E[X|Y=y]fy(y)dy-
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Now we show (54). Clearly h(Y) € o(Y). To check iterated expecation, let A€ o(Y). Then A=Y~ }(B)
for some B € 9. Then we note the following series of identities:

E[R(Y)14] =/ h(Y (w)1(Y (w) € B) dP
Q

(g)

fRZh(y)l(yEB) dPo(X,Y) ' (x,y)
® fR e B fx,y) dxdy
(Qth(y)l(yEB) (fRf(x,y)dX) dy
‘i)[HJRg(x)l(yeB)f(x,y)dxdy

g fR g1y eBAPo (X, V) (x,))

D g1y € B)]

=E[g(X)1al.
Here, (a) follows from change of variables (Thm. 1.5.3) for the composite RV
0~ (X(),Y (W) — h(Y (0)1(Y () € B),

(b) follows from Exc. 1.5.6, (c) is Fubini’s theorem, (d) uses the definition of %, and (e) follows from Exc.
1.5.6, and (f) is another change of variables. Hence we conclude that A(Y) is a version of E[g(X) | Y]. A

Example 5.1.13 (A discrete RV conditional on a continuous RV). Suppose we have two RVs X, Y on the
same probability space (2, %,P). Suppose X is a discrete RV taking values from {x;, x»,...} and Y has
PDF fy. Suppose there exists a function h(x, y) such that

[P(X=x,Y€B)=fh(x,y)fy(y)dy for xe Rand B € 2.
B

(In this case, we denote P(X = x| Y = y) := h(x, y).) Note that by Fubini’s theorem,

f frndy=P(YeB)=) P(X=x, YeB) =) | h(xi, NfyrWdy=| fr(») ). hixg,y)dy.
B k=1 k=1YB B k=1
Since this holds for all Borel sets B < R, we must have } ;-1 h(xg,y) = 1 for all y except for a set of
Lebesgue measure zero.
Now we claim that

EIX|Y]=) xih(xg,Y)=W.
k=1
Clearly W is measurable w.r.t. o(Y). To check iterated expecation, let A€ o(Y). Then A = Y~Y(B) for
some B € 8. Then by change of variables and Fubini’s theorem,

E[W1,] =f (Z X h(xk,y))fy(y) dy

B \k=1

= Xk fB h(xe, ) fr () dy

k=1

=Y x(P(X=xt, YEB)
k=1

=E[X14].
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Hence W is a version of E[X|Y]. Lastly, it is customary to denote

EIX|Y =yl=) xih(xg, ).
k=1

Then we recover the familar iterated expectation formula

[E[X]=[E[[E[X|Y]]=/R2xkh(xk,y)fy(y)dy= R[E[XIY=y]fy(y)dy.
k=1

A
Example 5.1.14 (Conditioning on independent RV). Suppose we have two independent RVs X, Y on the

same probability space (0, %,P). Fix a measurable function ¢ : R? — R and suppose E[|¢(X, V)] < co.
Let g(x) :=Ey[p(x, Y)]. Then we claim that

Elp(X,Y)| X] = g(X) =Eylp(X, Y)].

To vefiry, first note that g(X) € 0(X). Second, fix A € o(X). Then A = X~1(B) for some Borel B < R. Let
pe= PoX landv:=PoY . Since X LY,Po(X,Y) ! = p®v (see Lem. 2.3.1). By change of variables,

Elg(X)14] =E[g(X)1(X € B)] :ng(x)l(xeB)u(dx)
=fR(fR(p(x,y)v(dy))l(xEB)u(dx)
- fR fR (6, Y)1(x € B) v(dy) pdx)
:fRfR(p(x,y)l(xEB)dPO(X,Y)_l

= fQQU(X(w), Y ()1(X(w) € B) dP(w)

=Elp(X, Y)1(X € B)]
=E[p(X, Y)14].

Hence g(X) is a version of E[¢ (X, Y) | X]. A

Example 5.1.15 (Reducing redundant information). Suppose X, Y, Z are independent RVs on the same
probability space (Q,.%,P). Fix a measurable function ¢ : R* — R with E[|p(X, Z)|] < co and let g(x) :=
Elp(x, 2)].

Elp(X,2) | X, Y] = g(X) =Elp(X, Z)| X].

This should be reasonable since ¢(X, Z) is independent from Y. The second equality above was shown
in Ex. 5.1.14 so we only need to justify the first.

Note that g(X) € o(X). Fix A€ 0(X,Y). Then A= (X, Y) ! (B) for some Borel BSR?. Let u:=Po X!,
A:=PoX ! andv:=PoZ L. Since X,Y, Z are independent, Po (X, y)™l = peAdand Po (XY, Z)7 =
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u®Aev (see Lem. 2.3.1). By change of variables and Fubini’s theorem,

HﬂxnﬂzﬂﬂxnwﬂﬂEB”f&ﬁuﬂﬂxwemdpquyl
:fRng(x)l((x,y)eB)p(dxm(dy)
=[RfR(fR‘p(x'z)"(dZ))l((x’y)€B)u(dx)}t(dy)

=fffw(x,Z)l((x,y)€B)d[l1>o(X,Y,Z)‘1
RJRJIR

=E[p(X,2)1((X,Y) € B)]

=E[p(X, 2)14].

Hence g(X) isaversion of E[¢p (X, Z) | X, Y]. A

Example 5.1.16 (Tail-sum formula for conditional expectation). Let X be a nonnegative RV on a prob-
ability space (Q, %,P) and let & < %, be a sub-o algebra. We claim that the ‘tail-sum’ formula for the
conditional expectation of X holds:

[E[Xlg]zf P(X =x|F)dx. (55)
0

We will use the unconditional tail-sum formula (Prop. 1.5.10) and definition of conditional expectation
to show this. Fix A € &# and x > 0. Clearly the RHS of (55) is & -measurable. Note that

P(X1(A) =x)=E[1(X1(A) = x)]
DEN(X = 01(4)]
DEEnx =0 2114,

where (a) uses X = 0 and x > 0 and (b) uses the definition of E[1(X = x) | &]. Then by using the uncondi-
tional tail-sum formula (Prop. 1.5.10) and Fubini’s theorem,

E[X1(A)] :f P(X1(A) = x)dx
0
=f E[E1(X =x)|F]1(A)] dx
0

=[E[f E1X=zx)|F]1(A)dx
0

=[E[(fOOP(X2xI9)dx)1(A)].
0

Since the above holds for all A € %, we have shown (55). A
Example 5.1.17 (Example 5.1.1 revisited). Let Y ~ Uniform([0,1]) and X ~ Binomial(n, Y). Then X|Y =
y ~ Binomial(n, y) so E[X|Y = y] = ny. Hence
1 1
E[X] =f0 EIX|Y = y1fy (7) dy:fo nydy=nl2.
A

Example 5.1.18. Let X; ~ Exp(A;) and X» ~ Exp(A,) be independent exponential RVs. We will show that

M

P(X;<Xy) =
(X7 < Xp) it A
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using the iterated expectation. Using iterated expectation for probability,
[o,0)
lP(Xl < XZ) =f I]:D(Xl < X2|X1 = xl)Ale_Alxl dx1
0
o0
2[ P(Xs > x)Ae M dx
0
o0
= Alf e_/lel e—/llxl dx1
0

M+ A)x M
= /11 e 1A dx1 = .
0 A+ Az

A

Exercise 5.1.19. Consider a post office with two clerks. Three people, A, B, and C, enter simultaneously.
A and B go directly to the clerks, and C waits until either A or B leaves, and then she starts getting
serviced. Let X4 be the time that A spends at a register, and define Xp and Xp similarly. Compute the
probability P(X4 > Xp + X() that A leaves the post office after B and C do so in the following scenarios:

(a) The service time for each clerk is exactly (nonrandom) ten minutes.
(b) The service times are i, independently with probability 1/3 for i € {1, 2, 3}.
(c) The service times are independent Exp(A) RVs. You may use the fact that the PDF of Xp + X is

fxgive(2) = A2ze *1(2 2 0).

Exercise 5.1.20. Suppose we have a stick of length L. Break it into two pieces at a uniformly chosen point
and let X; be the length of the longer piece. Break this longer piece into two pieces at a uniformly chosen
point and let X, be the length of the longer one. Define X3, Xy, - -+ in a similar way.

(i) Let U ~ Uniform([0, L]). Show that X; takes values from [L/2, L], and that X; = max(U, L — U).
(i) From (i), deduce that for any L/2 < x < L, we have
2(L—x)

PXjzx)=PU=zxorL-Uzx)=P(Uz2x)+PU<L-x)= A

Conclude that X; ~ Uniform([L/2,L]). What is E[X7]?
(iii) Show that X, ~ Uniform([x;/2, x;]) conditional on X; = x;. That s,
2(X1 - X)

P(X, = x| X1) :T for X3/2<x<X;.
1

(Hint: Use the results in Ex. 5.1.12.) Using iterated expectation, show that E[X»] = (3/ 4)2L.
(iv) In general, show that X, | X;; ~ Uniform([X},/2, X;]). Conclude that E[X},] = (3/4)"L.

5.1.3. Properties of conditional expectation. Conditional expectation enjoys properties analogous to
the usual (unconditional) expectation. There are some properties of conditional expectation for which
there is no analogue for the unconditional expectation. Most of the properties of conditional expectation
are verified by checking the two defining axioms.

Proposition 5.1.21 (Basic properties of conditional expectation). Suppose we have two RVs X,Y on the
same probability space (0, %y, P) and let & < %y be a sub-o -albegra. Suppose E[| X|] < oo andE[|Y|] < oo
for the first two properties below.

(i) (Linearity) ElaX+Y|ZF]=ak[X|F]|+E[Y|Z].
(i) (Monotonicity) IfX<Y, thenkt[X|Z]<E[Y|Z] a.s..
(iii) (Continuity from below) IfX,=0andX,; /X withE[X] <oo, thenE[X,|F] /E[X|F].

PRrROOE. For the proofs of (i) and (ii), denote W :=E[X | %] and Z :=E[Y | Z].
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(i) Since W and Z are & -measurable, so is their linear combination aW + Z. For iterated expectation,
fix A€ %. Then by linearity of expectation,
El(aX+Y)14l = ab[X14|F1+E[Y14|F]
= aE[W14|F]+E[Z14| F]
=E[(aW + Z) 14].
Hence aW + Z is aversion of E[aX + Y | &].
(ii) Fixe>0andlet A:={W—-Z=¢e}e %. Thensince 0= (X - Y)1 4,
0=E[(X—=Y)1A]l =E[X14] —E[Y14] =E[W14] —E[Z14] =E[(W — Z)1 4] = eP(A).
It follows that P(W — Z = ) = P(A) = 0. By taking € \, 0, we deduce P(W — Z > 0) = 0. Hence
W < Z a.s., as desired.

(iii) Let Y, := X—X,;. Then Y;, \\ 0 a.s.. By (i)-(ii), it suffices to show that Z,, := E[Y,, | #] \\ 0. Since Y, \,
by (ii) we also have Z,, \.. Also, Y;, = 0 and (ii) imply Z,, = 0. Hence for each w € Q, Z,(w) is a
decreasing sequence of nonnegative reals, so it converges as n — co. Hence Z;, \ Z for some
RV Z measurable with respect to . So it is enough to show that Z =0 a.s..

For this, fix A € & and note that by DCT,

lim E[Z,14] =E[Z14],

n—oo

as0<Z,<ZyandE[|41|] = E[Z] = E[Y7] = E[X] —E[X7] < E[X] <oo. Butsince Y, \\0,0<Y,, <
Y1, and E[Y;] = E[X] < oo, by DCT again, we have

lim E[Z,14] = lim E[Y,14] =E[lim Y,14] =E[0] =0.
n—oo n—o0 n—oo

Hence E[Z14] = 0 for all A€ &. In particular, letting A:={Z >0} € &, E[Z1, =E[Z*] =0, so
Z* =0a.s.. Similarly, Z~ =0a.s.,so Z=0a.s..

0

Exercise 5.1.22 (Jensen’s inequality for conditional expectation). Let X be a RV on (Q,%,P) and let
F < % be a sub-o-algebra. Let ¢ : R — R be a convex function. If E[|X]|] < co and E[|¢(X)|] < oo, then
show that

¢ EX|F]) <Elp(X) | F].
Furthermore, deduce that conditional expectation is a contraction in L? for p = 1. That is,
IELXTZ 1 p < 1X1p,
where foraRVY, || Y], := E[|Y|P1YP.

Proposition 5.1.23 (Conditional expectation and nested o-algebras). Fix a probability space (O, %, P),
RVs X,Y on it, and sub-o -algebras # <4 < %y.
(i) IfE(X|Y] is & -measurable, then E[X |¥9] =E[X | Z].
(i) E[E[X|Y]|F]=E[X|Z].
PROOE. (i) Y :=E[X|¥] is assumed to be & -measurable. For iterated expectation, fix A € &. Then
A€¥9,s0E[Y14] =E[X14]. Hence Y is a version of E[ X | &].
(ii) Denote G:=E[X|¥] and F :=E[X | %]. Then F € &. For each Ae &%, A€ ¢ as well, so

E[G14] =E[X1 4] =E[F14].

Hence F is a version of E[G | &].
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Proposition 5.1.24 (Conditional expectation with known factor). Fix a probability space (Q, %y,P), RVs
X,Y onit, and sub-o -algebra & < Fy. If X € &, then
EIXY|Z]=XEIY|Z].

ProOOE Clearly XE[Y | &#] is & -measurable by the hypothsis. To check iterated expectation, wish to
show that for any A e &,

EIXE[Y | ZF114] =E[XY14]. (56)

We verify the above following the standard pipeline. First assume X = 15 for some B € . Then AnB € &,
SO

EBE[Y [ F11a]l =E[E[Y | F]1anp] =E[Y 1anpg] =E[1pY14].

By linearity of expectation, (56) also holds for X simple functions. If X, Y = 0 and if X}, / X, where X, is
a simple function, then by MCT (note that Y = 0 implies E[Y | #] = 0so X,E[Y | F] / XE[Y | Z]),

EIXE[Y |F]114] = nll_r»lgo E[XLEY | F]114] = nh_r)glo E[X, Y14l =E[XY14].

For the general case, decompose X = X* — X~ and Y = Y* — Y~ and use linearity of expectation and
conditional expectation. U

Proposition 5.1.25 (Conditional expectation as a projection). SupposeE[X?] < co and fix a sub-o-algebra
F S Fy. ThenE[X | F] is the closest & -measurable RV to X in the sense that

E[X|Z]= argmin E[|X-Y|?|
Y:RV,YeF

PROOE. Suppose Y is a & -measurable RVandlet Z =E[X|%]—Y. Then
E[(X-Y)?] =E[(X -EX|ZF]+ 2)?]
=E[(X-E[X|Z)?+2Z(X -E[X|ZF]) + Z?]
=E[(X-E[X|ZN?]+2E[Z(X -E[X|FD]+E[Z?].
Note that Z is & -measurable, so by Prop. 5.1.24,
E[Z(X -E[X|ZF])] =E[ZX] -E[ZE[X | Z]]
=E[ZX]-E[E[ZX|F]] =E[ZX]-E[ZX] =0.
It follows that
E[(X-Y)?] =E[(X -E[X|ZD?] +E[Z?].

In order to minimize the RHS above, we need to make Z = 0 a.s., so it is minimized at Y = E[X | Z].
(Note that the minimum value of the RVS equals E [(X —E[X | %1)?], which is also called the conditional
variance Var(X | F).) ]

Exercise 5.1.26 (Markov’s inequality). Let X be a RV on (Q, %), [P) with X = 0 and let & < %, be a sub-o-
algebra. Show that for each a >0,
P(X = a|F) < a 'EX|F).

Exercise 5.1.27 (Chebyshev’s inequality). Let X be a RV on (Q, %, P) and let # < % be a sub-o-algebra.
Show that for each a > 0,

P(X|= a|F) < a *E[X?| F].
Exercise 5.1.28 (Cauchy-Schwarz inequality). Let X,Y be RVs on (Q, %p,P) and let & < %, be a sub-o-
algebra. Show that

E[XY|Z)? <E[X?| ZF]E[Y?|Z].
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Exercise 5.1.29 (Bias-Variance decomposition). Let X,Y be RVs on (Q, %y,P) and let ¥ < & < %, be
sub-o-algebras. Show that
E[(X —E[X|9D)?] = E[(E[X|F]-EIX|9D?] +E[(X -EIX|FD?].
In particular, if 4 = {@, Q}, then

E[(X —E[XD?] = E[(EIX |F] - EIX])°] +E[( X —E[X | Z1)] (57)
“ ~ RS ~ ) —b,_/
MSE variance 1as

> E[(X -EIX|F])%].

To put in context, suppose we are estimating a random response X by two estimators X = E[X] and
X =E[X|&]. Since X is the best guess given more information %, it should result in smaller error than
the uninformed guess X. Indeed, the variance term in (57) is nonnegative so this speculation is justified.

Exercise 5.1.30 (Law of total variance). Let X be RVs on (QQ, %, P) with X =0 and let &% < %, be sub-o-
algebra. Var(X | %) =E [(X —E[X | F1)?| Z]. Show that

Var(X | &) = E[X? | F] - E[X | F)?.
Furthermore, show that
Var(X) = E[Var(X | )] + Var(E[ X | &F]).

5.2. Basics of Martingales

5.2.1. Motivations. Martingale is a class of stochastic processes, whose expected increment conditioned
on the past is always zero. If the conditional increment is always nonnegative then the process is called
a ‘submartingale’ and otherwise a ‘supermartingale’. Recall that the simple symmetric random walk has
this property, since each increment is i.i.d. and has mean zero. Martingales do not assume any kind of
independence between increments, but it turns out that we can proceed quite far with just the unbiased
conditional increment property.

There are two motivations to study martingales. First, it is valuable for modeling real-life stochastic
procesess in the market. For instance, let (X;)>¢ be the sequence of observations of the price of a partic-
ular stock over time. Suppose that an investor has a strategy to adjust his portfolio (M;) ;¢ according to
the observation (X;);>¢. Namely,

M, = Net value of portfolio after observing (Xy)o<<s-

We are interested in the long-term behavior of the ‘portfolio process’ (M;);>¢. Martingales provide a very
nice framework for this purpose since (1) assuming expected conditional gain being zero is reasonable
from the no-arbitrage principle and (2) one cannot expect the increments of the portfolio process are
independent.

Second, martingales are exteremely powerful tools for analyzing stochastic processes, for instance
showing convergence of certain processes. Recall the elementary fact from real analysis that a monotone
decreasing sequence of real numbers bounded from below converges to some limit:

aq=ay=--->—-oco0 =— 3lim a,.
n—o0
Can we make sense of a similar monotonicity statement for a sequence of RVs, (X;);>1?

There are multiple versions that we can think of. The easiest version is to require the above mono-

tonicify for every single sample w:

YweQ: X =z2Xw)=->-0c0 = Elr}im X5.
—00

In this case, the limiting random variable X = hm 1nf Xn= hm sup X, exists almost surely. However, such

‘almost sure monotonicity’ is not so much dlfferent from the real analysis counterpart and hence it is too
restrictive to be used in stochastic analysis.
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Next, we can many require monotonicity of expectations:
E[X3] =E[X2] = -+ > —oo0.

In this case, we do have limiting expectation lim,_. E[X},], but not necessarily we also have conver-
gence of the RVs. A simple counterexample would be when X, = +n with equal probabilities. Hence
monotonicity of expected values are too weak to draw meaningful conclusions.
It turns out that the sweat spot between flexibility and nice convergence properties is to require
monotonicity of conditional expectations:
E[Xo—X11911<0, E[Xz—Xp|F]<0, -+ and inf X,>-00 = 3lim X,,.

n—oo n—oo

Here we need to have an acompanying, growing sequence of o-algebras (%)= called a filtration’ cor-
responding (in analogy) to our growning knowledge on the market. In this case, we can ensure that the
limiting random variable X, exists almost surely. This is called the ‘martingale convergence theorem),
which we will study soon in this section.

5.2.2. Definition and examples. In this section, we will define martingales and their cousins: super-
martingales and submartingales, and take the first steps in developing their theory. A stochastic process,
or a process for short, is a sequence (X,),>1 of RVs. A ‘martingale’ is a process that models the value of a
finantial portfolio at market equilibrium (no arbitragy exists).

Definition 5.2.1 (Martingale). Let (%,),>1 be a filtration, i.e., an increasing sequence of o-fields: #; <
Fy < ---. A process (X;)n=1 is said to be adapted to (F,)n>1 if X,, € &y, for all n (i.e., X;, is (F,, — AB)-
measurable). If X = (X,,),>1 is a process with

(i) (finite expectation) E[| X,|] < oo,

(ii) (adaptedness) X, is adapted to F,,

(iii) (conditional increments) E[ X411 ] = X, for all n,

then X is said to be a martingale (w.r.t. (%,)n>1). X is a supermartingale or submartingale if the equality
in (iii) is replaced with < or =, respectively.

Remark 5.2.2 (Harmonic functions and martingales). Let f: Q ¢ R4 — R be a twice differentiable func-
tion. It’s Laplacian is defined as

62
X5

~

= tr(Hessian(f)).

\S)

d
A=),
i=1

o3

fis called harmonicif A(f) = 0, superharmonicif A(f) < 0, and subharmonicif A(f) = 0. If f is harmonic,
then by mean value property, for every ball B(x,r) € Q,

fx)= fnay.

Vol(0B(x, 1)) JoB(x,r
Thatis, the function value at the center of a ball equals the average over the sphere. If f is superharmonic,
then = above becomes =; If f is subharmonic, then = above becomes <. To connect with the definition
of martingales, compare the martingale condition

Xpn =E[Xpi1|ZFnl.

Then the equality becomes < if (X};) ;> is a supermartingale, and so on.

Where do the names of superharmonic and subharmonic functions come from? If another function
u:Q — Ris harmonic and if f = u on 0Q, then f = u by the uniquess of harmonic functions. If f is
superharmonic, then f = u (f lies above u); if f is subharmonic, then f < u (f lies below u). This is easy
to see in one dimension. For instance, f(x) = ax? is superharmonic if a < 0 and it is concave up. A
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Example 5.2.3 (Martingale w.r.t. the filtration generated by a stochastic process). In many cases, we
work with filtrations generated by observing a single reference process. Let (Y}),>1 denote a discrete-
time stochastic process on Q and for each n, let &%, = o(Yy,..., Y,) denote the collection of all events
that can be determined by the values of Y1,..., Y. Then (¥,),2 is called the filtration generated by the
process (Yn) n=1-

In order to get familiar with martingales, we provide three examples of martingales related to random
walks. Let ({,;)n>1 be a sequence of i.i.d. increments with E[{;] = < oco. Let S, = Sg+¢&1 + -+ + &, where
So is a constant. Denote &, := 0 (&4,...,¢&,) and let %y = {®,Q}. Then (S,) >0 is called a random walk.

Example 5.2.4 (linear martingale from RW). Define a stochastic process (X;) ;=0 by
Xp =8y —un.
Then (X,) =0 is a martingale with respect to the filtration (%) ;>0. Indeed, note that X,, € &, and
E[| Xnl] = E[ISy — ptl] < ElISp| + ]l = nEllq 1]+ pt <oo,
and by linearity of conditional expectation,
E[Xpni1 | Fp] =E[Sp —pun|F,]
=E[Sn+1|Fnl —pn+1) (o pn+1) e Fy)
=E[Sn | Fn]l +ElCn+1|Fn]l —un
=Sp+un (- SpeFpandElSp1 | Fnl =ElSpal =)
= X,,.
From this, we deduce
ElSn+11Fnl = Sp + p.

Hence if 4 = 0, then (S,) ;>0 is a martingale; If u = 0, then (S;,) ;>0 is a submartingale; If u < 0, then (S,,) n>0
is a supermartingale. A

Example 5.2.5 (Quadratic martingale from RW). Suppose we have the same random walk (S;) ;>0 now
with increments having mean zero and finite variance o > 0. Then we claim that S2 — o n is a martingale
w.r.t. the usual filtration %,, = 0(¢4,...,¢,) with % = {8, Q).

Finite expectation and adaptedness are easy to check. For the conditional increment condition, note
that since S, € &, and ;41 L %,

ElSh+1 | Fnl = ELS, + 2858 ns1 + Sy | Fil
=E(S} | Fnl +2SnE(Ens1 | Fnl +EIE71 | F )
=E[S3 ] Fnl +28pE[§na1] + 7]
= Sfl +0°.
Thus S? is a submartingale with the positive drift 0> > 0°. Hence subtracting this linear bias from S?
should make it a martingale. Indeed,
E[S2,, - 0*(n+1)|F,] = S% - o’n.

A

Example 5.2.6 (Product martingale). Let ({,)s=0 be a sequence of independent RVs with ¢, = 0 and
E(X,]=1foralln=0. Foreach n=0,let %, =0(;,...,{,;) and F = {®,Q2}. Define

Xy = Xo6162++-¢p forn=1

where Xj is a constant. Then (X,,) ;>0 is a martingale with respect to (%) ;,>0-

ZInformally, the variance grows at rate o2,
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Clearly X;, € &%, and by using independence,
E[1Xnl] = E[Xp] = XoE[$1] -+ El¢n] = Xo <oo0.
For the martingale condition, since X,, € %, and {41 L %,
ElXn+1 = Xn | Fnl =ElXnln+1 — Xn| Fnl = XnElE 1 —11Fnl =0.

This multiplicative model a reasonable for the stock market since the changes in stock prices are
believed to be proportional to the current stock price. Moreover, it also guarantees that the price will
stay positive, in comparison to additive models. A

Example 5.2.7 (Exponential martingale). Let ()0 be a sequence of i.i.d. RVs such that their moment
generating function exists, namely, there exists 6 > 0 for which

@(0) :=Elexp(B¢x)] < oo Vk=0.
Let S, =Sg+¢&1+---+ &, for Sg a constant. Foreach n =0, let &, =0({4,...,&,) and Fy = {®,Q}. Define
X, :=exp(60S,)/pO)".

Then (X;,) n=0 is a martingale with respect to filtration (%) y=0-
This follows easily from Example 5.2.6. Indeed, let n, := exp(8¢,)/p(0). These are independent,
nonnegative RVs with expectation one. Furthermore,

Xpn=expO(So+¢1+-++&En)/ 0©)" = exp(@So)n1 -+ M.
So X, is the product martingale in Example 5.2.6 with multiplicative increments 7,,. A

The following lemma allows us to provide many examples of martingales from Markov chains (see
Def. 6.1.1).

Lemma 5.2.8. Let (X,),=0 be a Markov chain on a discrete state space & with transition matrix P. For
each n =0, let f;, be a bounded function Q — R such that

@)=Y PO, far1(y)  YxeQ.
yeQ

Then M,, := f,,(X}y,) defines a martingale with respect to filtration (¥,) n=0, Where ¥, = 0(Xy,..., Xy).

PROOE. Since f;, is bounded, E[| f,,(M},)|] < co. By definition, M), is given as a function f,(X}) of the
reference process (X;) =0, S0 M, € &,. For the conditional increment property, note that by using the
Markov property,

[E[Mn+1 - Mn|gn] = [E[Mn+1 - Mnlgn]

:[E :O.

Fn

> P(Xn,y)fn+1(y)) — [n(Xp)

yEQ

This shows the assertion. O
Example 5.2.9 (Simple random walk). Let ({;);>1 be a sequence ofi.i.d. RVs with
Pr=1=p, Pér=-1)=1-p.

Let S; = Sp+ &1 +---+&;. Note that (S;) ;¢ is a Markov chain on Z. Define
1 _ Sn
Mt = (_p) .
p

Then (M;) ;=0 is a martingale with respect to filtration &%, = 0 ({1,...,¢n).
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In order to see this, define a function h,(x) = (1 — p)/p)*, which does not depend on n. According
to Lemma 5.2.8, it suffice to show that & is a ‘harmonic function’ with respect to the transition matrix of
the RW® Namely,

Y. P, ) hps1(y) = ph(x+ 1D+ (1 - p)h(x—1)

yez
1_ x+1 1_ x—1
S aenl )
p p
l_p X l_p X 1_p X
O R e
p p p !
Hence by Lemma 5.2.8, (M;,) ,>0 is @ martingale with respect to the filtration (%) 0. A

Example 5.2.10 (Simple symmetric random walk). Let (¢,,);>1 be a sequence of i.i.d. RVs with
PEr=D=Pr=-1)=1/2
Let S;, = Sg+¢&1+---+&;,. Note that (S,,) ;>0 is a Markov chain on Z. Define
My, = Si - n.

Then (M},) ,>0 is a martingale with respect to &, = o ({1, ...,&p).

We have already shown this cliam in Example 5.2.5. One can also check the martingale condition
for S2 — n using Lemma 5.2.8. Namely, for each n > 0, define a function f;, : Z — R by f,(x) = x> — n. By
Lemma 5.2.8, it suffices to check if f;;(x) is the average of f},+1(y) with respect to the transition matrix of
Sy Namely,

1 1
Y POY) fari(D) = 5 farn X+ D)+ = frp(x—1)
. 2 2

(x+ 12— (n+1) . (x-1*-(n-1)
B 2 2
Hence by Lemma 5.2.8, (M;;) 5>0 is @ martingale with respect to filtration (%) 0. A

=x’-n= [n(x).

5.2.3. Basic properties of martingales. If martingale is a fair gambling strategy, then one can think of
supermartingale and submartingale as unfavorable and favorable gambling strategies, respectively. For
instance, expected winning in gambling on an unfavorable game should be non-increasing in time. This
is an immediate consequence of the definition and iterated expectation.
Proposition 5.2.11. Let (X,) =0 be a stochastic process adapted to a filtration (%5) n>o-
@) If (X)) n=o is a supermartingale w.r.t. (%) n=o0, then E[ X, | Fml < Xy, foralln = m = 0.
(i) If (Xn)n=o is a subermartingale w.r.t. (%) n=0, then E[ Xy, | Fml = Xy, foralln = m = 0.
(iii) If (Xpn)n=o is a martingale w.r.t. (F,)n=0, thent[X, | F,] = Xy, foralln=m=0.

PRrROOE. Note that — X, is a submartingale if X}, is a supermartingale, so (ii) and (iii) follows directly
from (i). We will only show (i). Let (X;) ;=0 be a supermartingale w.r.t. (¥,)>0, SO

[E[Xn+1 |g:n] = Xn~
Then by iterated expectation (e.g., Prop. 5.1.23 with %, € %, < %),
ElXm+2 — Xm | Fml = [E[EE[Xm+2 = Xm |9m+1l | Fml
SXm-::_Xm

=EXma1 _Xmlgn] =0.

Then the assertion follows by an induction. g

30ne can also check that M, n is a martingale by Example 5.2.6.
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Proposition 5.2.12. Suppose (X,) =0 is a martingale w.r.t. filtration (%) n>0-
@) If¢:R— R isaconvex function with E[|¢p(X,)|] < oo for all n, then ¢(X},) is a submartingale w.r.t. F,.
(ii) Ifp=1andkt[|X,|P] < oo forall n, then | X,|P is a submartingale w.r.t. &,.

PROOE. ByJensen’s inequality (Exc. 5.1.22),
Elp(Xn+1) | Fnl = ¢ E[Xn+11Fn]) = d(Xn).
This shows (i). Noting that x — |x|? for p = 1 is a convex function, (ii) follows from (i). g

Proposition 5.2.13. If X, is a submartingale w.r.t. &, and ¢ is an increasing convex function with
Ellp(Xp)Il < oo for all n, then ¢(X,,) is a submartingale w.r.t. %,. Consequently: For any a € R,

(i) IfX, is a submartingale, then (X, — a)* is a submartingale.
(i) If X, is a supermartingale, then X,, A a is a supermartingale.
PROOE By Jensen’s inequality (Exc. 5.1.22) and since ¢ is increasing,
Elp(Xn+1) | Fnl = ¢ E[Xn+1|Fn]) = G(X5).

Hence ¢(X,) is a submartingale. (i) is immediate since x — (x — a)™ = max{0, x — a} is an increasing
convex function. Similarly, x — (x A a) = min{x, a} is a decreasing concave function, so —(X, A a) is a
submartingale. It follows that (X, A a) is a supermartingale. This shows (ii). U

An important notion in the theory of stochastic processes is that of ‘stopping time’.

Definition 5.2.14 (Stopping time). Let (%,),=0 be a filtration. A nonnegative integer-valued random
variable N is a stopping timew.r.t. (F,) s if for every n € Zo, {N = n} € &,,."

Typical examples of stopping times are ‘hitting times’.

Example 5.2.15 (First hitting time is a stopping time). Let (X}),>0 be a stochastic process defined on a
measurable space (#,%) adapted to a fltration (¥,) 0. Let A .¥ be a measurable subset of the state
space. We will define 7 4 to be the ‘first hitting time’ of A, which is the first time that the process X, enters
into states in A:

Ta:=inf{n =0| X, € A}.

Here we use the convention of inf@ = oo so that 74 = co if X}, never enters A. In order to see that 74 is
indeed a stopping time, note that for each n =0,

fTa=n={Xo€e A5, X1€ A°, ..., X;_1€ A°, X;, € A} € Fy,.
Similarly, define T4 to be the first time after time zero to hit some state in A:
Ts:=infin=1|X, € A}l
As before, T, is also a stopping time since, for each n = 0,
(TA=nl={X; € A%, Xy € A%, ..., X),_1 € AS, X, € A}.
Hence, in general, first hitting times are stopping times. A

Exercise 5.2.16 (kth hitting time). Let (X;);=0 be a stochastic process defined on a measurable space
(<,%9) adapted to a fltration (F,),=0. Let A € .% be a measurable subset of the state space. For each
k=1,let TX“) denote the kth time that the process X;, visits some state in A. That is, T/(q()) = 0 and for
mz=1,

A

. (m-1) . s m(m—1)
7om _ inf{n>T, :Xn€e A T, <00
00 otherwise.

Show that Tﬁlk) is a stopping time for all k = 1.

4That is, the decision to stop a gamble at time 7 is determined by the information &, available at time 7.
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A fundamental but very important result is that martingales stopped at a stopping time is a martin-
gale. Recall that we denote a A b = min{a, b}.

Theorem 5.2.17 (Stopped submartingale is a submatringale). If X,, is a submartingale w.r.t. %, and if N
is a stopping time w.r.t. %, then X, AN is a submartingale w.r.t. &,.

PRrROOE. The key observation is the following altenative expression for X, n:
n
Xoan = Y Linzm) + (Xm = Xm-1). (58)
m=1

The above identity can be checked by verifying it on each event {N = m} for m = 0. Then triangle inequal-
ity and the finite expectation assumption shows that E[| X;»y|]. For adaptedness, note that X,y € &,
since foreachm=1,...,n,

Live=m = Livzoy Livzty - LiNgm—1) € Fim—1 € Fn1 (59)

and Xj,..., X, € &,. For the conditional increment condition, use linearity of conditional expectation
and (59) to get

n
E [X(n+1)AN|gn] = Z 1{sz} . (Xm - Xm—l) +E [1{N2n+1} : (Xn+1 - Xn) |gn]

m=1
= XuaN+ 1{N2n+1}£E[Xn+l -Xn |gn]l
=0
= Xn/\N-
Hence X,y is a submartingale w.r.t. &,,. ]

The key property of stopping time we used in the proof of Theorem 5.2.17 was that 1;ys>,+1; € Fp.
That is, at time 7, one already knows that if N = n+1 or not. This property is generalized as the following
notion of ‘predictability’.

Definition 5.2.18 (Predictable sequence). Let (%,),=0 be a filteration. A stochastic process (Hj) ;=1 is
predictiblew.r.t. (F)n=o if H, € -1 forn=1.

Example 5.2.19. If N is a stopping time w.r.t. %, then H;, = 1;y=, is predictable w.r.t. %,.

A natural interpretation of a predictable sequence H,, is the amount of shares of a stock between time
n—1and n, determined by the information available at time 7—1 by the investor. If we let X}, be the value
of one share of that stock at time n, then the gain we have between time n —1 and n is H, (X, — X,-1).
Then the total gain from time 0 to time 7 is’

n n
fo HdX:= ) HpuXm—Xm-1).
m=

Example 5.2.20 (Doubling strategy). Let ({,);>1 areii.d. RVswithP({,=1)=pand P(,=-1)=1-p.
Let X, = Xo+¢&1+ -+ xp so that ¢, = X, — Xj,—1. A famous gampling strategy known as “martingale” is
defined by a predictable sequence (H});>1, where

H, = 2H,— %fé‘n—l =-1
1 lffn_1=1.

In words, we double our bet H,, when we lose ({,,_1 = —1), so that if we lose k times and then win, our
net winnings will be 1 = 2k —2k=1 _2k=2_... 1 A

SThis is known as the stochastic integral of H against X.
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Exercise 5.2.21 (Casino always win). Let X = (X;,) ;>0 be a supermartingale w.r.t. a filtration %, and let
H = (Hy,) =1 be any predictable sequence w.r.t. (%,),>1. Suppose that H, is bounded and nonnega-
tive for n = 1. Show that [;' HdX is a supermartingale w.r.t. %,. (Hint: Mimic the proof of Theorem
5.2.17.) Also show the similar results for submartingales and martingales. (For the martingale case, it
holds without assuming H,, = 0.)

Next, we introduce the notion of ‘upcrossings’.

Definition 5.2.22 (Upcrossing). (X;),=0 be a supermartingale w.r.t. a filtration (&},) ,>¢. Fix a, b € R with
a<b. Let Ny =-1and forall k=1, define random times

Noj_1:=inf{m > Noj_» : X, < a} (60)
Noy :=inf{m > Nyy_1 : X = b}.
Namely, between time N,;_; and Ny, X, crosses from below a to above b, which is called the kth up-

crossing of (X;,) >0 between levels a and b (see Figure 5.2.1). The total number of upcrossings completed
by time n is denoted

U,:=inf{k=1: Noy < n}. (61)

Nl N3

FIGURE 5.2.1. Tllustration of stopping times N,,_; and N, and upcrossings during [N2,,—1, Noj]
for n = 1. Solid lines depict the increments counted by Hj, in (62).

Lemma 5.2.23 (Upcrossing inequality). Let X = (X,)n=0 be a submartingale w.r.t. a filtration (%) n=o.
Fixa< b and let U, be as in (61). Then

(b— @) E[Up] <E[(Xy—a)"] —E[(Xo—a)"].

PROOE. By using a similar argument as in Exercise 5.2.16, the random times N,;_; and N, in (60)
are stopping times. Define a sequence H = (Hj) ;=1 by

1 if Ny <m< Ny, forsome k=1
m= . (62)
0 otherwise.
Note that
{Nog—1 <m < Nog}={Noj_1 s m—-1}n{Mop = m—1}°€Fp,_y.
Hence

{Hp =1} = [J{Nok—1 < m < Nog} € Ty,
k=1

which shows that H,,;, € &;,,_,. Thus (H,) > is predictable w.r.t. FS.

61n stock market terms, (Hp)n=1 is a trading strategy that buys one share when Xj, < a and sells when X, = b. Thus one
makes a profit of at least b — a during each upcrossing.
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Define Y, := a+ (X, —a)" for n = 0. By Proposition 5.2.13, (Y;,) >0 is a submartingale. Note that
Y, =X, if X, 2 aand Y, = aif X, < a. Hence Y}, has an upcrossing whenever X,, has. From this we
deduce

(b—a)Unsf0 HAdY. (63)

Indeed, for every upcrossing, we make a contribution to the RHS above by at least b — a. If there is an
imcomplete upcrossing after the last complete upcrossing (see Fig. 5.2.1), then this gives a nonneagtive
contribution to the RHS above’.

Let Ky, :=1— H,;, for m = 1. Note that K = (K;);>1 is predictable w.r.t. &, (since H is). So by Exc.
5.2.21, fon K dY is a submartingale. By Prop. 5.2.11,

n
[E[f Kdy
0

n n n
Yn—YO:f ldY:f de+f Kdy
0 0 0

and using (63), we can now deduce

0
2[ Kdy =0.
0

Noting that

E[Y,—Yol=E

n
/ HdY] = (b—a)E[Uy,].
0
This finishes the proof. (|

We can now prove one of the main results in martingale theory.

Theorem 5.2.24 (Martingale Convergence Theorem). Let X = (X;),=0 be a submartingale w.r.t. a filtra-
tion (Fp)n=0. Ifsup,,=oE[X;}] < oo, then as n — oo, X, converges almost surely to a limit X withE[|X|] < co.

PROOE Fix a < b. Let U, denote the upcrossings of [a, b] up to time n. Let U := sup,,»q Uy, the
number of upcrossings on the entire horizon [0,00). Then U, / U. Since (X, —a)* < X! +|al, by Lemma
5.2.23 and the hypothesis,

(b—a)E[U] = (b— a)supE[U,] <supE[X, ] +]|al < oo,
n=0 n=0
where the first equality follows from monotone convergence theroem (Thm. 1.3.19) and the fact that U,
is increasing in n. It follows that E[U] < oco. Since U = 0 almost surely, it implies that U < co almost surely.
This yields

P (limiann <a<b< limsup) =0, (64)

n—oo n—oo

since the event in the probability above is the event of having infinitely many upcrossings of [a, b]. Now
since (64) holds for all reals a < b, in particular it holds for all rationals a < b. By union bound, we deduce

P lirgniann # limsup X, a.s.) < IP( U {limiann <a<b<limsup Xn})
—00

— n—oo —
n—o0 a<be® n—oo

< Z P (limiann <a<b< limsup) =0.

n—o0 —
a<beQ n—oo

This shows that X;, converges to some limit X almost surely. (We can write X = li,{n inf X,,.) It also follows
—00

that both X} := X, v0and X;, := (—X,,) v 0 converge almost surely.

"Note that the last incomplete upcrossing may result in negative contribution to fO” HdX, so (63) may be false with X
instead of Y.
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Now it remains to show that E[| X|] < co. On the one hand, by Fatou’s lemma (Thm. 1.3.18),

E[X*] =ElliminfX,] <liminfE[X, <sup E[X, ] < co.
n—oo n—oo n=0

On the other hand, since X, is a submartingale,
E[X,] =E[X,]-E[X,] <E[X;;]-E[Xp].
Hence again by Fatou’s lemma,

E[X ] =E[liminfX, ] <liminfE[X,] < sup [E[X,;r] —E[Xp] < oo.
n—oo n—oo

n=0

Thus we conclude

E[|X]] =E[XT]+E[X ] < 0.

An important consequence of Theorem 5.2.24 is the following.
Corollary 5.2.25. If X,, =0 is a supermartingale, then as n — oo, X, — X almost surely and E[ X] < E[X,].

PROOE. Y, :=—X, is a submartingale uniformly bounded above by 0. Thus by Theorem 5.2.24, Y;, —
Y converges almost surely for some integrable Y. Then X,, — —Y =: X almost surely and E[| X|] = E[| Y]] <
oo. Lastly, by Fatou’s lemma and since X}, is a supermartingale,

E[X] = E[liminf X,,] < liminfE[X,] < E[X,].
n—oo n—.oo
This finishes the proof. O

Recall that almost sure convergence does not necessarily imply convergence in expectation (i.e., con-
vergnece in L'). The following counterexample shows that this is indeed the case for martingales.

Example 5.2.26 (Martingale convergene do not hold in L!). Let (S,),=0 be a simple symmetric random
walk on Z with So = 1. Let N = inf{m = 01 S,,, = 0}, the first hitting time of the origin (i.e., stop gambling
when broke). Since S, is a martingale w.r.t. the filtration %, = g(Sy,...,S,) and since N is a stopping
time w.r.t. the same filtration, by Theorem 5.2.17, X;, := S,y is also a martingale. Since X, = 0, itis a
nonnegative supermartingale, so by Corollary 5.2.25, X, — X a.s. as n — oco. Note that X = 0, since for
any k >0,
P{X = k} = P{X,, = k for all but finitely many n} < P{X,, = X;;+1 = k for some n} =0.

Thus P(X = 0) = 1. But note that since X, is a martingale, E[X},] = E[X,] = E[So] =1 #0=E[X]. A
Example 5.2.27. This example is brought from [ , Ex. 4.2.14]. We will construct a martingale
(Xn)n=0 on a large enough common probability space (Q2, %, P) recursively as follows. Let Xy = 0 and
for k=1, define %;._; :=0(Xj,..., Xx-1), and on the event that X;_; =0, set

1  indepenently from %;_; with prob. 1/2k

X =14 -1 indepenently from &%_; with prob. 1/2k

0 indepenently from %;_; with prob. 1 - k™!

and on the event that X;._; #0, set

X, = kXi_1 indepenently from &;_, with prob. 1/k
o indepenently from %;._; with prob. 1 - k™!,
Often we define a RV by only specifying its distribution as above without specifying where in the sample
space Q it takes a specific value. We claim that X, is a martingale w.r.t. the filtration &,. This should be

intuitive since conditional on knowing the value of X;._, the conditional expectation of X is0if Xz_; =0
and Xj_; if Xi_; # 0. Below we will give a detailed verification.
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We first each Xj, k = 1 more precisely. Choose arbitrary events Ay, By, Ci € & independent from
Fr_1® with P(Ay) =P(By) = 1/2k and P(Cy) = 1/k. Then we define

1 if Xp_1(w)=0and w € A

-1 if X;_1(w) =0and w € By
Xi(w) = .

kXi-1(w) if Xp_1(w)#0and w € Cy

0 otherwise.

Itis not really important what these sets A, By, Cy actually are, in the sense that, as long as they are inde-
pendent from &;_; and have the probabilities as above, the distribution of X} is completely determined
S0 we can compute any probability involving Xj.

Now we show that X, is a martingale w.r.t &;. Finite expectation and adaptedness are clear. For
martingale increment, we need to show that X,,_; is a version of E[ X}, | %,,_1]. To verify this, fix B € &;,_;
and we will show

E[X,1(B)] = E[X;-11(B)]. (65)
We do this by partitioning the sample space Q suitably. Namely, note that
E[Xn1(B)1(Xp-1=0)1(Ap)] =1-P(BN{X,-1 =0} N Ag)
=P(BN{Xp-1=0)P(Ax)
=PBN{Xy-1=0})(1/2k),
since BN {X;_; =0} € &#,,_; and Ay L &;_,. Similarly,
E[X,1(B)1(X;—1 = 0)1(By)] = -P(BN {X,-1 =0}) (1/2k),
E[X,1(B)1(Xp—1 = 0)1(AS N BS)] =0,
so by linearity of expectation,
E[Xn1(B)1(Xp-1=0)] =0=E[Xp-11(B)1(Xp-1 =0)]. (66)
Also observe that
E[Xn1(B)1(Xp-1 # 0)1(Cy)] = nE[Xp-11(B)1(Xp—1 # 0)]P(Cy)
= nk[Xp-11(B)1(Xp-1 # 0)] (/1)
=E[Xp-11(B)1(Xp-1 # 0)],
E[X,1(B)1(X,-1 #0)1(Cp)] = 0.
Again by linearity of expectation,
E[X,1(B)1(Xp-1 # 0)] = E[X;-11(B)1(Xp-1 # 0)]. (67)

We can then combine (66) and (67) by linearity of expectation to obtain (65). Thus X, is a martingale
w.r.t. %,.
Now note that X,, — 0 in probability since

P(X,=0)=P(X,=0|Xy-1 =0 P(Xy-1 =0) +P(X, = 0] Xp—1 #0)P(X;—1 #0)
=1-kHYPX, 1 £+ A -k HPX, 1 #0)=1 -k — 1.

However, X, does not converge to 0 almost surely. To see this, note that P(X,, # 0|%,-1) = 1/n, so we
have

> P(Xy # 0] Fp-1) = co.
n=1

8This is where we need our probability space ‘large enough' If it weren't, we could have expanded it by taking the product
space with another probability space so that it can accomodate events independent from Fj._;.
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So by Borel-Cantelli lemma (Lem. 5.3.3), X, # 0 infintely often with probability 1. But notice that X}, is
an integer-valued process, so if it converges to 0 with a positive probability, then X, = 0 for all sufficiently
large n with a positive probabilty. Thus P(lim;_.., X, =0) = 0. A

5.3. Applications of martingale convergence

In this section, we will apply the martingale convergence theorem (Thm. 5.2.24) to generalize the
second Borel-Cantelli lemma (Lem. 3.4.15) and to study Polya’s urn scheme, Radon-Nikodym deriva-
tives, and branching processes. The four topics are independent of each other.

5.3.1. Bounded increments. We first show that martingales with bounded increments either converge
or oscillate between +oco and —oo.

Theorem 5.3.1 (Asymptotic behavior of martingales with bounded increments). Let (X,),>0 be a mar-
tingale w.r.t. afiltration (%) n=0. Suppose that it has bounded increments: sup,,~, | Xn+1—Xu| < M almost
surely for some constant M > 0. Let
€ = {’}im X,, exists and is finite a.s. }
—00

2 = {liminf X;, = —oo and limsup X;, = co.}
n—oo n—oo

ThenP(€uP)=1.

PRrROOE. Since X, — Xp is a martingale, we can WLOG assume Xj = 0. Fix K € (0,00) and define N :=
inf{n = 0] X}, < —K}, the first hitting time of (—oo, K]. This is a stopping time, so by Theorem 5.2.17, X;;x n
is a martingale. Note that X(,An)-1 > —K, so

XnaN = Xiuan)-1+ (Xnan — X(nany-1) =2 —K — M.
It follows that Y, := XAy + K + M is a nonnegative martingale, so by Theorem 5.2.24, Y;, converges a.s.

to some limit Y. It follows that

{inan > —K} = {N = oo} € { X}, converges a.s.}.
n=
Since the above holds for all K > 0, letting K — oo’

{limiann > —oo} = {inf X, > —oo} < {X,, converges a.s.}. (68)

n—oo n=0
Applying this result for — X;,, we can also deduce
{limsup Xn < oo} < {X}, converges a.s.}.
n—oo

This shows 2° implies X,, converges a.s.,which is enough to conclude. ([l
Theorem 5.3.2 (Doob’s decomposition). Any submartingale (X,)n =0, can be written in a unique way

as X, = M, + A, where M,, is a martingale and A, is a predictable increasing sequence with Ay. More
specifically,

Ay = Z ElXm — Xim-11Fm-1]. (69)

m=1

9To see the first identity in (68), note that on the event lian g(l)an > —oo0, we have X > —oo for all n = Ny for some (random)

Np. Since Xj,’s are integrable, X, > —oo for all n < Ny. Hence inf X}, > —oo on this event.
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PROOFE. The statement says that the submartingale X, has its ‘stationary part’ M, and the ‘increas-
ing part’ A,. The formula (69) makes sense since E[X},, — X;;—1 | F;-1] = 0 is the one-step conditional
increment of the submartingale X,,, which must be subtracted to make it a martingale. Furthermore,
this conditional increment is € %,,,_1 S %,,_1.

We first show that the formula (69) works. As we noted, A, defined in (69) is predictable and increas-
ing. To show that M, := X, — A, is a martingale (finite expectation and adaptededness are easy),

E[My | Fn-1] =E[Xy — Ap| Fn-1l
=E[Xp-1+ Xn— Xn-1— An| Fp-1l
=Xp-1— An+E[Xn — Xp-11Fn-1l
. —~ _

=Xn-1—An
=Mp-1.

Next, suppose there exists such a Doob’s decomposition X;,, = M,, + A;. We show that it must satisfy
(69). Indeed, M,, and A,, should satisfy

EM, | Fn-11=M,_; and A,€%,.1 and A, .

It follows that
E[Xy | Fn-1] =EIMp| F 1] +E[An| Fp-1]
=M1+ Ay,
=Xp-1—An-1+Apn.
Since X,,—1 € %51, this shows that A,, — A,—1 = E[ X}, — X;,—1 | %5-1], which then yields (69). O

An important application of Theorems 5.3.1 and 5.3.2 is the following generalization of the second
Borel-Cantelli Lemma 3.4.15.

Lemma 5.3.3 (Second Borel-Cantelli Lemma, conditional ver.). Let (%,),=0 be a filtration with %, =
{®,Q}. Let (B,) n=0 be a sequence of events such that B, € &,. Then possibly except a set of probability zero,

{Bpio}= { f 1(By) = oo} = {
n=1

PROOE. Let Xo=0and X,, =Y./ _, 1(By,). Then X, is a submartingale. Applying Doob’s decomposi-
tion (Thm. 5.3.2), we can write X,, = M,, + A;,, where

PBn|Fn-1) =00}-

n=1

n n
Ap= ) PBu|Fn-1) and M,= ) 1(By)—PBy|Fn-1).

m=1 m=1

Here M,, is a martingale with incremenet bounded by 1. Using the notation in Theorem 5.3.1, we have

o0 o0
oné, Y 1By)=oc0 < Y P(BylFn-1)=00,

n=1 n=1

on?, Y 1(Bp)=oco and Y P(B,|Fp_1)=o0.

n=1 n=1

Since P(€ U 2) = 1 by Theorem 5.3.1, the result follows. ([l

5.3.2. Polya’s Urn. An urn contains r red and g green balls. At each time we draw a ball out, then replace
it, and add ¢ more balls of the color drawn. Let X;, be the fraction of green balls after the nth draw. Will X,
converge to some random fraction? This may not be obvious, but we can see it by using the martingale
convergence theorem.



5.3. APPLICATIONS OF MARTINGALE CONVERGENCE 138

Let %, denote the o-algebra generated by the first n draws. Then X, is a martingale w.r.t. &,,. To see
this, assuming that there are i red balls and j green balls at time 7, then

j+c . o
X _{i+j+c with prob. 7
n+l — i i

J i i
T with prob. t

So we have

E[Xn+11Fnl = .]JTC '.] -+ - ] : .l - = .](%+]+.C) == .] - =
i+j+c i+j i+j+c i+j (@(+j+al+j) i+]
Since X, is a nonnegative martingale, by Corollary 5.2.25, X, converges to some limiting RV X, which
is the limiting fraction of green balls. We also know that E[X] < E[Xp]. But the actual value of X, is
random. What is the distribution of X?

We make the following observation. Let ¢ denote the indicator that we get a green ball at the kth
draw. Then

+c +(m—-1c r r+(-1)c
P((élrnﬂén):(1»-“)1’0)"-’0)): g ° g e g : e .
—_—— r+g r+g+c r+g+(m-1lc r+g+mc r+g+(n-1c

m1’s 20’s
In fact, the above probability is unchanged for any binary sequence of length n with the same number of
1’s, since the denominators in the RHS are unchanged and the numerators are only permuted.
Now for concrete examples, suppose r = g = ¢ = 1. By the above computation, for any m =0, ..., n,

n n| m/e 1
6: =
Laen)-[s)

m (n+1)!: n+1’

P

This shows that X, is uniform among all possible values. Since X;,, — X, a.s. implies convergence in
probability, for each x € [0, 1],

P(Xeo < x) = r}EIgOP(Xn <Xx)=x.

This shows that X, ~ Uniform(0, 1).
Next, suppose r = ¢ =1 and g =2. Then

no ) (n\@3-mena 2(m+1)
P(k;f’“_m)_(m) 34+ | nvz

provided n — coand m/n — x.
In general, X is a continuous RV on [0, 1] with density
I'((g+1)/c)
I'(g/al(r/c)
which is the Beta distribution with parameters g/c and r/c (see Exc. 1.6.19).
Below in Figure 5.3.1 (generated by using Python), we provide some simulation results of Polya’s urn
for various parameter choices.

(g/c)—l(l _x)r/c -1

y

Exercise 5.3.4. Use your favorate programming language (e.g., python, R, matlab, C++) and reproduce
plots similar to the ones in Figure 5.3.1.

5.3.3. Branching processes. The martingale theory makes an important application in analyzing branch-
ing processes, a stochastic model for population growth.

Imagine a specie where every individual gives birth to a random number of offsprings for the next
generation and dies at the end of the current generation. Suppose for simplicity that the number of
offsprings that the ith individual at generation n, denoted as ¢, are i.i.d. from some fixed ‘offspring
distribution’ p = (po, p1,...,), i.e.,, P({} = k) = py for k = 0. Suppose there are Z, individuals at generation
n. Then Z,.;, the population at the next generation, should be given by the sum of all offsprings of every
individuals at generation 7. This is the idea behind the branching process in the following definition.
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Polya's urn (r=1, g=1, c=1) Polya's urn (r=1, g=1, c=3) Polya's urn (r=3, g=1, c=1)

fraction of greens

fraction of greens

o] 20 40 60 80 100 0 20 40 60 80 100
iterations iterations iterations

FIGURE 5.3.1. 10 (top row) and 100 (bottom row) sample trajectories of Polya’s urn process.

Definition 5.3.5 (Branching processes). Let (¢ :.1) i,n=1 be a sequence of doubly indexed i.i.d. nonnegative
integer-valued random variables with distribution p = (py, p2, ...). Define asequence Z,,, n = 0,by Zy =1
and

Stk i Z, 21
it 7, =0.
Then (Z,) 10 is called the branching process (or a Galton-Watson process) with offspring distribution p.
We call p:=E[S] = X737, kpk the mean offspring number.
Every individual on average gives y number of offsprings. It would be reasonable to guess that the
following behavior:
(Subcritical phase): Z, — 0 almost surely and exponentially fast if 4 < 1;
(Critical phase): Z, is ‘unbiased’ but Z,, — 0 almost surely if u = 1;°
(Supercritical phase): Z,, ~ u"* almost surely if u > 1.
We will use martingale theory to justify the above speculations. The key connection between the
branching processes and martingales is the following.

Lemma 5.3.6 (Normalized branching process is a martingale). Let &, := 0({!";i 21,1 < m < n) and
p:=E[§?] €(0,00). Then Z,/u" is a martingale w.r.t. the filtration .

PROOE. Finite expectation and adaptedness are clear. For martingale increments, since Z, € &, we
have

ElZns1 | Fnl =BT 4o+ &5 | Fyl = pZ,. (70)

10Exclusing the trivial case when Z; =1 a.s., which occurs when ¢ :’ =1a.s. forall i, n.
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The desired result follows from multiplying both sides above with 1/u"*!.!1 g
Proposition 5.3.7. Z,/u" converges almost surely to some limiting RV.

PROOE. Since Z,/u'" is a nonnegative martingale, it follows from Corollary 5.2.25. U

Note that since Z,/u" is a martingale by Prop. 5.3.7, E[Z,/ u"*] = E[Zy] = 1. Therefore
E[Z,] = u". (71)

This confirms the conjectured phase transition behavior of the branching process in expectation.
Next, we identify the limit in Prop. 5.3.7. We start with the subcritical phase u < 1, in which case the
limit should be zero.

Proposition 5.3.8 (Extinction of subcritical branching process). If <1, then Z,, = 0 for all n sufficiently
large, so Z,/ 1" — 0 almost surely.

PrOOE. By Markov’s inequality and (71),
P(Z,>0)=P(Z,=1)<E[Z,] =p".

Hence if p € (0,1), then P(Z,, > 0) — 0 exponentially fast. By Borel-Canteli lemma (Lem. 3.4.6), Z, >0
only for finitely many ns almost surely. Thus Z,, = 0 for all sufficiently large n almost surely. g

Next we consider the critical case y = 1. Clearly if every individual gives birth to exactly one offspring,
then Z,, = 1 almost surely. If we exclude this trivial case, then any small amount of randomness is enough
to get the entrie population extinct.'?

Proposition 5.3.9 (Extinction of critical branching process). Ifu =1 andP(§" #1) >0, then Z, =0 for
all n sufficiently large.

PROOE. Since u =1, Z, itself is a nonnegative martingale by Prop. 5.3.7. Hence Z,, — Z, almost
surely for some limiting RV Z, by Corollary 5.2.25. Since Z,, is integer-valued, so is Z»,. Hence Z, = Z,
almost surely when n is sufficiently large. Fix an integer k = 1. Then

P(Zoo = k) =P(Z,, = k for all n sufficiently large)

<> P(Z,=kforalln=N).
N=1

Now forany N =1,
P(Zp=kforalln=N)=P({ +---+ &} = kforall n= N)
= [[ P&+ +EL =K.
n=N

Note that the probability P($Y + -+ + ¢}l = k) does not depend on n. Furthermore, since the offspring dis-
tribution is not the point mass at 1, P(¢} + -+ + ¢} = k) is strictly less than one. Thus the infinite product
in the last expression above is zero. This shows P(Zy, = k) = 0 for all k = 1. Since Z, is integer-valued, it
follows that Z, = 0 almost surely. U

Mg you are not completely satisfied with the argument for (70) since Z;, is random (albeit being in &), we can proceed
by showing the claimed identity with partitioning the sample space. That is, write Q = UCI)CO:O{Z” = k}. Then for each k, {Z;, =
kie Fpand Z;, 1 = E{”l + ---+€Z+1 on {Z; = k}. Hence by Exc. 5.1.6,

ElZps1 | Fn) =EET 4+ 4+ &0 F) = pk = p 2.

The above holds for all k =0, so E[Z;,+1 | %yl = nZ, almost surely.
2This is just like the fact that symmetric random walk on Z will eventually visit zero.



5.3. APPLICATIONS OF MARTINGALE CONVERGENCE 141

Lastly, we consider the supercritical branching process (¢ > 1). In this case, we will show that the
population survives forever with a positive probability, meaning that Z,, > 0 for all n with a positive prob-
ability. Furthermore, we can exactly compute this survival probability. using the generating function of
the offspring distribution.

Define the generating function of the offspring distribution p = (po, p1,...) as

@(s):=E[s?]= Y pis*.
k=0

Observe that

o0 (e, 0)
@)=Y kpes©'>0,  @"(9)=) k(k-1)pps*?>o0.
k=1 k=2

Hence ¢ has the following properties:
1. @ is strictly increasing on [0, 1);
2. ¢" >00n (0,1), and hence ¢’ is strictly increasing and ¢ is strictly convex on (0, 1);
3. o) =1.
4. ¢(0) = po and ¢’ (0) = p;.
We make some observations on the generating functions.
Lemma 5.3.10. Define ¢, () := E[t?"]. Then @, is the n-fold composition of ¢ by itself, that is,
po(t) =1,
Pn+1(8) = @(Pn(8)) = Pnlp(1).

PROOE. We present two argumetns depending on conditioning on &) or &%,,. First, note that Z,, is
the sum of Z; independent copies of Z,, due to the recursive structure. Hence, denoting Z/ for i = 1 to
bei.i.d. copies of Z,,,

Qi1 (1) =E[177]
=E[E[% 1]
|
=E[@n(07]
=@(pn(1)).
For the second argument, note that

One1(t) = E[t7m1]

=E[E[t7 | F]]
e[ )
=E[p(n*]

= Qnlep(1)).

0

A key notion for describing the behavior of a branching process is its extinction time, which is the
first time that the population reaches zero:
7:=infifn=0| 2, =0}. (72)

With the convention that inf® = oo, we have T = co if Z,, never goes extinct. What is the probability of
extinction, P(r < 00)? The following lemma is a key result that relates the extinction probability and the
fixed point of the generating function.
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Lemma 5.3.11 (Extinction probability). The extinction probability { := P(t < co) is the smallest nonnega-
tive root of the fixed point equation ¢(t) = t.

PROOFE. We present two approaches. First we appeal to the recursive nature of the branching process.
Consider what has to happen for the event 7 < co. There are Z; first-generation nodes, and descending
from them there are independent copies of the entire branching process. Therefore by partioning on the
values of 73,

(=po+ Y. pil* = 0.
k=1

Second, observe that (since 0° = 1)
P(Z, =0) = ¢,(0).

Note that Z,+; = 0if Z; =0, so P(Z,, = 0) is non-decreasing in n. It follows that, by continuity of proba-
bility measure (Thm. 1.1.16), { = lim;_.o,P(Z;, = 0) = lim;_c ¢, (0). It follows that by Lem. 5.3.10,

{ = lim ¢(pa(0) = o(lim ¢,-1(0) = 9(©).

Lastly, we conclude that { is the smallest nonnegative root of ¢(t) = t. This follows from the mono-
tonicity of ¢. Indeed, suppose {’ is another nonnegative root of the fixed point equation. Then since ¢ is
strictly increasing and by Lem. 5.3.10, ¢, = ¢ o--- o @ is also strictly increasing. Since 0 < {’,

Pn(0) <@, ().

Letting n — oo, we get { < {’. So we must have { ='. O

1= 0.75 p=1.0

1.0

— ¢(z) =E[z9]
y==x

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 5.3.2. Phase transition in the fixed point of the generating function ¢ of the offspring
distribution ¢ ~ p = Binomial(3, p), where the mean offspring number y=3p. When u<1,{=1
is the only fixed point of ¢. When p > 1/3 so that u > 1, there appears a new fixed point { < 1.

The following is a key observation for the generating function ¢ of the offpsring distribution p.

Theorem 5.3.12 (Phase transition in extinction probability). Suppose p1 <1 and let{ = P(tr < co) denote
the exinction probability. Then the followings hold:

(i) (subcritical and critical regime) Ifu <1, then{ = 1.

(ii) (supercritical regime) Ifu>1, then{ < 1.

PROOE. By Lemma 5.3.11, we know that ¢ is the smallest nonnegative fixed point of the generationg
function ¢ of the offspring distribution p.

Suppose u < 1. Recall that ¢ is strictly convex with strictly increasing first derivative and positive
second derivative. Note that lim; ~ ¢'(f) = p < 1, so ¢'(¢) < 1 for all ¢ € (0,1). Then by mean value
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theorem, there cannot be any fixed point of ¢ in [0, 1), for if { = ¢ ({) for some ¢ € [0, 1), then since ¢(1) =1,
there must be some {’ € ({,1) such that ¢’({’) = 1, but this contradicts the fact that ¢’ <1 on (0, 1). Since
¢(1) = 1, the smallest nonnegative fixed point of ¢ is 1. Therefore { = 1.

Next, suppose u > 1. Recall that ¢(0) = py. Hence if pgy, then ¢(0) = 0 and ¢(1) = 1. Since ¢ is
strictly convex, there is no other fixed point in (0,1). Now suppose py > 0 so that ¢(0) = po > 0. Since
¢'(1) = u> 1, when t /1 we should have ¢'(t) < t by Taylor expansion. Hence there exists t* € (0,1)
such that ¢(t*) < t*. Since ¢(0) > 0, by the intermediate value theorem, there exists a fixed point { in
(0, t*). It follows that { < 1. O

Theorem 5.3.12 only states that { < 1 in the supercritical case but does not provide what that value is.
Lemma 5.3.11 tells us that we only need to solve the fixed point equation ¢(¢) = ¢ to find it, but solving
this equation exactly might be difficult. In Exercise 5.3.13 below, we provide a simple iterative algorithm
that converges to the extinction probability ¢ for the supercritcal case > 1 at an exponential rate.

Exercise 5.3.13 (Approximating the extinction probability by fixed point iteration). Suppose p > 1. In
order to compute the extinction probability { = P(r < oo) € [0,1), consider the following ‘fixed point
iterates’: 8y = 0 and

0, :=p0,-1),
where ¢(s) = E[s#!] is the generating function of the offspring distribution.
(i) Show that 8, = ¢,(0) forall n = 1.
(ii) Show that ¢’({) € [0,1). (Hint: See Fig. 5.3.2.)
(iii) By induction, show that 6, < forall n=0.
(iv) Show that (Hint: Use convexity of ¢)
{=0n=00)~pOn-1) =@ O ~0n-1).
By induction, deduce that
0<{-0,<¢')".
Conclude that 8,, / { at an exponential rate.

Our last point of investigation for the branching processes is how does the tail of the extinction time
7 behaves. For instance, Theorem 5.3.12 shows that for u < 1, the extinction time 7 is almost surely finite.
But how likely is it to exceed a certain value? That is, how does the probability of the branching process
surviving up to time n behave? We can answer this question again by using generating fuctions. The key
relation is

Pa>n=P(Z,>0=1-P(Z,=0)=1-¢,(0).
Thus the speed at which P(r > n) decays is determined by the speed at which ¢, (0) converges to one.

Exercise 5.3.14 (Tail of the extinction time in the subcritical regime). Suppose p <1 and [E[le] < oo.

(i) Use a similar approach illustrated in Exc. 5.3.13 to show that 1 — ¢,(0) < u”. Conclude that
Pt >n)<pu".
(ii)* By Taylor’s theorem, show that
1—0341(0) = (1) — p((0) = (1 — 9 (0)) + O (1 — ,,(0))%).
Using convexity of ¢, deduce that, for some constant C > 0,

1= 9n(0) = C((1 = 9n(0)%) < 1= @p41(0) < (1 — 9 (0)).
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Deduce that (using (i))

et BT =nn0)
- aT=en0)

Use Weierstrass’ theorem on convergence of products to conclude that the limit

-n-17 _
Gy o= fim P00 O)
n=eo (1= o(0))

exists and is positive. Finally, conclude that

1-Cpu

= lim 47" (1= ¢p+1(0))

P(r>n)~Cpu".
Exercise 5.3.15 (Tail of the extinction time in the critical regime). Suppose u=1, p; #1, and [E[Zf] < oo.
(i)* Show that there exists a constant C > 0 such that
P(rt>n)~C/n.
(Hint: Use the Taylor expansion of ¢ near { = 1:

(p”(l)
2

1-n100) = 1—¢,(0) - (1 - @, (02

Letting x,, := 1—¢,(0), they satisfy the recursion x4 = x,, — bx?. Then making a further change
of variable y,, = x;l, deduce

o vE L b _ b
Yner = T T hx, T 1m0y

Hence y,, is asymptotically an arithmetic sequence.)

(ii) Use (i) to deduce that the extinction time has the following scaling property: For each x > 1,

P(r>xn|t>n)=Cl/x+o0(l).

5.4. Martingale concentration inequalities

Martingales can be used prove extremely useful (expeically in many machine learning and statisti-
cal applications) concentration inequalities without assuming much on independence structure of the
increments. We will study a few of them in this section.

The first is a martingale-version of the classical Hoeffding’s inequality called the Azuma-Hoeffding
inequality, which is obtained by applying moment generating function, Markov’s inequality, and opti-
mization for best bound. This inequality is used a lot in ML, for inatence, in analyzing no regret algo-
rithms for online sequential prediction [ .

Theorem 5.4.1 (Azuma-Hoeffding inequality). Let (Xy)o<k<n be a martingale w.r.t. a filtration (¥y)o<k<n
with bounded increments: | Xy — Xyx-1| < 0k for some constant oy € (0,00) fork=1,...,n. Then

12
— > < _
PX,—-Xo=1)< exp( 2yr Ui) . (73)

Ifor=0(1), thenthesum ¥;_, ai grows linearly in 7. This growing denominator in the exponential
function above is killed only when ¢ > /n; if r = 0(y/n), then the concentration bound (73) is not useful.
Thus (73) implies that the martingale X,, cannot exceed v/n by much with high probability. For instance,
P(X, = n) = exp(—0(n)) is exponentially small. If X, had independent increments, this O(/n) scaling is
expected by the central limit theorem (Thm. 4.4.5). We will use a ‘variational Jensen’s inequality’ in Exc.
5.4.2 in the proof of Theorem 5.4.1.
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PROOF OF THEOREM 5.4.1. The proof follows the usual recipe for proving Hoeffding’s inequality but
we use conditional expectation everywhere. Without loss of generality, assume Xj = 0.

Write ¢, = X, — X;,—1 for the increments. Since |¢,| < 0, a.s., {,, is a bounded RV so it has finite
exponential moments everywhere: E[exp(00,)] < oo for all 8 € R. Note that, for any parameter 6 > 0, by
exponentiating and taking Markov’s inequality,

P(X,=1t) <P(exp(0X;) = exp(01)) (74)
< exp(-61)Elexp(0 X,)].

Next we use iterated expectation to write

Elexp(0X,,)] = E[E[exp(0 X,) | Fpn-1]]
=E[E[exp(0X,,—1 +0¢,) | Fp-1]]
=Elexp(0X,,—1) Elexp(0¢ ) | Fr-all

since exp(0 X;,-1) € ¥,—1. Now, ¢, conditional on %,,_; is a bounded random variable taking values from
[—0k,0k]. By Exercise 5.4.2 (this is where we use the martingale condition E[¢,, | %,,-1] = 0), we have

Elexp(0¢,) | F 1]l < exp(0207/2).
Since exp (6 X;;,—1) = 0, it follows that
Elexp(0X,,)] < E[exp(8X,_1)] exp(8*a2/2).

Proceeding by an induction, we deduce

n
Elexp(0X,)] <exp(%z )

Combining with (74), we get

[FD(ant)Sexp( 0t+— Zak)

The above bound holds for all 8 > 0 so we can optimize the above bound in 6. Note that the exponent in
the RHS above is a convex quadratic function in 8, which is mimized at 6 = 7o with minimum value
k=19

—12/2 Yi ai. This shows the assertion. U

Exercise 5.4.2 (A variational Jensen’s inequality). Let X be a mean zero RV taking values from an interval
[— A, B]. Fix a convex function ¢ : R — R. We will show that

A
B . 75
A+B+(p( )A+B (73)

In words, over all possible distributions of X over [—A, B], the most extreme distribution that maximizes
E[ep(X)] is the one that puts point mass on —A and B as in the right-hand side.

Elp(X)] < p(=A)

(i) Let Y be a RV taking values from [0,1] and mean p € [0,1]. Suppose that for any convex function
v :R— R, we have

Ely (V)] = (1 -p)y(0) + py(l). (76)

Then deduce (75) from this. (Hint: Rescale X and make appropriate change to ¢.)
(ii) Here we will deduce (76). Let Y be as before. Let U ~ Uniform(0, 1) independent from Y. Argue that

1(U<Y)|Y ~Bernoulli(Y) and 1(U<Y) ~ Bernoulli(p).
(You may use Ex. 5.1.14 for the first part.) Then use Jensen’s inequality to deduce

(1=p)p) +pe) =ElpAU < Y))] =2 E[p(Y)].
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(iii) (Hoeffding’s lemma) Let ¢(x) = e%* for a fixed 6 > 0 and assume A = B > 0. Deduce that

Elexp(0X)] < 2P (_QA)];[E[eXp O] _ exp@242/2).

A useful consequence of Azuma-Hoeffding’s inequality is the following McDiarmid’s inequality, which
is also known as the ‘bounded difference inequality’.

Theorem 5.4.3 (McDiarmid’s inequality). Let Xi,..., X, be indepdendent RVs. Let g : R" — R be a “Lips-
chitz” function in the following sense: Ifx,x' € R" differ only in the kth coordinate, then

If&® - f&) <o (77
for some constant oy € (0,00). Then for any t > 0,
2
P(f(X,.... Xn) —E[f(X1,..., X = 1) szexp(—m).
PROOE. Define a filtration (F)o<k<n by o = {8,Q} and F .= 0(Xy,...,Xy) for k=1,...,n. For k =
1,...,n,denote
Yi =Elf(X1,..., Xn) | Fk].
Then |Yi| < ¥}_, 0« by using the Lipschitz property of f, so E[| Y|] < co. Clearly Y} € F. Also by iterated

expectation, E[Yi, 1| Fr] = Yk, so (Yi)1<k<n iS @ martingale wr.t. (Fi)1<k<n'°. Furthermore, by (77),
| Yy — Yi_1| < 0. To see this, let X]’C be an independent copy of X, so X,’C 1 Z. Then (using Ex. 5.1.15)

ELf (X1, r Xi—1, X Xiet 15+ Xn) | Fae) = ELF (X1, Xi—1, X Xier 15+ o0 Xn) | F1] = Y1,
so by (77) and a triangle inequality,
|Yie = Vi1l = [ELF (X0, e Xie— 1, Xio» Xkt 1 -0 X) — (X1, Xiem1, Xy Xkt 1520 Xi) | Zl|
<0
Now the statement follows from Azuma-Hoeffding (Thm. 5.4.1) and noting that Yy = E[f (X1,..., Xp)]. U

Below we will see some interesting applications of the martingale concentration inequalities in the
context of Erdés-Rényi random graphs.

Definition 5.4.4 (Erd4s-Renyi random graphs). Construct a random graph with n nodes in the following
manner. For each pair of nodes (i, j), include an edge i j independently with probability p and leave it
as a non-adjacent pair with probability 1 — p. The resulting random graph is denoted as G(n, p) and is
called a Erdds-Renyi random graph.

Exercise 5.4.5 (Number of triangles in G(n, p)). Let T = T(n, p) denote the total number of triangles in

G(n, p).

(i) For each three distinct nodes i, j, k in G, let Y;x := 1(i, jk, ki € E), which is the indicator variable
for the event that there is a triangle with node set {i, j, k}. Show that

Yijk ~ Bernoulli(pg).
(ii) Show that we can write

T= ) 1(ij, jk ki€E). (78)

lsi<j<ks=n

Deduce that the expected number of triangles is

_1"l.3
[E[T]—(3)p.

13This is called the ‘exposure martingale’ because we are revealing the random coordinates Xj,..., X; one by one.
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Erdos_Renyi random graph G(100,0.01) Erdos_Renyi random graph G(100,0.2)

FIGURE 5.4.1. Samples of ErdGs-Renyi random graphs.

(iii) Show that
4
Var(T(n, p)) = (Z)(;ﬂ — %)+ 12(2)(;95 —p%) ~ %(PS -p%.

(Hint: First compute E[T?] and use the fact that Var(T) = E[T?] — E[T]%. For computing E[T?],
use (78) and consider possible cases according to the number of overlapping edges.) Thus
Std(T'(n, p)) = O(n?). If CLT holds for T(n, p), then T(n, p) should fluctuate around its mean
by ®(n2). Can we conclude this by CLT?

(iv) Show that for each ¢ = 0,

|

Deduce that the above probability is o(1) if ¢ > n2. Specifically, for any € > 0,

|

Thus, McDiarmid’s inequality almost confirms the upper tail of fluctuation of T'(n, p) predicted
by CLT. (Hint: Let Xty Xy denote the indicator of there being an edge for the kth pair of
distinct nodes. Let f(X;,..., X(m) denote the number of triangles using the edges indicated by
Xjs. Consider the “edge exposure filtration” (9,1)05,15(;1), where we reveal the connectedness
of every pair of distinct nodes (i, j) sequentially. Argue that there at most n — 2 triangles that
contains a given edge. Then use Theorem 5.4.3.)

t2

>t SZexp(——n(n_ Do=2?)"

n\ s
T(n,p)— 3 p

T(n,p) - (g) pil= n2+£) <2exp (—nZE).

Exercise 5.4.6 (A moment bound for sub-exponential RVs). Suppose X is a sub-exponential RV, i.e., there
exists a constant ¢ > 0 such that for all x =0,

P(X| = x) < exp(—cx).
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Then show that for all integers p = 1,
E[|X|P1<cPp! forallp=1.

(Hint: Use the tail-sum formula 1.5.10 and integration by parts to show [;° e “*xP 1 dx=c"P(p—1)!.)
Generalize the above result to conditionally sub-exponential RVs. Namely, suppose

P(X|=x|%) <exp(—cx) forall x=0 almost surely
where & is a sub o-algebra. Show that for all integers p = 1,
ElX|P|ZF]l<c Pp! as. forall p=1.

Exercise 5.4.7 (A useful bound on MGF of mean-zero sub-exponential RVs). Suppose X is a mean-zero
sub-exponential RV, i.e., there exists a constant ¢ > 0 such that for all x = 0,

P(X| = x) = exp(—cx).
Then we have
Elexp(A|X])] < exp(2(A/c)?) forall0<A<c/2.

(Hint: Use Taylor expansion, E[X] = 0, the moment bounds in Exc. 5.4.6, and 1+ x < e¢* for x = 0.)
Generalize the above result to conditionally sub-exponential RVs. Namely, suppose

P(X|=x|%) <exp(—cx) forall x =0 almost surely
where & is a sub o-algebra. Then show that
Elexp(A|X]) | &] < exp(2(/1/c)2) a.s. forall0< A <c/2.

Exercise 5.4.8 (Azuma-Hoeffding inequality for increments with exponential tail). Let (Xi)o<r<n be a
martingale w.r.t. a filtration (%y)o<k<n- Suppose that the increment has an exponential tail: For all 1 <
k <nand t =0, almost surely,

P(Xg — Xg—1l = t| Fi—1) < exp(—cl),
where ¢ > 0 is a constant. In this exercise, we will show that the following variant of Azuma-Hoeffding
inequality holds:

2
P (X, —Xol =2 t)SZexp(—;—nt(t/\(Zn/c))). (79)

(i) Show that
2

2no
P(X,=t) <exp|-0t+ 5
c

) forall8 € [0,c/2].

(Hint: Use iterated expectation to write E[exp (6 X},)] = Elexp(0 X;,—1) Elexp(6¢ ) | F,-1]1]. By Exc.
5.4.7, the conditional MGF E[exp(6¢,) | F,-1] is almost surely bounded above by exp(2(9/c)2)
for all 8 € [0, ¢/2]. Then use Markov’s inequality. )

(ii) Let t:= t A (2n/c). From (ii), show that for all £ =0,
c2tt
P(X,=1) <exp[———].
8n

Lastly, deduce (79) by a union bound.

(c.f. Due to the constaint § < ¢/2, we cannot simply choose 6 to be the global minimizer 4nt/c?
for the quadratic function in (ii), in case when ¢ > 2n/c. This issue does not occur when ¢ has
bounded support.)

(Hint: For minimizing -0t + LTHZ over 0 € [0,C], let £ := t A CL, write the objective as —6(t —f) +
(-6t + %62) and use the fact that the second quadratic term is minimized at 8 = /L < C. The
objective value at such 6 is at most _2% Apply this with L=4n/c?> and C = ¢/2.)
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(iii) Using (79), deduce that

P 1 Xy Xo| 2exp —%) for ts%ﬁ
— X, —Xolz 1] =
vn " 2exp —%ﬁ) for ¢t > %ﬁ

Thus, for ‘small deviations’ ¢ < %ﬁ, we have a Gaussian tail bound, as if the normalized sum
had a normal distribution with constant variance (i.e., the central limit behavior). However, for
‘large deviations’ ¢ > %ﬁ, we have much heavier, sub-exponential tail bound. This is because
a single increment ¢ could be as large as v/n with probability O(exp(—cy/n)), which already

matches the sub-exponential tail bound.

5.5. Doob’s inequality and convergence in L” for p > 1
Recall that a sequence of RVs X, — X for some X in L? for some p € (0, 00) if
I1Xn = Xl p :=Ell X, - XIPIMP -0 asn— oo.

In this section, we will investigate when does a martingale converge to the limit in the L” sense for p > 1,
which is a stronger notion of convergence than the a.s. convergence in the martingale convergence
theorem (Thm. 5.2.24).

In order to derive the key results in this section, we need to analyze submartingales evaluated at a
bounded stopping time. The following lemma provides a natural result on this situation.

Lemma 5.5.1 (Optional stopping for bounded stopping time). Let (X,,),=0 be a submartingale w.r.t. a
filtration (%) n=0. Let N be a stopping time such thatP(N < k) = 1. Then almost surely,

E[Xo] = E[XN] = E[X].
In particular, if (X)) n=1 is a martingale,
E[Xol = E[XnNI.
PROOE. Since N < k almost surely, Xy is submartignale evaluated at some random time between 0

and k, so the result should be resonable.
By Theorem 5.2.17, X,y is a submartingale so

E[Xol = E[Xnnol = E[XNak] = E[XN],

where the equality follows from the fact that N < k almost surely. This shows the first inequality in the
assertion.

To show the second inequality, let K, := 1(N < n) = 1(N < n—1). Then K = (K;),>1 is bounded
predictible and note that (recall (58))

n n
A KdX = Z (1_1{N2m}) (Xm— Xm-1) = Xpn— Xnan-
m=1

By Exercise 5.2.21, X, — Xnyap is @a submartingale. So
E[Xk] —E[XN] = E[Xk] —E[Xnak] = E[Xk — Xnak]l ZE[Xo — Xnaol = 0.
This finishes the proof. O

Example 5.5.2. Let (S;);>0 be a simple random walk on Z with Sy = 1. Suppose E[S; — Sp] = 0 so that S;,
is a submartingale. Let N =inf{n = 1|S,, = 0}. Then

E[So] =1>0=E[0] =E[SN].
Therefore Lemma 5.5.1 does not hold. This is because the first hitting time of zero, N, is not bounded. A

Martingales are the most useful when stopped or evaluated at appropriately designed stopping times.
The following result known as Doob’s inequality is a classical example of this.
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Theorem 5.5.3 (Doob’s inequality). Let (X,,) =0 be a submartingale w.r.t. a filtration (%) n=0. Fix A >0
and let A:= {maxo<m<n X;, > A}. Then
AP(A) <E[X,14] <E[X]].
In particular,
P (Orgnmaé(nX;l > /1) < AT'ELX).
PROOFE. Let M :=inf{m = 1| X, = A} and let N := M A n. Then N is a stopping time bounded by n.
Since Xy = A on A, we have Xy14 = A1 4 almost surely, so
AP(A) =E[Xn14].
Also note that Xy = X, on A®, so by Lemma 5.5.1 we have
ElXN1al =E[XN] —E[XN1ac]
< E[Xp] —E[Xnlac] = E[X,14].

Combining the above inequalities, we obtain the first inequality in the assertion. The second inequality
is trivial since X, 14 < X’ almost surely. O

Example 5.5.4 (Kolmogorov’s maximal inequality). Let (S,),=0 be a random walk with independent in-
crements &; with E[¢;] = 0 and E[¢2] = 0%, € (0,00). Then S, is a martingale w.r.t. %, := 0'(é1,...,€p), s0 by
Prop. 5.2.12, §2 is a submartingale w.r.t. &,. Now applying Doob’s inequality (Thm. 5.5.3) with A = x?
for x > 0 gives

P (lrnkax MIE x) < x?E[S%] = x *Var(S,).
<Kk=n

Thus we recover Kolmogorov’s maximal inequality (see Exc. 3.7.1) from Doob’s inequality. A

Theorem 5.5.5 (L” maximum inequality). Let (X,)n=0 be a submartingale w.r.t. a filtration (%) n=0.
Denote X , := maXo<m=n X,,,- Then for1 < p <oo,

_ 14
E(X"] < (%) EL(X;)P.

PROOE. Fix a constant M € (0,00). We will consider the truncated variable Yn A M instead of Yn to
ensure integrability. By Thm. 5.5.3, we have

P(X,>x) < x 'EX 11X, > x)].
Note that {X, A M > x} = {X,, > x} if x < M and is @ if x = M. Thus the above yields
PX,AM>x) < x 'EIX 11X, A M > x)].
Then by Prop. 1.5.10 and Fubini’s theorem, we get

E[(X,, A M)P] =f pxPIP(X, A M) > x)dx
0

0 —
sf pxPEIXT1(X,, AM > x)]dx
0

(S8 —
X+f pxP 21X, AM > x)dx
0

n

- P g

p-1
- P
1

X+an/\M( _1 pe2
n p-1Dx"“dx
0

X;(XHAM)’H].
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Now let g := p/(p — 1) denote the conjugate of p. Applying Holder’s inequality (Prop. 1.3.13), we get

E| X)X, AMPY <ENXTIPIYPEIX, A M)PIVA,
Since1—(1/g)=1- pT_l = 1/p, dividing both sides by E[(X, A M)P]'/49'* it follows that

p
Ll) E(X P,

E[(X, A MP] =E[(X, A M)PI-01)) < (

Lastly, we let M " oo and use monotone convergence theorem (Thm. 1.3.19) to conclude. g

Theorem 5.5.6 (L” convergence theorem). If X, is a martingale with sup -, E[| X,|P] < co for some p > 1,
then X,, — X a.s. and in LP as n — oo.

PRrROOE. Almost sure convergence follows directly from the martingale convergence theorem (Thm.
5.2.24) since (E[X;1)? < E[|X,|”] <E[|X,]]”. For the L” convergence, we will use the fact that

p
| X - X|P < (ZSupanl) )
n=0

which follows from | X},| < sup,,~¢1X,| and | X| = lim,— | X| < sup,,¢ | Xxl|. Thus if sup,,~o | X, is in LP,
then by dominated convergence theorem (Thm. 1.3.20), E[|X,, — X|P] — 0 as desired. Indeed, |X}| is a
submartingale (Prop. 5.2.12) so by Theorem 5.5.5,

E

p
( sup |Xn|)

0<n=m

< (L)[Enxnnp <00,
p-1

Taking m — oo and using MCT (Thm. 1.3.19), we deduce that sup,,., | X,| is in L”, as desired. ]

Exercise 5.5.7 (Orthogonality of martingale increments). Let X, be a martingale with E[X?2] < oo for all
n. Show that
(i) f m<nandY € F,,, then E[(X;, — X;;,) Y] =0.
(ii) If ¢ < m < n, then E[(X;, — X;) (X5, — Xp)] = 0.
(iii) (Conditional variance formula) If m < n, then
E[(Xn = Xm)? | Fm] = ELX}| Fon] = X

A nice application of the L” martingale convergence theorem is the exponential growth of supercrit-
ical BP conditioned to survive.

Exercise 5.5.8 (Supercritical branching process on survival). Consider supercritical branching process
(Zn)n=o (recall the notations in Sec. 5.3.3) with mean offspring number y = E[¢)] > 1 and suppose
Var (¢ ﬁl) =02 < 0. By Theorem 5.3.12, we know that the extinction probability { = P(7 < oo) is nonzero,
where 7 denotes the extinction time (see (72)). By Prop. 5.3.7, we also know that X, := Z,/u" converges
a.s. to some limiting RV X. It is reasonable that on the survival event 7 = oo, X should be positive so the
population grows asymptotically exponentially as Xu". The goal of this exercise is to justify this:

{X:Z lim Zn/pn>0}={‘[=oo}_ (80)
n—oo
(i) Show that
E[Z2] = u?E1Z2_ |1 + 0%ElZy 1.

(Hint: Use E[Z2| Fp 1] =E[EL + -+ E2) | Fy 1] = Zp 1 EIE )] + Zo1 (Zno1 - DEIEL]Z)

Mwe can do so since [E[(Yn A M)P] < oo. Without the truncation, this is not necessarily true.
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(ii) Deduce thatforalln =1,
E[X2] = E[X2 ] +0%/u™,
By induction, show that

n+1
E[XZ=1+0%) u~
k=2

(iii) Show that X,, — X in L? and E[X,,] — E[X] for some RV X. (Hint: Use L” martingale convergence
and Jensen’s inequality.)

(iv) Deduce that E[X] =1, so 0 :=P(X =0) < 1. Show that 8 satisfies the fixed point equation
o0
0= pib*=¢@),
k=0

where @(s) = E[s?'] is the generating function of the offspring distribution. Deduce that 0 = { =
P(tr < 0o) and conclude (80). (Hint: “<” in (80) is trivial, so it is enough to show 8 = (. For this,
use a first-step analysis using the recursive property of BP. Then use Lemma 5.3.11.)

5.6. Uniform integrability and convergence in L'

Given a sequence of RVs X, converging almost surely to another RV X, when can we interchange the
pointwise limit and integral and say

E[X] =E[lim X,]= lim E[X,]?
n—oo n—oo
We can certainly do whenever we can apply any of the convergence theorems (i.e., MCT, BCT, DCT). But

there are some counterexamples as well. One such example is given in Ex. 1.3.17. Below we give another
one that will motivate a key definition in this section.

Example 5.6.1 (Mass escaping to infinity). Consider (R, 2, u), where u =Lebesgue measure. Let f;, :=
1n,n+15- Then f, <1forn=1and [ f,dp=1forall n = 1. Also, f, — f = 0 almost everywhere, since for
eachxeR, f(x) =1(n<x<n+1)=0forall n> x. Thus

0=ffdu¢lzlggoffndu=l.
A similar but more probabilistic example is the following. Let X;, X, --- be independent RVs with

_ J(n+1D?* withprob. 1/(n+1)?
"o with prob. 1-1/(n +1)2.

Then Y ,,21 P(X, #0) = Y .21 (n+1)72 < 00, 50 X}, is nonzero only for finitely many n’s almost surely by
Borel-Cantelli. Hence X,;, — X = 0 almost surely. Now

0=E[X] # I’}i—l:IOIO[E[Xn] =1.

In both examples, some amount of mass is escaping to the infinity and the pointwise limit does not hold
itin the limit. A

In this section, we will give necessary and sufficient conditions for a martingale to converge in L.
The key to this is the following definition.

Definition 5.6.2 (Uniform integrability). A collection of random variables (X;) ;¢ is said to be uniformly
integrable (U]) if

lim (sup E[|X;|1(|X;| = M)]|=0.

O\ jel
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Note that uniform integrability implies a uniform bound on the expectations. Indeed, if we choose
M large enough so that the above supremum is at most 1, then writing E[| X;|] < E[| X;|1(1X;| = M)] + M,
we have

sup E[|X;]] = M +1.

iel
We will use this observation several times in this section.

Example 5.6.3 (Dominated sequence). Let (X;);e; be a collection of RVs domiated by an integrable RV
Y,ie,|X;|<Y forallielandE[Y]<oo. Then (X;);esis UL Indeed, note that

sup E[| X;[1(1X;| = M)] <E[Y1(Y = M)]. (81)

iel
Since Y1(Y < M) /'Y a.s. M — oo, MCT (Thm. 1.3.19) yields E[Y1(Y < M)] — E[Y] < co. Consequently,

E[Y1(Y =2 M)] =E[Y]-E[Y1(Y < M)] — 0as M — oco. This shows the Ul of (X;);c;. As a consequence, any
uniformly bounded collection of RVs is UI. A

Another important collection of UI RVs is provided by the following result.

Proposition 5.6.4 (Collection of conditional expectations). Given a probability space (Q0, %y, %) and a RV
X € LY, let I denote the set of all sub-o algebras of %,. Then we will show that (E[X | .F]) z¢; is uniformly
integrable.

PROOE. Fix M >0, & € I, and denote Y := E[X | Z]. By Jensen’s inequality,
E[lY1(Y|= M) =E[EX|ZF]1(Y|= M)]
=EEIXIZ]1(Y]|= M)]
=E[X[1(Y]= M)]. (82)

So while the bound looks similar to that in the dominated sequence case (81), it is not quite uniform over
the choice in I.
To handle this issue, we claim that for each € > 0, there exists > 0 such that

E[|X|1(A)] <e forall events A€ FywithP(A) <6.
Suppose not. Then there exists some € > 0 and a sequence of events (A;),>1 in &y such thatforalln =1,
P(Ay,) < 1/n* and E[|X|1(Ap)] > €.

But this is impossible since then |X|1(A,) — 0 a.s. by Borel-Cantelli and | X|1(A,) < |X| with X € L, so
E[|X|1(A;)] — 0as n— oo by DCT.

We now go back to (82). Fix € > 0. Then by the claim above, there exists § > 0 such that whenever
P(A) <0, E[|X|1(A)] < £. Choose M large enough so that E[| X|]/M < §. Then by Markov’s and Jensen’s
inequalities,

P(Y|z M) = M 'E[[E[X|.Z]l] < M 'EENX||Z]] = M 'E[X]] <6,
regardless of the choice of & € I. Thus by the choice of §, it follows that

sup E[|X[1(]Y]|= M)] <e.
Fel

This shows the desired UI. 0
A common way to verify uniform integrability is by using the following result.

Proposition 5.6.5. Let ¢ : R — [0,00) be any function such that ¢(x) > x. (e.g., ¢(x) = xP for p > 1 or
@(x) = x(0Vvlogx)). Then a collection (X;);ey of RVs is Ul if sup;c; El@(IX;])] < C for some constant C > 0.
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PROOE. For each M >0, denote &), := sup{x/¢(x) : x = M}. Note that for each x = 0,

X1(x=M) = ——p)1(x= M) < e0(x)1(x = M).

p(x)
It follows that
El1X;11(1X;| = M)] < emE[@(I X; D11 X;] = M)] = Cepy.
By the hypothesis, £y — 0 as M — co. This verifies the UI. U

Uniform integrability is in fact necessary and sufficient for convergence in L, as the following result
states.

Theorem 5.6.6 (Ul < L! convergence). Suppose thatE[|X,|] < oo foralln=1. If X, — X in probability
then the following are equivalent:

) (X, :n=0}isUIL
(i) X,— XinL;
(iii) E[l Xyl — E[IX]] <oo.

PROOE. “(i) = (ii):” We wish to show that E[| X, — X|] = o(1). To this effect, define the ‘clipping func-
tion’

M ifx>M
Op(x) =4 x if|lx|=M
-M ifx<-M.

By triangle inequality, write
| Xn — X1 = 1Xn — M (X + oM (Xn) —m (X +1om(X) — X
Note that for each x € R, |@p(x) — x| = (|x| — M)™ < |x|1(|x| = M). Hence taking expecation, we get
Ell X, — XI] SE[Xp1(1X,| = M) +E[IXI1(1X]| = M)] +E[lon(Xn) —om(X)]
< sup E[|X,|1(|X,| = M)]+E[IX[1(|X]| = M)]+£E [lom(Xn) - ¢M(X)Il-

n=0 ~~
~ 4 =(b) =(0)
=(a)

Note that (a) tends to zero as M — oo by Ul in (i). For (b), first note that UI implies sup,,»; E[| X1 < co.
Then by the in-probability Fatou’s lemma (Ex. 3.4.11)

E[1X|] < liminfE[| X,]] < co.
n—oo
Thus (b) tends to zero as M — oo by MCT. Lastly, to show that (c) also tends to zero, we note that X,, — X
in probability ¢); being continuous imply that ¢ (X,) — @ (X) in probability as n — oo (see Prop.
3.4.12). Since ¢ is also bounded, then BCT (Thm. 1.3.16) yields that (c) tends to zero as n — oo.

To finish, we fix € > 0 and choose M large enough so that (a) and (b) combined are < €. For this M,
(c) tends to zero as n — oo, so this shows

limsup E[| X, — X|] <e.

n—oo
Now since € > 0 was arbitrary, the limsup above must be zero.
“(ii) = (iii):” By Jensen’s and triangle inequalities,

[EL1X = 1 XN < E |1 Xl = 1X1|] < E11X, - X

Since L' convergence means the last expression tends to zero, this yields (iii).
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“(iif) =>(i):” Fix € > 0. For each M = 0, let s denote a continuous, piece-wise linear approximation

of x1(x = M):
X ifxe[0,M—1]
Ym(x):=40 ifx=M
linear if|x|< M.
Since X, — X in probability, v /(| X,]) — ¥ (I X]) in probability (Prop. 3.4.12) so by BCT (Thm. 1.3.16),
Elwap (1 X, — Elwa (1X])] as n — co. Hence combining with (iii), we can choose N = 1 large such that
E[| X, = 1XIll<€/3 and |Elyap(X,D]— Elwp (XD <e/3 foralln= N.
Next, by MCT, we will choose M large enough so that
max E[|X,|1(1X,|> M)] <e.
1sn<N
Since ¥ (I1X]) — |X| as. as M — oo, [y p(X)| = |X], and E[| X]] < oo, DCT (Thm. 1.3.20) implies that
Elwap(1XD] — E[|X]] as M — oo. Thus, we may choose larger M, if necessary, so that
E[I X1 -Elym(IXD] < &/3.
It follows that for all n = N,
Ell X5 |1(1X5| > M)] < E[I Xn ] — Ely pm (1 X5 D]
= (E[1 X, - ENXID) + (ENX1 - Elwar (1 XD]) + (Elw s (1 Xn D] — Elyp(1IXD]) < e.
Then we conclude
sup E[| X,|1(1Xp| > M)] < maX{ max E[|Xp[1(1X,| > M)], sup E[|Xp|1(1Xp| > M)]} <e.
n=1 l=n<N n=N

Since ¢ > 0 was arbitrary, this shows the Ul in (i). O

We are now ready to state and derive the first main result in this section.
Theorem 5.6.7 (L' convergence of supermartingales). For a supermartingale, the following are equiva-
lent:
(i) Itis uniformly integrable;
(ii) It convergesa.s. andin L';
(iii) It convergesin L'.

PrOOE “(i) =(ii):” Ulimplies sup E[| X;|] < oo so the martingale convergence theorem (Thm. 5.2.24)
implies X; — X a.s. (hence in probability), and Theorem 5.6.6 implies X, — X in L.

“(ii) = (iii):” Trivial.

“(iii) =@{):” X, — X in L' implies X,; — X in probability by Markov’s inequality. Hence (i) holds by
Theorem 5.6.6. O

Next, we aim to deduce an analogue of Theorem 5.6.7 for martingales. We will use the following two
simple observations in the proof.

Proposition 5.6.8. Let (X,),>1 be a sequence of RVs on the common probability space (Q, % ,P) that con-
verges to some RV X in L'. Then for any Ae &, E[X,1(A)] — E[X1(A)].

PROOE. By linearity of expectation and Jensen’s inequality,
|E[X,1(A)] - EX1(A]] = [E[(Xn — X)1(A]| = ElI X, — X1 = o(1).
O

Proposition 5.6.9. If (X,),=0 is a martingale w.r.t. a filtration (%,)n=0 converging to some RV X in LY
then X, =E[X | Z,].



5.6. UNIFORM INTEGRABILITY AND CONVERGENCE IN L! 156

PROOE. Since (X},,) >0 is @ martingale, E[X,, | %] = X,, for all m = n. By definition of conditional ex-
pectation, for each A€ %, and m = n, E[X,,1(A)] = E[X,,1(A)]. By Prop. 5.6.8, we also have E[X,,1(A)] —
E[X1(A)] as m — oo. It follows that

E[X,1(A)] = Wllim E[X,,1(A)] =E[X1(A)].
—00
Since the above holds for all A € %, and since X, € &%,,, it follows that E[X | %] = X,,. O

Theorem 5.6.10 (L' convergence of martingales). For a martingale, the following are equivalent:
(i) Itis uniformly integrable;
(ii) It converges a.s. and in L';
(iii) It convergesin L';
(iv) There is an integrable random variable X so that X, = E[X | Z,].
PRrROOE “(i) =(ii):” Since martingales are also submartingales, this follows from Theorem 5.6.7.
“(ii) = (iii):” Trivial.
“(iii) = (iv):” Follows from Prop. 5.6.9.
“(iv) > (i):” Follows from Prop. 5.6.4. OJ

Theorem 5.6.11 (Lévy’s upward convergence). Fix a probability space (Q0, F,P) and let (F,,) n>0 be filtra-
tion on Q such that %, < & for n = 0. Denote %o, := 0(Un=0 Fn) G.e., F, / Fo © F). Then for any
F -measurable and integrable RV X,
E(X|%, - E[X|Z%x] asn—ooa.s.andin L.
In particular, if X € %, then
E[X|%, — X asn—ooa.s. andinL!.

PROOE. Denote Y, :=E[X|%;]. The tower property of conditional expectation shows that (Y;) ;>0 is
a martingale w.r.t. (%,);=0. By Prop. 5.6.4, (Y;) =0 is uniformly integrable. Then by Theorem 5.6.10, we
have that Y;, — Y, a.s. and in L' for some RV Y. Then by Prop. 5.6.9, for all n = 0,

EIX|Fnl = Yy =E[Yoo | Fpl.
It follows that, denoting % := U0 %n,
E[X1(A)] =E[Y1(A)] forall Ae Z.

Since X, Y, are %,,-measurable and integrable, A — E[X1(A)] and A — E[Y1(A)] define measures on
F oo = 0(ZR). Since Z is a m-system (i.e., closed under intersection), the two measures must agree on the
entire %, (see Lem. 1.1.38). In other words,

E[X1(A)] =E[Y1(A)] forall Ae Foo = 0(XR).

Since Yo, € %, the definition of conditional expectation yields E[ X | ] = Y. This shows the assertion.
O

Exercise 5.6.12. In Theorem 5.6.11, further assume that X € L” for some p = 1. Conclude that in The-
orem 5.6.11, X, = E[X|%,] — E[X| %] in LP. (Hint: Use Jensen’s inequality to show that E[|X,|P] <
E[|X|?] < co. Then use sup,,~; E[| X,|P] < oo and LP maximum ineq. (Thm. 5.5.5) to deduce sup,,>; | X, €
LP. Then conclude by DCT.)

The second part of Theorem 5.6.11 should be intuitive. Given the information %, we can determine
the value of X competely, so the best guess E[X | %,] of X given &, should approach X. However, that
the convergence occurs both almost surely and in L! is nontrivial.

An immediate consequence is the following Lévy’s 0-1 law.

Corollary 5.6.13 (Lévy’s 0-1 law). If %, " F o and if A € F, then E[1(A) | F,] — 1(A) as n — oo almost
surely.
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PROOF. By Theorem 5.6.11, E[1(A)| %] — E[1(A) | Fo] = 1(A) a.s. and in L. g

For the same reason as before, the above result might not be very surprising. However, we can im-
mediately deduce Kolmogorov’s 0-1 law from it, so it should be far from trivial.

Example 5.6.14 (Kolmogorov’s 0-1 law). Let Xj, X»,... be independent RVs on the same probability
space. For each n =1, let &, :=0(X;,..., X;) and let 9 denote the tail o-algebra for (X;,),>1. Let Ae T
We would like to show that P(A) € {0, 1} (Kolmogorov’s 0-1 law, see Exc. 3.7.8).

To this effect, first observe that (%,),>1 is a filtration. Also since A is a tail event and X,,’s are inde-
pendent, 1(A) L &, foreach n = 1'°. Hence by Lévy’s 0-1 law, as almost surely as n — oo,

P(A) =E[1(A) | Z,] — 1(A).
Thus, the constant function w — P(A) is almost surely the same as the indicator function 1(A). It follows

that P(A) € {0, 1}, as desired. A

Another nice consequence of Levy’s upward convergence thoerem is the following DCT for condi-
tional expectation.

Theorem 5.6.15 (Dominated convergence theorem for conditional expectations). Suppose Y, — Y al-
most surely and |Yy,| < Z for all n whereE[Z] < oco. If %, / F oo then

E[Y,|Fn] = ElY ] almost surely.

PROOE. Let Wy = sup{|Y, — Yj| : n,m = N}. By triangle inequality Wy < 27, so E[Wy] < co by the
hypothesis. Note that for n = N,

Y, - Y= lim |V, -Yyl< lim Wy=Wy.
m—oo n—o0
Using monotonicity and applying Theorem 5.6.11 to Wy gives
limsup E[|Y, - Y||F,] < nlim E(Wn|F,] = E]WN|Fsol.
—00

n—oo
The above holds for all N and Wy \, 0 as N — oo, so continuity of conditional expectation from below
(Prop. 5.1.21) implies E[Wy|Z ] \\ 0. Then Jensen’s inequality and the above give us

[E[Yy|Fp] —EIY|F,]I <E[IY, - YIIF4] =0 as.

as n — oo. Theorem 5.6.11 then implies E[Y|%,] — E[Y|%] almost surely. The desired result follows
from the last two conclusions and the triangle inequality. (]

Exercise 5.6.16 (Approximation of measurable function by stepfunction in L!). Let f:[0,1) — R be a
Borel measurable function. In this exercise, we will show that for each k = 1, there exists a stepfunction
g with stepsize 27 such that || f — gxll1 — 0 as k — oo, a well-known fact in real analysis'®. We will use a
filteration given by diadic partition and Levy’s upward converence theorem (Thm. 5.6.11).

(i) Fixaninteger L = 1 and denote the intervals Iy;; := [i‘Tl, %) fori=1,..., L that partition [0, 1). Let U be
an independent Uniform([0,1]) RV and let &; denote the o-algebra generataed by the events
{Uelp;}fori=1,...,L. Define

fo=E[f)ZFL].
Show that f; is the block average of f over the interval partition [0,1) = I},; U --- U I}, that is,
foreachwe I;; fori=1,...,L,

1
fL(w)=—[f(x)dx=Lf fx)dx.
|1;| J1, I;

151 X, =X a.s. forall n =1 for some RV X, clearly this is not the case.

16We can also use the fact that continuous functions are desne in L' ([0,1]) and then use uniform continuity for a direct
construction.
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(ii) Now take L = 2¥ for k =1,2,.... Show that (Fo1) k=0 defines a filtration and that (f5¢) x>0 is @ martin-
gale w.r.t. this filtration. Conclude that

Il for — flli —0 ask— oo
(Hint: Use Lévy’s upward convergence theorem).
Exercise 5.6.17 (Stepfunction approximation of graphons). A symmetric integrable function W : [0, 1] 2,
[0,1] is called a graphon, a continuum generalization of graphs which also arise as the limit object for
sequences of dense graphs. A ‘block graphon’ is a special graphon that takes constant values over rect-

angles that partition [0,1]2. Use the approach in Exc. 5.6.16 to show that, for each k > 1, there exists a
block graphon Wj, with square blocks of side lengths 2~* such that

\U—-Ugllh —0 ask— oo.

5.7. Optional Stopping Theorems

In this section, we will prove several results that allow us to conclude that if X, is a submartingale
and M < N are stopping times, then E[X/] < E[Xp]. Such results are called ‘optional stopping theorems’
and have numerous applications, for instance in analyzing random walks. While this type of results are
not always true (e.g., Ex 5.5.2), we have already seen such a result in Lemma 5.5.1 when N is bounded,
which use used to prove Doob’s inequality (Thm. 5.5.3). Our attention in this section will be focused on
proving optional stopping theormes for the case of unbounded N.

We begin with a simple but useful observation.

Proposition 5.7.1 (Optional stopping for bounded submartingales). Let X, be a submartingale and let
N be a stopping time with P(N < oo) = 1. Suppose that sup,,1 | Xnanl < Y a.s. for some integrable RV'Y .
ThenE[Xy] < E[XnI.

PRrROOE. By Theorem 5.2.17, XA, is a submartingale. Also note that Xy, — Xy (which is well-
defined since N < oo a.s.) a.s. as n — oo. Hence by DCT,
E[Xo] = E[X7,An] — E[XN]
as n — oo. ]

We can generalize the domination condition in the previous result to uniform integrability.

Theorem 5.7.2 (Optional stopping for Ul submartingale I). Let (X;),>1 be a stochastic process adapted
to a filtration (%,)n=1 and N be an almost surely finite stopping time. Suppose that E[|Xy|] < co and
Xn1(N > n) is uniformly integrable. Then Xya, is uniformly integrable. Furthermore, if X, is a sub-
martingale, then E[Xy] < E[Xy].
PROOE. Note that for M >0,
1(X,1(N>n)|=zM)=1(X,1=2 M)I(N>n)=1(X,| = M)1(N > n)%.
Write Y, = X;,1(N > n). Then
EllXNanI U XNAnl = M)] =Bl XNAnILUXNARl = M)T(N < 0)] + E[| Xnan LU XNanl = M)1(N > n)]
=ElIXNIL(IXNI = M)L(N < n)] + E[| X5 [1(1X,] = M)1(N > n)]
<EIXNIL(IXN]I = M)] +E[ Y, |1(1Yy| = M)].
Since E[| Xn|] < oo, the first term in the last expression tends to zero as M — oo by DCT. The second term
in the last expression also tends to zero as M — oo since Y, is UL

Lastly, further assume that X, is a submartingale. Since Xyn, is UL, Xyan — Xy as n — oo in L! by
Theorem 5.6.7. Then since E[Xp] < E[Xnap] by Lemma 5.5.1, taking n — oo shows E[Xp] < E[Xn]. O

Theorem 5.7.3 (Optional stopping for Ul submartingale II). Let X, be a uniformly integrable submartin-
gale and let N be any stopping time.
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(1) Xwnan is uniformly integrable.
(ii) E[Xo] =E[XN] = E[Xoo], where Xoo = limy .o Xpy.

PROOF. Since X, is a supermartingale, Lemma 5.5.1 implies that E[X},
submartingale (since X, is), we have

< E[X;']. Since X, is Ul

an)

sup E[X};,,,] <sup E[X;}] < oo.
nx=1 nx=1

Hence by martingale convergence theorem (Thm. 5.2.24), Xy, converges almost surely as n — co to an
integrable limit, which must be Xp. So E[| Xn|] < co. Now X, 1(N > n) is Ul since X, is so. Hence we can
conclude (i) from Lemma 5.7.2.

To show (ii), first note that E[Xp] < E[Xnan] < E[X,;] by Lemma 5.5.1. Since both X,, and Xyx, are
UI, Theorem 5.6.7 implies that they converge to X, and Xy in L! as n — oo, respectively. Hence we can
conclude. O

The next result on optional stopping does not require uniform integrability:

Proposition 5.7.4 (Optional stopping for nonnegative supermartingale). If X,, is a nonnegative super-
martingale and N is a stopping time, then E[Xo] = E[Xp].

PROOE. Note that E[Xp] = E[Xyan] = E[X,,] by Lemma 5.5.1. Using the first inequality and Fatou’s
lemma,

E[Xo] = iminf E[Xnap,] = E [liminf Xyan| = E[XN].
n—oo n—oo
]

The last optimal stopping theorem is for submartingales with increments whose conditional expec-
tations are uniformly bounded. This result is quite useful since its hypothesis is easy to check for many
applications (e.g., i.i.d. integerable increments).

Theorem 5.7.5 (Optional stopping for submartingales with increments of uniformly bounded condi-
tional expectation). Suppose (X,)n=1 is a submartingale and suppose that there exists a constant B > 0
such that E[| X,, — X111 Fn-11 < B a.s. foralln=1. If N is a stopping time with E[N] < co, then Xyap, is
uniformly integrable and hence E[Xp] < E[Xy].

PROOE. If we know that Xy, is UL, then Xyn, — Xy as n — oo in L' by Theorem 5.6.7. Then since
E[Xo] <E[Xnan] by Lemma 5.5.1, taking n — oo shows E[Xy] < E[Xy].
It remains to show that Xy, is UL. We begin by writing (recall (58))

n
1 XNanl < Y 1 Xm— Xmo1 1L (N = m) =: Y.
m=1

We will show that Y is integrable. Then by the result in Example 5.6.3, we can conclude that Xy is UL
To this end, note that since {N = m} = {N < m}° € %,,_1,

Ell Xm — Xm-11L(N 2 m)] = E[E[| Xy, — Xpp1] | F 1] 1IN =2 m)]
<E[BL(N = m)]
=BP(N = m).

Then

E[|Y]]<B ) P(N=m)<BE[N]<co.
m=1

This finishes the proof. ]
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5.7.1. Application of martingales to random walks. In this section, we harvest some interesting results
from the optional stopping theorems for random walks. We first recall some notations. Let ({,),>1 be a
sequence of i.i.d. increments with E[{;] = < oo. Let S;, = So+¢&1 +---+ ¢, where Sy is a constant. Denote
F,=0(q,...,&,) and let & = {@, Q}. Then (S;,) ;>0 defines a random walk with increments ¢j. Recall
the three martingales for random walks — the linear martingale (Ex. 5.2.4), the quadratic martingale (Ex.
5.2.5), and the exponential martingale (Ex. 5.2.7):

1. (Linear martingale) X,, = S,, — un;

2. (Quadratic martingale) X, = Sfl — 02n, where E[{ = 0] and [E[E%C] =02 < o0;

3. (Exponential martingale) X,, = exp(0S,)/¢(8), where ¢(0) := E[exp(0¢ )] < oo.
We first deduce Wald’s equaiton from the linear martingale.

Theorem 5.7.6 (Wald’s equation). Let ({,),>1 be a sequence of i.i.d. increments with E[{;] = p < oo. Let
Sp=¢&1+---+ &y, where Sy is a constant. Let N be a stopping time with E[N] < co. Then E[Sy] = HE[N].

PROOE. Let X, = S, — un be the linear martingale. Note that E[| X, — X;,—1]| F,-1] =E[I,]] = p for all
n = 1. Hence by Theorem 5.7.5 applied to X;, and —Xj,, we get

0=E[Xo] =E[Xn] =E[SN] — pE[N],
as desired. O
Theorem 5.7.7 (Symmetric Gambler’s ruin). Let S, = So+¢1 + -+ &5, for n = 0 be a random walk with

symmetric increments & with P&y = 1) =P = —1) = 1/2. Fix integers a < x < b and let N := inf{n =
01S; € {a, b}, the first time that S, hits either a or b. Write P (-) =P(-|So = x) and Ex(-) = E[-| So = x].

. b—x xX—a
@i P(Sy=a)= andP,(Sy=b) = .
b—a b—a

(ii) Ex[N]=(b-x)(x-a).
(iii) Ler Ty :=inf{ln=0|S, = y}. Thenform =1,

1
P1(Tm < Tp) =

d Py(Ty > Tp) !
— an =—.
M M= 10 M

(iV) PI(T() <oo)=1.

PROOE. First we show (i). The key is to show optional stopping equation: E[Sy] = E[Sg] = x. Indeed,
noting that Sy € {a, b} with probability one, we would deduce

x=E[Sy] = a[P’x(SN =a)+ bﬂj’x(SN =b)
=aP,(Sy=a)+b(1-P(Sy = a)),

and solving this equaiton for PP, (Sy = a) gives the desired formula for it. Subtracting this from one also
gives the desired formula for the other probability.

We will use Theorem 5.7.5 to verify optional stopping equation. For this, we only need to check
E[N] < oco. For this, observe that a consecutive run of +1 increments of length b — a will get the random
walk out of (a, b). This occurs with probability 2-(b-a) Hence in order to be confined in the interval (a, b)
for m(b — a) steps, we need to keep avoiding such runs m times. This gives

P.(N>mb-a)) < (1 _2—(b—a))m

for all m = 1. Since the right-hand side decays exponentially fast, using the tail-sum formula the fact that
P,(N = k) decreases in k,

Ex[N]=) P(Nzk)< ) (b-a)P(Nz=m(b-a)) <oo.
k=0 m=0
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Next, we show (ii). For this, we will leverage the quardaric martingale S% — n (note that 0® = E[¢7] = 1).
Applying Theorem 5.2.17, we get
x? = Ex[S5 - 01 = Ex[S3,, — (NA D).
By MCT, we have E[N A n] / E[N] as n — oo. Also, recall that Syap, € [a, b] for all n = 0, so by BCT,

b-x xX—a
EX[S?V/\H] — [Ex[sjzv] = azm +b2m
1
=——(—abb-a)+x(b—a)(b+ a))
b-a
=—ab+x(b+a).

It follows that
E[N]=—ab+x(b+a)—x*>=(b-x)(x— a).

(iii) follows easily from the previous parts by takinga =0, x=1,and b= M = 1.
Lastly, (iv) follows from (iii) since {Tp < T} /" {Tp < oo} as M — oo (see continuity of measures from
below, Thm. 1.1.16),

Py (Ty <oo) = lim Py(Ty< Ty) = lim M-1_,
IOOO_MHOOIO M_MHOOM_.

0

The technique we used in the proof of Theorem 5.7.7 (ii) is noteworthy. Namely, we first apply the
optional stopping theorem for bounded stopping time N A n (Lem. 5.5.1) and the take n — co with
appropriate convergence theorem.

Next, we ‘apply’ optional stopping to the exponential martingale and obtain the exponential moment
generating function for the first hitting time. This will in tern give us the exact distribution of hitting time.

Theorem 5.7.8. LetS,, be the simple symmetric random walk on Z with Sy =0. Let T} =inf{n = 1|85, = 1}.
Then

1-vV1-¢s2
E[sh)=—=.
s
Inverting the generating function, we get
1 2n)!
P(Ty=2n-1) = 2ty on
2n—-1 n'n!

PROOE. Let X,, = exp(0S,,)/¢(0)" denote the exponential martingale, where ¢(6) = E[exp(6¢1)] is the
generating function of the increment. By Theorem 5.7.7 and the symmetry of SRW, we know Py (T} <
oo) =1, so X7, is well-defined. Note that

1
NOE E(e" +e 9.

So ¢(0) =1, ¢'(0) =E[¢1] =0, and ¢" = ¢ > 0 (convesity of a log MGF is a general fact, see Exc. 5.7.9). So
¢(0) > 1for 0 > 0 in the domain. Choose any 8 > 0. Consider the stopped martingale Xr, 1, (Thm 5.2.17).
Noting that St,ap < 1,foralln=1,

0= X1,An<exp@St,an) <exp(0).
Thus by BCT (Thm. 1.3.16)"7,
1=E[Xo] = E[X7,nn) — E[X7,] =E [exp(0)/p(0)""].
17Here, we in fact have proved a version of optional stopping theorem for any stopping time N that holds when the stopped

martingale Xy, is uniformly bounded, by using the fact that X ,, itselfis a martingale and BCT. We can also apply Prop. 5.7.1
directly.
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This yields
E[p©) ] = exp(-0). (83)
To convert the above as the probability generating function of T3, choose s so that
P0) = %(eg +e ) =1/s.

Substituting e’ = x, this becomes x + x~! =2/s, or sx* —2x + s = 0. Solving for x = ¢ = 0, we get

1+vV1-¢s2

N

X =

Now (83) gives

s 1-vV1-s?

Y s"P(T=m)=E[s"=x""= = .
m=0 1+v1-—s2 S

Expanding the function in the RHS as a power-series and matching the coefficients will then give us the

formula for the moments of 7. Some standard computation shows (denoting () = x(x—1)--- (x—r+1)/r!

for real x > 0)
1-vV1-s2 (1/2) (1/2) 5 (1/2) 5
—_— S— S + S —_— .

S 1 3 5
-y ( 1 (2”)!2—2;1) $2n-1
=i\2n—1 nln!
This shows the assertion. O

Exercise 5.7.9 (Convexity of log MGF). Let Z be a random variable and let ¢(s) :=log E[exp(sZ)] denote
its logarithmic moment generating function. Show that ¢ is convex on its domain. (Hint: Fix 8 € [0,1]
and x, y in the domain of . Let U :=exp (1 -0)xZ) and V := exp (xZ). Apply Ho6lder’s inequality (Prop.
1.3.13) with p = 115 and ¢ = § and take log.)

Lastly, we deduce some results on asymmetric Gamber’s ruin.

Theorem 5.7.10 (Asymmetric Gambler’s ruin). Let S, = Sg+¢1 +---+ &, for n =0 be a random walk with
symmetric increments & withP(&r=1) = p andP(=-1)=1—-p for somep #1/2.

(i) LetTy:=infiln=0|S, = y} and ¢(y) := (I_Tp)y. Then fora< x < b,

@) —p(x) Qx)—@(a)
PoTy<Tp) = PO PD g Py > Ty = L0 —0@
Ta<To)= ) —p@ M Pb>1d= 0= @
(ii) Supposepe(1/2,1).Ifa<0, then
Py (infSn < a) = Py(T, < 00) = (1_—’9)_ .
n=0 p

(iii) Supposep e (1/2,1). Ifb>0, then
b
Py (supSn > b) =Po(Tp<oo)=1 and [Ey[Tp]=—.
n=0 2p-1

PROOFE. Recall that ¢(Sj,) is amartingale (Ex. 5.2.9). Let N = T, A Tp,. As in the proof of Theorem 5.7.7,
we can argue that P, (N < oo) = 1. Since Sy, < [a, b] for all n = 1, by Prop. 5.7.1, we have

@(x) =E[p(So)] =E[@(SN)] = p(D)Px (T < Ta) + p(@)Px (T, < Tp).
Noting that Py (T, < Tp) + P (T, < T,) =1, this gives (i).
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For (ii), choose x =0, a < 0, and b > 0. Observe that Py(T}, = b) = 1 since the increments are bounded
by one. Hence {T, < Ty} / {T, < o0}, so by (i) and letting b — oo,

. e-O 1
Po(Ty <00) = lim Po(Ty < Tp) = 1 =—,
oa<oo)= lim Polla<Tp) = i ) —v@ ~ o@

where we have also used the fact that ¢(b) — 0 as b — oo since p > 1/2.
For (iii), proceeding as before,

o _ 9O —g(a) _
Po(Ty <00) = lim Po(Ty < Ta) = Jim ~5o— "o =1

where we have also used the fact that ¢(a) — 0 as a — —co since p > 1/2.
For the last conclusion (which makes sense since the average speed is 2p — 1), we use the linear
martingale S;, — 2p —1)n. By Theorem 5.2.17,

0=E[St,an] — @p—DE[T} A nl.
By MCT, E[Ty A 1] / E[T}] as n — oo. Also, note that

and by tail-sum formula and (ii),

E =L

inf S,
n=0

—,ilrzlgsn = gop(,%;‘%s" < —a) < 0.
Thus by DCT, E [S1,an] — E[ST,] = b as n — oo. It follows that
b=Q2p-1DE[T],

as desired. O



CHAPTER 6

Markov chains

In this chapter, we delve into the study of a pivotal class of stochastic processes known as Markov
chains. Roughly speaking, Markov chains are used to model temporally changing systems where the
future state depends only on the current state. For instance, if the price of bitcoin tomorrow depends
only on its price today, then the bitcoin price can be modeled as a Markov process. (Of course, the entire
history of prices often influences the decisions of buyers/sellers, so this assumption may not be realistic.)

The significance of Markov chains is twofold: Firstly, they find application across diverse realms
including the physical, biological, social, and economic domains. Secondly, their theory is robustly es-
tablished, enabling computation and accurate prediction through model utilization.

6.1. Definition and examples
In this chapter, we will mostly discuss Markov chains on a countable state space.’

Definition 6.1.1 (Markov chains on countable state spaces). Let (Q,%,P) be a probability space and let
< be a countable set. Let (X,),>0 be a sequence of .#-valued random variables (i.e., X, : Q@ — % is
(F —2)-measurable). We say (X,)n=o0 is a (time-homogeneous) Markov chain on state space . with
transition matrix P : %2 — [0, 1] and initial state X, € . if for each x’ € &%, >3

P(Xpe1 =X | Fp) © P(Xpe1 =x'1X,)  (Markov property) (84)
=P(X,,x).
When the state space . is finite, we will often identify it with the set of integers {1,2,..., m} for m =

|.#]. If & is countably infinite, then we will identify with the set N of natural numbers. Then P is a matrix
of size |.¥#| x |.#|. We denote

P =(pijli je
where the (i, j) entry p;; has the meaning of the transition probability from state i to state j. When
|.#| = m, the transition matrix P becomes the m x m matrix

P11 P12 ' Pim
p21 P22 - P2m
pP=1 . . . )
Pmi Pm2 ** Pmm

Observe that each row of P is a probability mass function (PMF) on .. Since the state X; of the chain
is a (countable) #-valued RV, we represent its PMF via a row vector

r;=[PX; =1,P(X;=2),---,P(X; =m),...].

1Deﬁning and constructing Markov chains on general (possibly uncountable) state spaces need more work. See [ ,
Sec.5.2].

2The conditioning on the LHS of (84) is with respect to the restricted sub o-algebra &, := {{X,, = x} N A| A€ F}.

3A(:(:ording to Exercise 6.1.6, an equivalent formulation of the Markov property (84) is, for all xp,...,x;-1 € &,

P(Xp+1=X1Xn=%Xn-1=Xn-1,..., X0 = X0) =P(Xp11 = X' | X = x) = P(x, ).

164
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Example 6.1.2. Let Q = {1,2} and let (X;) ;>0 be a Markov chain on Q with the following transition matrix

P11 Plz]
pa1 p22|’

We can also represent this Markov chain pictorially as in Figure 6.3.2, which is called the ‘state space
diagram’ of the chain (X¢)»o.

P12

p G @ @ ) v

P21

FIGURE 6.1.1. State space diagram of a 2-state Markov chain

For some concrete example, suppose
p11=0.2, p12=0.8, p21=0.6, prp=04
If the initial state of the chain X is 1, then
PX;=1)=PX;=1|Xy=DP(Xo=1) +P(X; = 1| Xp = 2)P(X, = 2)
=P(X3=1Xo=1)=p11=0.2
and similarly,
P(X;=2)=P(X;=2|Xo=DP(Xo=1) +P(X; = 2| Xp = 2)P(X, = 2)
=P(X;=2|Xp=1)=p;2=0.8.
Also we can compute the distribution of X,. For example,

PXo=1)=PXo=1|1X;=1DP(X;=D+P(Xp=1|X; =2)P(X; =2)
=pulP(Xi =1+ pa1P(X; =2)
=0.2:0.2+0.6:0.8=0.04+0.48 =0.52.

In general, the distribution of X;,; can be computed from that of X; via a simple linear algebra. Note
thatfori=1,2,

PXi41 =10 =PXps1 =il X; =1DP(X; = D) +P(Xp41 = i1 Xy =2)P(X; =2)
= p1iP(X; = 1) + p2;P(X; = 2).

This can be written as

[P(X;41 =2), P(Xp41 = 2)] = [P(Xrs1 = 2), P(Xp51 = 2)] [”“ iz
P21 p22
That is, if we represent the distribution of X; as a row vector, then the distribution of X, is given by
multiplying the transition matrix P to the left. A

Example 6.1.3 (Gambler’s ruin). Suppose a gambler has fortune of k dolors initially and starts gambling.
At each time he wins or loses 1 dolor independently with probability p and 1 — p, respectively. The game
ends when his fortune reaches either 0 or N dolors. What is the probability that he wins N dolors and
goes home happy?

We use Markov chains to model his fortune after betting ¢ times. Namely, let Q = {0,1,2,---, N} be the
state space. Let (X;) ;>0 be a sequence of RVs where X; is the gambler’s fortune after betting ¢ times. We
first draw the state space diagram for N = 4 below: Next, we can write down its transition probabilities as
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D P

GO, @O0 & ——©5

1-p 1-p

FIGURE 6.1.2. State space diagram of a 5-state gambler’s chain

PXps1=k+11X;=k)=p  Vi<k<N
P(X; =kl X, =k+1)=1-p Vi<k<N
P(Xt+1=01X;=0)=1
P(X,s1 = N|X,=N)=1.

For example, the transition matrix P for N =5 is given by

1 0 0 0 0 0
1-p 0 p 0 0 0
p- 0 1-p 0 p 0 0
0 0 1-p 0 p 0
0 0 0 1-p 0 p
| 0 0 0 0 0 1]
We call the resulting Markov chain (X;) ;¢ the gambler’s chain. A

Example 6.1.4 (Ehrenfest Chain). This chain is originated from the physics literature as a model for two
cubical volumes of air connected by a thin tunnel. Suppose there are total N indistinguishable balls split
into two “urns” A and B. At each step, we pick up one of the N balls uniformly at random, and move it to
the other urn. Let X; denote the number of balls in urn A after ¢ steps. This is a Markov chain called the
Ehrenfest chain. (See the state space diagram in Figure 6.1.3.)

oF=—=30 ®

1/4 1/2 3/4

3/4 1/2 1/4

® ®

FIGURE 6.1.3. State space diagram of the Ehrenfest chain with 4 balls

It is easy to figure out the transition probabilities by considering different cases. If X; = k, then urn

B has N — k balls at time ¢. If 0 < k < N, then with probability k/ N we move one ball from A to B and
with probability (N — k)/N we move one from B to A. If k = 0, then we must pick up a ball from urn
B so X;41 = 1 with probability 1. If k = N, then we must move one from A to B and X;+; = N — 1 with
probability 1. Hence, the transition kernel is given by

PXi1=k+1|X;=k)=(N-k)/N Y0<k<N

PX1=k-11X;=k)=k/N YO<k=N

PXi1=11X,=0)=1

PX1=N-1|X;=N)=1.

For example, the transition matrix P for N =5 is given by

[0 1 0 0 0 0]
/5 0 4/5 0 0 0
p_| 0 2/5 0 35 0 0
“lo o 35 0 2/5 0
0 0 0 4/5 0 1/5
o 0 0 0 1 0]
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A

Next, we take a look at an example of an important class of Markov chains, which is called the ran-
dom walk on graphs. This is the basis of many algorithms involving machine learning on networks (e.g.,
Google’s PageRank).

Example 6.1.5 (Random walk on graphs). A graph G consists of a pair (V, E) of sets of nodes V and edges
E < V2. A graph G can be concisely represented as a |V| x |V| matrix A, which is called the adjacency
matrix of G. Namely, the (i, j) entry of A is defined by

A(i, j) :=1(nodes i and j are adjacentin G) = 1(i ~ j).

We say G is simpleif (i, j) € E implies (j,7) € E and (i, i) ¢ E forall i € V. For a simple graph G = (V, E), we
say a node j is adjacent to i if (i, j) € E. We denote deg(i) the number of neighbors of i in G, which we
call the degree of i.

Consider we hop around the nodes of a given simple graph G = (V, E): at each time, we jump from
one node to one of the neighbors with equal probability. For instance, if we are currently at node 2 and if
2 is adjacent to 3,5, and 6, then we jump to one of the three neighbors with probability 1/3. The location
of this jump process at time ¢ can be described as a Markov chain. Namely, a Markov chain (X;) ;>0 on
the node set V is called a random walk on G if

Al j)

degg (i)’

Note that its transition matrix P is obtained by normalizing each row of the adjacency matrix A by the
corresponding degree. That is,

P(Xr41 :let =i)=

P=D7'4A,

where D is the diagonal matrix of the degrees of nodes in G (i.e., the degree matrix of G).

0 1/2 1/2 0
/72 0 12 0
/3 1/3 0 1/3

0 0 1 0

, P=

O O
P D b
o -0 O

w

.[;T
X
)
1}

(=3 ™)

FIGURE 6.1.4. A 4-node simple graph G, its adjacency matrix A, and associated random walk
transition matrix P

Random walk on G can be defined (and more importantly, simulated) by the following recursive
sampling rule:

X111 Xy~ Uniform(N(Xy),

where N(v) denote the set of all neighbors of node v in G. So X;4; given X; is chosen uniformly at
random among the neighbors of X;. A

Exercise 6.1.6 (Natural filtration for stochastic processes with countable state spaces). Let (Q,%,P) be
a probability space and let (.#,2%) be a countable measurable space. Let (X,) =0 be a sequence of .#-
valued random variables. Let %, := 0(Xj,..., X;;). Show that

Fn=0{{Xo=x0, ", Xn=2%Xn}: X0,..., Xp €F}).

Exercise 6.1.7. Repeat rolling two four sided dices with numbers 1,2,3, and 4 on them. Let Y; be the
some of the two dice at the kth roll. Let S;, = Y1 + Y +--- + Y,, be the total of the first n rolls, and define
X; = S; (mod6). Show that (X;) ¢ is a Markov chain on the state space Q = {0, 1,2, 3,4,5}. Furthermore,
identify its transition matrix.
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We generalize our observation in Example 6.1.2 in the following exercise.

Exercise 6.1.8 (Time evolution and left-multiplication with transition matrix). Let (X;);>o be a Markov
chain on a countable state space ¥ with transition matrix P. Let r; denote the row vector of the distri-
bution of X;.

(i) Show that for each t =0,
rep) =1:P
(ii) Show by induction that for each ¢ = 0,
r; =roP’.
Exercise 6.1.9. Let (X;) ;>0 be a Markov chain on a countable state space ¥ with transition matrix P.
(i) (Multi-step transition prob.) Show that foreach x,ye ¥ and a,b=1,

P(Xasp=y1Xa=x)=PP(x,y).
Hint: Use Exercise 6.1.8.
(ii) (The Chapman-Kolmogorov eq.) Show that foreach x,ye ¥ and n,m=1,
P"™M(x,y)= Y P"(x,2)P™(z,Y).
Z€Q

While right-multiplication of P advances a given row vector of distribution one step forward in time,
left-multiplication of P on a column vector computes the expectation of a given function with respect to
the one-step future distribution. This point is clarified in the following exercise.

Exercise 6.1.10 (Right-multiplication by transition matrix). Let (X;);>¢ be a Markov chain on a countable
state space.# with transition matrix P. Let f : ¥ — Rbe a function. Let f= [f(1), f(2),---] be the column
vector representing the reward function f. Show that
[PRI() =) PG, )f(j)=E[f(X1)]Xo=il.
je&
That is, Pfis a function on the state space whose value on each state i is the one-step conditional expec-
tation of f(X)) given Xy = 1.

Consider quadratic forms of the form rPv, where P is the Markov transition matrix, r is a PMF on the
state space, and v is a column vector reprenting a function f on the state space. The value of this quaratic
form is in fact the expectation Ex,-¢[f(X7)], where the initial state Xy is drawn from r. A generalization
of this observation is given in the following exercise.

Exercise 6.1.11 (Expected reward in the future). Let (X;);>0 be a Markov chain on a countable state
space . with transition matrix P. Let f : ¥ — R be a function. Suppose that if the chain X; has state x
at time t, then we get a ‘reward’ of f(x). Letr; = [P(X; = 1),P(X; = 2),...] be the distribution of X;. Let
v=[f(1),f2),---17 be the column vector representing the reward function f.

(i) Show that the expected reward at time ¢ is given by

Elf (X0l =Y FOPX; =i)=r1,v.
ies
(ii) Use part (i) and Exercise 6.1.8 to show that
E[f(X)] =roP'v.
(iii) The total reward up to time ¢ isa RV given by R, =3 | _, f(X,). Show that
E[R] =ro(I+P+P*+---+ Phv.

If a stochastic process depends on the past two consecutive states, then one can simply extend the
state space into the set of paired states and define a Markov chain on that extended state space. The
following example illustrates this.
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Exercise 6.1.12 (Multi-step dependence). Suppose that the probability it rains today is 0.4 if neither of
the last two days was rainy, but 0.5 if at least one of the last two days was rainy. Let Q = {S, R}, where
S=sunny and R=rainy. Let W; be the weather of day ¢.

(i) Show that (W});>¢ is not a Markov chain.

(ii) Expand the state space into the set of pairs X := Q?. For each ¢ > 0, define X, = (W,_;, W;) € X. Show
that (X;);=¢ is a Markov chain on X. Identify its transition matrix.

(iii) What is the two-step transition matrix?

(iv) What is the probability that it will rain on Wednesday if it didn’t rain on Sunday and Monday?

6.2. Strong Markov property

6.2.1. StrongMarkov property. Afundamental property of Markov chains is that one can restart a Markov
chain upon any stopping time and the restarted process is itself a Markov chain with the same transition
matrix and is independent from the past. This is called the strong Markov property, since specializing it
for deterministic stopping times yield the usual Markov property. Moreover, the strong Markov property
allows one to use ‘probabilistic induction’ for Markov chains.

Theorem 6.2.1 (Strong Markov property). Let (X,)n=0 be a Markov chain on a countable state space &
with transition matrix P. Let T denote a stopping time w.r.t. the natural filtration &, := 0(Xy,..., Xn).
Define the sub-o -algebra

G ={AeF :{t=snfnAeF,Vn=0}.
For each integer k = 0, denote X;>y := (Xi, Xk+1,-.-). Then on the event that T < oo, the future process X;>

given X; is a Markov chain with transition matrix P that is is independent of %;. That is, if S is an event
in N, then on the event T < oo, for any initial distribution p,

Eu[1(Xezr € S) | F7] = Ex, [1( X0 € S)].
(see Ex. 5.1.8.)

PROOE. Fix arbitrary A € &; and n = 0. Note that

Ey(1(Xs2n € LT = m1(A)] L EL [E[1(Xy2p € S) | Fnl1(T = m)1(A)]

QE, [E1(Xizn € 9| X117 = m)1(A)]

QE, E1(Xi2r € 9) | X, 11(T = W) 1(A)].

Here, (a) follows from the definition of conditional expectation given %, with 1(t = n)1(A) € &, and (b)
follows from the Markov property. For (c), we have used that

E[1(Xizn € S) | Xul1(T = n) =Ex, [1(X¢20 € H]1(T = n)
=Ex, [1(X;0 € 9)]1(T =n)
=E[1(Xi>7 € S) | X7 ]1(T = n).
Then since A € &; was arbitrary and since E[1((X;+i) k=1 € S) | X7]11(T = n) € &, this shows that
Ey [(1((Xps k) k=1 € 91T = 1) | Fr] = Ey[1(Xr 1) k=1 € S) | X7 11(7 = ).
Now summing over all 7 = 0 and using Fubini’s theorem with 1(7 < c0) € %,
Eu [M((Xr4x) k=1 € S) [ F]1(T <00) = Ey[1(X74 k) k=1 € S) | X7]1(T < 00).
This shows the desired conclusion. ]
Exercise 6.2.2 (Restarting Markov chain at stopping times). Let (X};),>0 be a Markov chain on a count-
able state space . with transition matrix P. Let T denote an a.s. finite stopping time w.r.t. the natural

filtration &%, := 0(Xy,..., X;). Show that (X; 1) r=0 is a Markov chain with transition matrix P. Further-
more, show that it is independent from (X,;)1<n<r given X;. (Hint: The independence from the past
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follows directly from the strong Markov property. For the first part, partition the sample space according
to the value of 7.)

6.2.2. Irreducibility, transience, and recurrence. Being able to restart a Markov chain at stopping times
using the strong Markov property allows us to decompose the trajectory of the chain into i.i.d. ‘excur-
sions’ from a ‘recurrent’ state. This gives a powerful means to analyze the behavior of Markov chains.

A Markov chain is ‘irreducible’ if every state is ‘accessible’ from any other state. More formal defini-
tion is given below.

Definition 6.2.3 (Irreducibility). Let P be the transition matrix of a Markov chain (X},) ,>¢ on a countable
state space .. We say the chain (and P) is irreducible if for any i, j € ., there exists an integer k =
k(i, j) = 0 such that

P(X = jlXo =)= PF(i, j)>0.

Exercise 6.2.4 (RW on connected graphs is irreducible). A graph G = (V, E) is connected if for every pair
of distinct nodes x, y € V, there exists a sequence of nodes zy, z1,..., Z, for some m = 1 such that zy = x,
zm=1y,and z; ~ z;4+) forall i = 1,...,m — 1. Show that the RW on a graph G is irreducible if and only if G
is connected.

Definition 6.2.5 (Hitting and return times). Let (X;);>o be a Markov chain on state space .. For x € .%,
define the hitting time for x to be

Ty:=inf{t = 0| X; = x},

the first time at which the chain is at state x. We also define the first return timeto x as
TL:=inf{r>1] X, = x}.

In general, for each k = 1, let r;") denote the kth return time to x, which satisfies the recursion

t® D inflir> W x, =5, 1P =1},

For states x,y € &, let
Pry = Px(T) <00),
which is the probability that the chain X; eventually visits y starting from x.
Using the hitting times, we can classify the states into a few classes.
Definition 6.2.6 (Classification of states). Let (X}),>0 be a Markov chain on a countable state space .
with transition matrix P. We classify the states into the following classes:
(Transient) We say a state x € . is transient if pxx < 1.
(Recurrent) We say a state x € . is recurrent if p,x = 1. A recurrent state is said to be
(Positive recurrent) if Ex[1] < oo; and
(Null recurrent) if Ex[t}] = co.
We say the chain and the transition matrix P is recurrent (resp., positive/null recurrent) if all states are

recurrent (resp., positive/null recurrent).

Example 6.2.7 (SRW on Z is null recurrent). Coinsier SRW on Z. We remark the following asymptotic of
‘persistence probability’ of SRW on Z:
2

PXi=21,Xo=21,...,X,21|Xg=0) ~/ —.
nn
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(For reference, see, e.g., [ 1) It follows that, by the tail-sum formula for the expectation of nonnega-
tive RVs,

o0 o0 2
Eolrgl= ) Polrg=n)~ ) {/— =oo.
n=1 n=1' TN

Thus the origin is null recurrent. By symmetry, all other states are also null recurrent. A

Exercise 6.2.8. Show the following implications:

Pxx>0 — P™(x, x) >0 for some m=1.
Hint: Use
(00} o0
sup[P’(Xn:x'onx) SIP(U{X,Z:x}’XO:x) <y I]J’(anx‘Xo:x).
n=1 n=1 n=1

In the following lemma implies that every state for a finite-state irreudiclbe MC is positive recurrent.

Lemma 6.2.9 (Expected return time). Let (X;)>¢ be an irreducible MC with a transition matrix P on a
finite state space . Then for each x,y € &, we have (denoting Ex[-] = E[-| Xo = x])

Exl7)] <oo.
In particular, P is positive recurrent.

PROOE. Since P isirreducible, for each x, y € ., there exists an integer k(x, y) = 0 such that P (x, y) >
0. Let

r:=maxk(x,y) and &=minP"*V(x,y).
X,y X,y

Since ¢ is finite, we have r < oo and € > 0. Then note that for each x, y € .#, there exists j € a,..rn*

such that
pJ (x,y) = €.
Thus, for arbitrary y € % and t = 0, the chain hits y between some time ¢ and ¢ + r with probability at
least € regardless of X;. It follows that, for k=1,
PX(T; >kr)<(Q —g)uwx(r; >(k-1r).
By induction and strong Markov property, this shows
Pe(ry>kr)<(1-oF.

Thus, it is exponentially unlikely to not visit y during k consecutive time intervals of length r. Then by
the tail-sum formula (Prop. 1.5.10),

00
[Ex[T;] = Z [Fbx(‘[; >m)
m=0

oo (k+1)r—-1

<> X Puryzm

k=0 m=kr
oo (k+Dr-1

=y > [P’x(r;j > kr)
k=0 m=kr
[e.°]

<Y rad-gF<oo
k=0

where we have used the fact that the tail probability P x(r}j = m) is non-increasing in m.
Positive recurrence of P follows immediately by noting that Ex[7}] < co for all x. U

4Take j=kx, ).
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The following is a typical application of strong Markov property.

Proposition 6.2.10 (Irreducible chain with a recurrent state). Suppose P is an irreducible Markov transi-
tion matrix on a countable state space . Fix two states x,y € ¥ and suppose x is recurrent. Then

Pxy = U:Dx(‘[; <o0)=1.

PRrROOE. The idea is to look at excursions from x. Namely, starting from x, the chain returns to x at
least once in some a.s. finite time 7} since x is assumed to be recurrent. Restarting the chain from the
stopping time 7} and again using the recurrence of x with the strong Markov property, one can deduce
that the chain returns to x for the second time in some finite time. Each trajectory of the chain from x
to x is called an excursion from x. By the strong Markov property, we see that (any measurable functions
of) the excursions are i.i.d. and the duration of each excursion is distributed as 75.

Now during each excursion, there is a positive probability (say 6 > 0) to visit y. To see this, suppose
not. Then since the excursions are i.i.d., the probability of visiting y during any excursion is zero. This
means that the chain will never visit y, which violates the irreducibility. Then by strong Markov property,

P x(T; = 00) < P (the chain does not visit y during the first kth excursions)
<(1-86)F.
We can conclude by taking k — oco. ([l

Exercise 6.2.11 (Probability of mth visit). Fix states x, y € % and let Tg,m) denote the time of mth visit to
y. Then for each m = 1, show that

I]:"x('rg,m) <00) = pxyp;,'j,_l.
(Hint: Use strong Markov property.)

Next, we will give a more quantitative characterization of recurrent and transient states by using the
expected total number of visits. That is, for each state y, define the following counting variable

o0 o0
Ny:=)Y 1Xp=y)= Y. 1(r(y’”) <00),
n=1 m=1

which equals the total number of visits to state y by the Markov chain.
Proposition 6.2.12. The following hold:

0 ifpxy=0
Ex[Ny] =4 o0 if pxy >0 and y is recurrent

Oxy
I-pyy

if pxy >0 and y is transient.

PROOE. By using Fubini’s theorem, one can write

ExINy =Ey | Y 1" <oo)] =
m=1

where the last equality uses Exercise (6.2.11). Note that the last expression equals zero if py = 0, infinity
if pxy > 0and py, =1, and a converging geometric series if p, >0 and py, < 1. Hence we can conclude.
O

Now we can give an alternative characterization of the recurrence of a state in terms of the sum of
multi-step transition probabilities.
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Theorem 6.2.13. Foreach x,y € ., it holds that

EINy|Xo=x]= ) P"(x,)).

n=1

Furthermore, a state x € % is recurrent if and only if E[Ny|Xy=x]=Y%"_, P™(x,x) = oo.

PROOF. Recall that N, =37, 1(X,, = y). Hence

[Ex[Ny] =y

Y 1Xn=p)| =) E[1Xn=1]=) Pr(Xn=y)= ) P"(x,y),
n=1 n=1 n=1

n=1

verifying the first assertion. But Proposition 6.2.12 implies that x is recurrent if and only if E[N, | Xy =
x] = co. Hence the assertion follows. U

6.3. Stationary distribution

6.3.1. Definition and examples. In Exercise 6.1.8, we observed that we can simply multiply the transi-
tion matrix P to a given row vector r; of distribution on the state space . in order to get the next distri-
bution r;,;. Hence if the initial distribution of the chain is & that satisfies & = x P, then its distribution is
invariant in time. This motivates the following definition of stationary distributions.

Definition 6.3.1. A probability distribution 7 (viewed as a row vector . — [0, 1]) on a countable state
space # is a stationary distribution for a Markov transition matrix P on . if

n=mnP
that is,

nx)= ) n(y)Py,x).
ye&

A Markov chain may have multiple stationary distributions, as the following example illustrates.
Example 6.3.2. Let (X;);>o be a 2-state Markov chain with transition matrix

10

p=|! 9]

Then any distribution 7 = [p, 1 — p] is a stationary distribution for the chain (X;) />.

Example 6.3.3 (Stationary distribution of RW on G). What is the stationary distribution of random walk
on G? There is a typical one that always works. Define a probability distribution = on V by

degs(i)  degg(i)
Zjevdegc(i) 2|E| .

Namely, the probability given to node i is proportional to the degree of node i. Then observe that 7 is a
stationary distribution for P the transition matrix for RW on G. Indeed,

s deg; (i) A(, j) 1 ... degg()) '
P , = — = R = — = .
iezvn(]) o ,;/ 21E]  degg(i) 2|E|i€ZV GLP==pg =™

(i) =

As we will see later, stationary distribution is crucially related to the long-term behavior of the Markov
chain. Roughly speaking, for irreducible Markov chains, the stationary distribution equals the limiting
frequency of the Markov chain visiting each state in the long run (see Thm. ??). See Figure 6.3.1 for an
empirical validation of this claim for RW on the Facebook network among students in Caltech in 2007. A

In the following exercise, we compute the stationary distribution of the so-called birth-death chain.
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RW empirical distribution vs. normalized degrees

0.02
proportion of time spent
(100 samples)
0.00 A
0.010 1 proportion of time spent
(1000 samples)
0.005
0.000 4
proportion of time spent
0.005 - (10000 samples)
0.000 +
—— normalized degrees
0.01 A
0.00 4 T T T T T T T T T
0 100 200 300 400 500 600 700 800
nodes

FIGURE 6.3.1. Normalized proportion of times that RW on CALTECH spends at each node for
N =100, 1000, 10000 steps (top three rows) and the normalized degrees deg(v)/2|E| (bottom).

Exercise 6.3.4 (Birth-Death chain). Let ¥ ={0,1,2,---, N} be the state space. Let (X;);>0 be a Markov
chain on ¥ with transition probabilities

PXi1=k+1|1X;,=k)=p VO<k<N
PXiy1=k-11X;=k)=1-p V1i<sk=<N
P(Xi(1=01X;=0)=1-p
P(X¢+1 =N|X;=N)=p.

This is called a Birth-Death chain. Its state space diagram is as below.

12 P P p
1-p G —_ —_— _ _— S
e «— — -— p
1-p 1-p 1-p 1-p
FIGURE 6.3.2. State space diagram of a 5-state Birth-Death chain

(i) Let w = [mg, 71, -+, mn] be a distribution on .. Show that x is a stationary distribution of the Birth-
Death chain if and only if it satisfy the following ‘balance equation’

prr=1—-p)mis1 0<k<N.

(ii) Let p = p/(1— p). From (i), deduce that 77} = p¥mg forall 0 < k < N.
(iii) Using the normalization condition 7y + 7y +---+ 75 = 1, show that 7p = 1/(1+ p + p2 +-- 4 pN).
Conclude that

ok

= 0<k=sN. 85
Tk 1+p+p%2+--+pN (85

Conclude that the Birth-Death chain has a unique stationary distribution given by (85), which
becomes the uniform distribution on . when p = 1/2.
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Exercise 6.3.5 (Success run chain). Consider a Markov chain (X,),>0 on the state space % = Z5( of
nonnegative integers with the following transition matrix P:

Px,x+1)=p, Px0=1-p forall xe€ Z,

where p € [0,1] is a fixed parameter. In words, one flips independent coins with success probability p;
every time it comes up heads with probability p X,, increases by 1, and when it comes up tails, X, resets
back to 0.

(i) Letm:Z>p— [0,00) be a function that satisfies 7P = 7. Show that the following recursion holds:

n0)=01-p) > 7wk
k=0

(1) = pm(0)
7(2) = pr(l)

Deduce that (k) = p*n(0) for all k= 1.

(ii) Show that = is an stationary distribution on Zx¢ if and only if 7 (k) = (1 — p)pk for k= 0. (Such =
is called the Geometric(p) distribution that puts probability pk (1-p) on each k € Z>p. The
number of success run of probability- p coin flips has this distribution.)

Next, we introduce reversibilitiy and time-reversal of a transition matrix. While the equation 7 = nP
that defines a stationary distribution requires solving a linear equation, a much simpler ‘detailed balance
equation, once its satisfied, implies stationarity.

Definition 6.3.6 (Reversibility and time-reversal). Let P be a transition matrix on a countable state space
& and let  be a probability distribution on .. A matrix P on . is a time-reversal of P w.r.t. i if it satisfies
the following ‘detailed balance equation’:

n(xX)P(x,y) =n())P(y,x) Vx,ye L. 86)
We say P is reversible w.r.t. 7 if it satisfies the following detailed balance equation:
n(X)P(x,y) =n(y)P(y,x) Vx,ye&L.

The following proposition will be used crucially in the proof of uniqueness of stationary distribution
(Thm. 6.3.12).

Proposition 6.3.7 (Properties of time-reversal matrix). Let P be a time-reversal of P w.r.t. m. Assume that
7 =nP andn >0 (entrywise). Then the following hold:

i) nP=m.

(ii) Pis itself a Markov transition matrix on . Furthermore, 7 is a stationary distribution for p.

(iii) Let u be another stationary distribution for P. Define a column vector h = u" /n"°. Then Ph = h, that
is, h is P-harmonic (see Def. 6.3.14).

(iv) IfP is irreducible and recurrent, then so is P.

PROOF. To show (i), note that for each state x, since the rows of P sum to one,

[nP](x) =Y. n()P(y,x) =Y w(x)P(x,y) = m(x) (ZP(x, y)) = 7(x).
y y y

5Entrywise division
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So (i) holds.® To show (ii), it is enough to show that the rows of P sum to one. Indeed, for each state x,
using that 7P =7 and 7 > 0,

Y Px,y) =) 7)) Py, 0n(y) =) Y P(y,0n(y) =) PI(x) =m(x) ' w(x) = 1.
y y y

Thus P is a Markov transition matrix on .. By (i), we also have that 7 is a stationary distribution for P.
To show (iii), fix a state x and note that

Y Px,ph(y) =Y 7)) PT(x, y)m() h(y)
y y
=Y 7P (x, )
y
= n(x)_IZPT(x, Nu)
y

=7(x) " p(x)
= h(x).
This shows (iii).

Lastly, suppose that P is irreducible and recurrent. For each states x, y, there is a path from x to y of
positive probability under P. Since 7 > 0, traversing the same path backwards gives a path from x to y of
positive probability under P. Hence P is irreducible. For recurrence, first note that we can write

P = diag(m) "' P diag(m).
Taking the tth power, we get
P’ = diag(m) "' (P") T diag(n).

Evaluating the matrices on both sides at (x, x), we get P’ (x,x) = P'(x,x). This holds for all states x and

times ¢ = 0. Since P is recurrent, Y ;o P!(x, x) = oo for all x (see Thm. 6.2.13). Thus ¥, Pt(x, x) = oo for
all x, so P is recurrent. U

Exercise 6.3.8 (Reversibility of random walk). Let P = D~ ! A denote the transition matrix of a random
walk on a finite graph G = (V, E), where D denotes the diagonal matrix of degrees and A denotes the
adjacency matrix of G. Define a probability distribution 7 on the node set V ={1,...,m} as
1
= ——
2|E]
Show that P is reversible w.r.t. 7. Deduce that 7 is a stationary distribution for P.

[deg(1),...,deg(m)].

6.3.2. Uniqueness and existence of stationary distribution: Finite state space. In this subsection, we
will show the fundamental result that for irreducible transition matrix P on a finite state space, there is
a unique stationary distribution. The uniqueness uses uniqueness of harmonic functions; the existence
uses a linear algebraic argument with a lazy chain.

Theorem 6.3.9 (Uniqueness and existence of stationary distribution for finite irreducible chain). Let P be
an irreducible transition matrix on a finite state space & =1{1,..., m}. Then there exists a unique stationary
distribution w on & for P (i.e.,, n =nP) andm > 0.

PROOE. Existence. Stationary distributions are closely related with eigenvectors and eigenvalues of
the transition matrix P. Namely, suppose = = 7P and by taking transpose,

al =pTaT,

Hence, the column vector ! is an eigenvector of P associated with eigenvalue 1. By Exercise 6.3.10,
the dimension of the eigenspace of P’ with eigenvalue 1 equals to the dimension of eigenspace of P

61n fact, the argument above shows that (i) holds for general probability distribution 7 on .#.
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with eigenvalue 1. But note that 1 is an eigenvalue of P with an eigenvector 1 (all-ones vector) since P is
transition matrix. Thus,

dim ker(PT — I) =dim ker(P - 1) > 1. (87)

Now we can argue for the uniqueness and the existence of stationary distribution.”

From (87), it follows that there exists an eigenvector v of PT with eigenvalue 1. If the entries of v had
the same sign, then sign(v) v’ /||v||; is a stationary distribution of P. In order to check this, we will use a
‘lazy’ version of P. Namely, define the lazy’ transition matrix Q = (P+1)/2%. Clearly Q is irreducible since
P is so (use the probabilistic interpretation of Q). Then for each states x, y, Pk@Y) 5 0 for some integer
k(x,y) = 0. Since there are finitely many states, r := maxy, k(x, y) = 0 is a finite integer. By lazyness, Q"
is a positive matrix. Then W := Q" is a positive markov transition matrix.

Now let v be an eigenvector of P with eigenvalue 1. We claim that the entries of v must have the
same sign. Suppose not. Note that v is an eigenvector of Q7 with eigenvalue 1, so it is an eigenvector of
W7 with eigenvalue 1. So

[vx| =

Y Wi yvy| <Y W, plvyl,

y y

where the strict inequality follows since the sum in the middle has some cancellation due to mixed signs
of v)’s and WT > 0. Then summing over x,

Yl <Y Y Whx, plvyl =Z(ZW(y,x)) loyl =) 1vyl,
X Xy y \x y

which is a contradiction. In turn, this shows the existence of stationary distribution for P.

Positivity. Now we know that there exists a nonnegative eigenvector v for P T (hence for WT) with
eigenvalue 1. Then since W' >0, v = W v gives that each entry of v is positive. This shows the existence
of positive stationary distribution for P.

Uniqueness. We have shown that every eigenvector of P! with eigenvalue 1 must have all coordinates
in the same sign. In particular, it follows that the eigenspace of P with eigenvalue 1 must have dimen-
sion one (otherwise we can choose two orthogonal eigenvectors of the same sign, a contradiction). Since
a positive eigenvalue exists, this shows the uniqueness of stationary distribution for P. ([l

Exercise 6.3.10 (Transpose and eigenspaces). Let A be a real square matrix. Show that A and AT have
the same eigenvalues and the corresponding eigenspaces have the same dimension. (Hint: To show
that they have the same set of eigenvalues, note det(A— AI) = det(A— AT = det(A” — AI). To show the
corresponding eigenspaces have the same dimension, use the fact that rank(A—AI) = rank(AT - A1)

Exercise 6.3.11 (Spectral radius of a transition matrix). Let P be a Markov transition matrix on a finite
state space. Show that the spectral radius of P (i.e., the maximum modulus of the eigenvalues of P) is
one. (Hint: Gershgorin circle theorem and the fact that P is a transition matrix. Namely, the eigenvalues
of P reside in the union of circles in the complex plane with center P;; and radius ) j»; |Pijl = Y. j»; Pij =
1— P;;. Then show that 1 is an eigenvalue of P.)

6.3.3. Uniqueness of stationary distribution: Countable state space. In this section, we will use har-
monicity and a marginale argument to show uniqueness of stationary distribution for an irreducible and
recurrent transition matrix P on a (possibly infinite) countable state space .. Note that irreducibil-
ity implies (positive) recurrence by Lemma 6.2.9 for finite state spaces, but it is not necessarily true for
countably infinite state spaces (e.g., Asymmetyric SRW on Z).

"Here both parts use the irreducibility of P. Later, we will see that irreducilibity is not needed for the exitence of stationary
distribution. See Lemma 6.3.20.
8For each transition with Q, flip an independent fair coin, and stay put upon heads and move according to P upon tails.
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Our goal in this section is to show the uniqueness of stationary distribution in the general countable
state space case:

Theorem 6.3.12 (Uniqueness of positive stationary distribution). Suppose P is an irreducible and recur-
rent transition matrix on a countable state space . If there is a stationary distribution for P, then P must
have a unique stationary distribution.

A simple but important observation is that stationary distribution for an irreducible transition matrix
must be positive everywhere.

Exercise 6.3.13 (Stationary distribution for irreducible chain is positive). Let a transition matrix P on .
has a stationary distribution 7. Then 7 (x) > 0 for all x € .#. Hint: Show that 0’s in 7 propagate to outgoing
neighbors: If 7(x) = 0 for some x, then n(y) =0 for all y s.t. P(x,y) =0.)

Our argument for this result is based on harmonic functions and martingales.

In Exercise 6.1.8, we have seen that left multiplication by the transition matrix advances the PMF of
the current state of the Markov chain in one time step. In Exercise 6.1.10, we also have seen that right-
multiplying a function (represented as a column vector) by the transition matrix gives the expectation
of the function w.r.t. the next-time PME We call distributions invariant under right multiplication by P
stationary. What about functions that are invariant under left multiplication by P?

Definition 6.3.14 (Harmonic functions w.r.t. P). Let P be a transition matrix on a countable state space
. Afunction h:.% — Ris said to be P-harnomic at x if ,

h(x)= ) P(x,y)h(y).
yes

For each subset D < ., we say h is P-harmonic on D if h is harmonic on every state in D. If & is P-
harmonic everywhere on . and if & is viewed as a column vector, then it satisfies the matrix eqution
h=Ph.

Exercise 6.3.15 (P-harmonic on finite state space is constant). Let P be an irreducible transition matrix
on a finite state space . and let h be a P-harnomic function on .#. Show that % is a constant function.
(Hint: Use the maximum principle. Namely, & attains a maximizer, and using harmonicity, show that all
the ‘neighboring’ states are also global maximizer. Iteratively use irreducibility to conclude that # attains
global maximum everywhere.)

Lemma 6.3.16 (Nonnegative P-harmonic functions are constant). Suppose P is an irreducible and recur-
rent transition matrix on a countable state space . Let h be a nonnegative P-harmonic function on .
Then h is a constant.

PROOE. Let (X,,);=0 be a Markov chain on . with transition matrix P. Recall that k(X,,) is a mar-
tingale (see Lem. 5.2.8). Thus if 7, is the hitting time of a state y, then by using the stopped martingale
(Thm. 5.2.17)

h(x) = Ex[h(X0)] = Ex[n(Xnar )] 2 R(y)Px(Ty < 1),

where we have used that /2 = 0 for the inequality. The above inequality holds for all states x, y and time
t = 0. Since P is irreducible and recurrent, by Prop. 6.2.10, we have P,(7y < oo) = 1. Thus by letting
n — oo and using continuity of measure (Thm. 1.1.16), we get P, (7, < n) — 1 giving us h(x) = h(y). Since
X, y are arbitrary states, this shows that # is a constant function. O

Now we are ready to show Theorem 6.3.12.

9Recall Lem. 5.2.8 on martingales obtained by plugging in a Markov chain into a harmonic function.
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PROOF OF THEOREM 6.3.12. Suppose there is a stationary distribution r for P. Since P is irreducible,
7 is positive by Exercise 6.3.13. Let u be any other stationary distribution for P. We wish to show that
7 = u. Since 7 > 0, the function (column vector) h = u’/n” = 0 (entrywise division) is well-defined.
Let P be the time-reversal of P w.r.t. 7. by Prop. 6.3.7, P is irreducible and recurrent with Ph = h, that
is, h is P-harmonic. Then h is constant by Lemma 6.3.16, so there exists a constant ¢ = 0 such that
h(x) = u(x)/m(x) = c. Since both u and 7 are probability distributions, we must have c =1, so 7 = i as
desired. ([l

6.3.4. Characterization of stationary distribution. In this section, we will show that if an irreducible
Markov chain has a stationary distribution, then the stationary distribution should be given by the recip-
rocal of the expected return time and all states must be positive recurrent. This is provided the following
well-known lemma by Kac.

Lemma 6.3.17 (Kac). Let (X;)=o be an irreducible Markov chain with transition matrix P on a countable
state space . Suppose that there is a stationary distribution n solving m = nP.

(i) For any set S < &, the expected return time to S when starting at the stationary distribution condi-
tioned s on S is w(S)~L. That is,

Y () Exlril=1. (88)
xeS
In particular, for all states x,
m(x) = .
Ex[T;]

In particular, 7t is the unique stationary distribution of P.
(ii) All states are positive recurrent.

PROOE. Let (Y) ;>0 be the time-reversed chain with transition matrix P defined w.r.t. 7. We will first
show that both P and P are recurrent. Fix a state x and define

a(t):=P(X;=x, X; #xforall s> 1).
By using stationarity and strong Markov property,
a(t) =Pr(X; = 0)PL(15 = 00) = 1(x) Py (7 = 00).
Since the events {X; = x, X; # x for all s > t} are disjoint for distinct ¢, we have

12 ) a()=) n(x)P.(r] =00).

=0 t=0

Since the summand in the last sum does not depend on ¢ and since 7 > 0 by Exc. 6.3.13, it follows that
U:Dx(‘[; = o00) = 0 for all x. This shows that P is recurrent. Since 7 is a stationary distribution for p (see
Prop. 6.3.7), rhe same argument shows that P is also recurrent.

By using the detailed balance equation (86) recursively, for each sequence of states (zy, ..., 27),

7(20)P(20,20) P21, 22) -+ P(21-1,20) = W(20) P21, 20-1) -+ P21, 20).
Summing the aboe over all sequences where zy = X, z1,...,2:-1 ¢ S, and z; = y, we obtain
T Pys 2 6,X, =) =n()P, (15 = 1, Y = X).
(We write P for the probability measure corresponding to the reversed chain.) Then summing over all

xe S, ye &, and t = 0 shows that

(o]
> Y mO)P(ts = 1) = Pr(rs- <o00) =1,
xeSt=1
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where the last equality follows from recurrence of (Y;). Since 7+ takes only positive integer values, by
the tail-sum formula, we get (88). Furthermore, deviding both sides of this by 7(S) = _,cs7m(x), we get

1 7(x) + .
— = —E =E Xp € S].
7S 27 x[Tgl =Exl1 [ Xo € S]
The second conclusion follows immediately by taking S = {x}. This shows (i).
For (ii), recall that 7 > 0 due to the irreducibility and Exc. 6.3.13. Thus E[7}] < oo for all x by part (i).
This shows positive recurrence of P. U

6.3.5. Construction of stationary distribution. Does a Markov chain always have a stationary distribu-
tion? In Theorem 6.3.9, we answered this question positively for irreucible transition matrices on a finite
state space, using an indirect linear algebra argument. But such algebraic approach do not provide us
any useful intuition for the behavior of the Markov chain itself. In this section, we give a probabilistic and
constructive argument to show that every Markov chain has a stationary distribution that admit a certain
canonical form. Importantly, we will show that irreducibility of the transition matrix is not required for
there be a stationary distribution'”.

For each y € &, let V,,(y) denote the number of visits to y in the first n steps:

n
Va():i= ) 1(Xg = ).
k=1
We will see that with reasonable assumptions, a Markov chain will admit a unique stationary distribution
given by

1
n(y):= tllglo E[Ex[vn(J/)]; (89)

which is the expected proportion of times spending at y starting at x and it turns out that it does not
depend on x. The main result in this section, Theorem 6.3.18, states that when the Markov chain satisfies
certain reasonable conditions, (89) is indeed a stationary distribution of the Markov chain. However, it
is not a priori clear that the limit in (89) exists. Instead of taking the limiting frequency of visits to y,
we will instead construct a measure by only counting visits to y during a single ‘excursion’ from x to x,
which occurs during the time interval [0, T;]. As we will see later, such a construction will give a valid
probability distribution if and only if Ex[7}] is finite.
The main result we will prove in this section is the following:

Theorem 6.3.18 (Existence, uniqueness, and characterization of stationary distribution). Assume P is
irreducible. Then P has a stationary distribution if and only if all states are positive recurrent. In this case
the stationary distribution i is unique, positive, and is characterized by

. Valx) 1
7(x) = lim =
n—eo  n Ex[Tx]

Y xe&. (90)

In particular, the above result shows that the empirical frequency of visiting each state (or the proportion
of time spent at that state) converges almost surely to the stationary probabability at that state. We have
shown

Since finite irreducible Markov chains are positive recurrent (i.e., all states are positive recurrent) (see
Lem. 6.2.9), we obtain the following corollary immediately.

Corollary 6.3.19. Assume . is finite and P is irreducible. Then P has a unique stationary distribution
given by (90).

PROOE. Follow from Lemma 6.2.9 and Theorem 6.3.18. OJ

10Thjs is clear for random walks on disconnected graphs.
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The gist of the to construct of a stationary distribution using the visit counts V,,(x, y) is given in the
following proposition, where we construct a stationary distribution for general Markov chains with a
positive recurrent state. Namely, we consider the expected number of visits to each state starting from
a positive recurrent state during a single excursion. These expected counts turn out to give an invariant
measure. Normalizing it to be a probability measure then gives a stationary distribution.

Lemma 6.3.20 (Excursion and stationary measure). Consider a Markov chain (X,),=0 on ¥ with transi-
tion matrix P with at least one recurrent state, say x. For each y € ¥, define

() =E[Ve: )],

which is the expected number of visits to y during [0, T;] (a single excursion from x to x).

) Ax(x)=1and ¥ yes Ax(y) = Exlty].
(i) Ax=AxP. (Thatis, Ay is a stationary measure’ for P.)
1

(iii) If x is positive recurrent, then my := m/l x 1S a stationary distribution for P.

PROOF. To show (i), note that V;+ (x) = 1 s0 A,(x) = 1. Also,

YA =) Ex[Ver (] = ) Ey

il(wa)]

yes V& yes n=1
i i T
=Ec| 2 2 1Xn=p|=E<| 2 . I(Xn=y)]=[E 21| =Exlryl,
ye&# n=1 n=1lyes n=1

[ S ——
=1

where the third equality uses Fubini’s theorem for nonnegative summands.
To show (ii), our goal is to verify for each y € .,

Y A:(2)P(z,¥) = A+ (p).
ze#

Indeed, first observe that

T3
Ex| ) 1(Xp=2)
n=1

o0
:[Ex[Zan:z,r;zn)
n=1

I
18

Py(Xn=215=n)

S
Il
—

I
018

I]:Dx(Xl ?fxy---;Xn—l #x) XI’l:Z))

N
1l
—

where for the first equality, we have converted a random number of summation into an infinite sum with
additioanl indicator. Next, by time-homogeneity and Markov property, we observe that

Py(t52n X, =2)P(z2,y) =Py (15 21, X = 2) P(Xps+1 = y1 X = 2)
=P, (15 =n Xpn=2)PXps1=yl152n, X, =2)

=Py (t5=n Xn=2 Xn1=Y).
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Hence, noting that A, (x) = 1 from (i),

+

Tx
Y A@Pzy) =P+ Y, Ei|) 1Xa=2)|P(zy)
zes ze L \{x} n=1
o0
=P, )+ Y. Y. P(tiznX,=2 Xn1=Y)
zeF\{x} n=1
o0
=P(x,_)/)+z Z Px(T;ZI’l,X”=Z,Xn+1=y)
n=1ze#\{x}

o0
=P(x,))+ ) Pr(th=n Xy # % Xpi1=Y)

n=1

o0
Zl[px (rx=n Xp=y)
n=

=F,

Y 1(X, = y)] = Ax ().
n=1

This shows (ii).
Lastly, if x is positive recurrent, then one can normalize A, by the total sum E,[7}] < oo (see (i) to
obtain a probability distribution 7, that is invariant under right-multiplication of P. This shows (iii). [

Now we can deduce Theorem 6.3.18.

PrROOF OF THEOREM 6.3.18. If P has a stationary distribution, then all states are positive recurrent
by Lemma 6.3.17. Conversely, suppose all states are positive recurrent. Then for each x € ., we have a
stationary distribution 7, defined in Lemma 6.3.20 (iii). By irreducibility, 7, > 0 (see Exc. 6.3.13). Hence
by Theorem 6.3.12, there is a unique stationary distribution for P, which we will denote as 7. Then for
each x € &, it holds that

Ay (x) 1
Exlti]  Exlti]

(X)) =7x(x) =

Lastly, the return times to x form a renewal process (Def. 3.6.3) due to the strong Markov property. Thus
by the renewal theorem (Thm. 3.6.4), almost surely,

. Vi(x) 1
lim = -
n—oo Exlty]

This finishes the proof. O

Exercise 6.3.21 (Poisitive recurrence is a class property). Let x, y be two communicating states, meaning
that there exists a positive probability to reach y from x and vice versa. Show that if one is positive
recurrent, then so is the other.

6.4. Convergence rate and Markov chain mixing

In this section, we are interested in obtaining bounds on the rate of convergence of the time-¢ PMF
of a Markov chain toward the stationary distribution, for the irreducible and recurrent case. This no-
tion is captured by the ‘mixing’ of the Markov chain, which is a crucial concept in Markov chain theory
and also has many applications in statatistics (e.g., for obtaining bounds on the estimation error using
Markov chain Monte Carlo estimators) and in machine learning (e.g., analyzing policy gradient descent
algorithms in reinforcement learning).
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6.4.1. Total variance distance and mixing time. We first need to introduce a metric that measures the
‘distance’ between two probability distributions on the same measurable space. The one we use a lot in
Markov chain theory is called the total variation distance, which is the worst-case difference between the
probabilities assigned to a single event by the two distributions.

Definition 6.4.1 (Total variation distance). Let y and A be two probability distribution on a measurable
space (<, %). Then the total variation distance between pand A, |t — All v, is defined by
= Allry := sup |u(A) — A(A). 91)
AeF

The definition in (91) involves supremum over all events so it is not easy to work with. Below we
provide three usful characterizations of it.

Proposition 6.4.2 (TV distance; pointwise form). Let i andv be two probability distributions on a count-
able state space . Then
1
lp=AMrv=" ), ) - vl =3 Y ) = v()l. 92)
X:p(x)=v(x) xes
PROOE. Let B ={x: u(x) = v(x)} and let A <.¥ be any event. Then
H(A) —v(A) = u(AnB)-v(AnB) < u(B) —v(B). (93)

The first inequality is true because any x € An B¢ satisfies u(x) —v(x) < 0, so the difference in probability
cannot decrease when such elements are eliminated. For the second inequality, note that including
more elements of B cannot decrease the difference in probability. Since (93) holds for all events A, the
first equality in (92) follows.

By exactly parallel reasoning,

v(A) — u(A) < v(B°) — u(BY). (94)

Fortunately, the upper bounds on the right-hand sides of (93) and (94) are actually the same (as can be
seen by subtracting them; see Figure 4.1). Furthermore, when we take A = B (or B€), then |u(A) —v(A)| is
equal to the upper bound. Thus

1 1
lu=viltv =S u(B) - v(B) +v(B) — u(B)] = > Y ) = v(x)l.
xes

| B |

FIGURE 6.4.1. Recall that B = {x: pu(x) = v(x)}. Region I has area u(B) — v(B). Region II has area
v(B®) — u(B°). Since the total area under each of y and v is 1, regions I and I must have the same
area and that area is || — v|ty. Figure exerpted from [ ].

Remark 6.4.3. From Proposition 6.4.2 and the triangle inequality for real numbers, it is easy to see that
total variation distance satisfies the triangle inequality: for probability distributions g, v, and ),

lp—=virv=llg—nltv+I1n—vliTv.
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Proposition 6.4.4 (TV distance; variational form). Letu andv be two probability distributions on a count-
able state space . Then

1
lu=Alry = —sup{ Y fp@) =Y, fVE) I flleo < 1}. (95)
2 xe& xes

PROOE. On the one hand, since f has supremum norm < 1, using triangle inequality we get
Y fp@ =Y. fvE) s Y If@p@) -v@)| s Y lpx) - vl
x€S xS xS xS
Thus “=" in (95) follows from Prop. 6.4.2.
On the other hand, consider the function f on .# defined as

£ (x) = 1(u(x) = v(x)) = L(p(x) < v(x)).

Then
Y fu@ =) ffov= ). p@-ve - ) p)-vw
xeS xeS x:p(x)=v(x) x:p(x)<v(x)
=) |u(x) = v(x)]
X
=2llp=vlrv,
where the last equality follows from Prop. 6.4.2. This shows “<” in (95). ([l

It is useful to introduce a parameter that measures the time required by a Markov chain for the dis-
tance to stationarity to be small.

Definition 6.4.5 (Mixing time). Let P be a Markov transition matrix on a countable state space . with a
stationary distribution . The mixing time of P is defined by

Imix(€) :=min{z: d(f) <€}, tmix = tmix(1/4),
where d(t) := sup e 1P'(x,") =7l 7y.
Exercise 6.4.6. Let P be a Markov transition matrix on a countable state space .¥ with a stationary dis-
tribution 7.
(i) (Standardizing Distance from Stationarity) Define

d(t):=suplP'(x,) - nlrv and d(0):=supllP'(x,")—P'(y,)lrv.
X X,y

Show that d(t) < d(t) < 2d(t). (Hint: For the first inequality, use that since = = 7P, we have
n(A) =Y, m(y)P(y, A). Then |P!(x, A) - n(A)| < ¥, w(y)|P'(x, A) - P'(y, A)| < d(1).)
(i) (submultiplicativity) Show that d(s+ t) < d(s)d(t). (Hint: Use an optimal coupling, see Prop. 6.4.23.)
(iii) (multiples of mixing time) Show that d(¢t;,;x) < 2-¢,

6.4.2. Examples and aperiodicity. Let (X},),>¢ be an irreducible positive recurrent Markov chain on a
countable state space Q2. By Theorem 6.3.18, we know that the chain has unique stationary distribution
7. Denote by 7; the distribution of X;. When can we expect that 7; — 7 in TV distance?

We first look at some examples. We start with an example, where we show the convergence of a
2-state chain using a diagonalization of its transition matrix.

Example 6.4.7. Let (X;,) ;=0 be a Markov chain on . = {1, 2} with the following transition matrix

02 038
P=1los 0.4}’

which has a unique stationary distribution 7 = [3/7,4/7]. By diagonalizing P, we can write

pr_[L —4BJ[L 0 ][1 413 !
"1 o st
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Hence, letting 7; denote the row vector of distribution of X;, we deduce

1 -4/3][1 0 1 —4/3]7"
1 1 0 (-2/5% |1 1

Ty =T
Writing
~[1 -4;3][1 o][1 -4/3]""
T=Toly 1 [lo ofll1 1 ’
we get
1 -as]o o ][ -43]"
Te==11 1 |lo (2|1 1
It follows that ||77; — 7| 7 < C(2/5)" for an explicit constant C > 0. A

Next, we observe that an irreducible MC may not always converge to the stationary distribution. The
key issue there is the notion of ‘periodicity’.
Example 6.4.8. Let (X},) ;>0 be a 2-state MC on state space Q = {0, 1} with transition matrix

01
1 0

Namely, the chain deterministically alternates between the two states. Note that it is irreducible and has
a unique stationary distribution

-

m=1[1/2,1/2].

Let 7; be the distribution of X,;, where the initial distribution is given by 7y = [1,0]. Then we have

my =1[0,1]
7o =[1,0]
w3 =1[0,1]
my = (1,01,
and so on. Hence the distributions 7,, do not converge to the stationary distribution 7. A

What goes wrong with RWs on bipartite graphs?

Example 6.4.9 (RW on torus). Let Z, be the set of integers modulo n. Let G = (V, E) be a graph where
V=2,x2Z,and two nodes u = (u;, u2) and v = (v1, v2) are adjacent if and only if

luy —up| + vy —vo| = 1.

Such a graph G is called the n x n forus and we write G = Z,, x Z,,. Intuitively, it is obtained from the n x n
square grid by adding boundary edges to wrap around (see Figure 6.4.2 left).

Now let (X;);=0 be a random walk on G. Since G is connected, X; is irreducible. Since all nodes in
G have degree 4, the uniform distribution on Z, x Z,,, which we denote by 7, is the unique stationary
distribution of X;. Let m; denote the distribution of X;.

For instance, consider G = Zg x Zg. As illustrated in Figure 6.4.2 below, observe that if Xy is one of
the red nodes (where sum of coordinates is even), then X; is at a red node for any ¢ = even and at a black
node (where sum of coordinates is odd) at ¢ = odd. Hence, 7, is supported only on the ‘even’ nodes for
even times and on the ‘odd’ nodes for the odd times. Hence 7; does not converge in any sense to the
uniform distribution 7.

The following example of random walks on cycles in Figure 6.4.3 illustrates the same point on the
‘one-dimensional torus’. Note that even after 200 steps, RW on Cy4 has zero probability of being at every
other nodes, while for RW on Cj5, the probabilities evens out.

A
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N W B~ U

0 1 2 3 4 5

FIGURE 6.4.2. (Left) Torus graph (Figure excerpted from [L.P17]). (Right) RW on torus G = Zg x Zg

has period 2.
RW multi-step distribution vs. normalized degrees
Cycle Cy4 Cycle Cy5

0.5 4 / —— 1-step RW distribution 0.5 - /\7 1-step RW distribution
0.0 \/ \ 0.0 \
0.5 4 —— 2-step RW distribution 0.5 4 —— 2-step RW distribution
0.0 /\/ \/\ 0.0 /\/ \/\
0.5 4 —— 200-step RW distribution 0.5 4 —— 200-step RW distribution
0.0 0.0
0.5 4 —— 201-step RW distribution 0.5 4 —— 201-step RW distribution
0.0 0.0
0.5 4 —— normalized degrees 0.5 4 —— normalized degrees
0.0 T T T T T T T 0.0 T T T T T T T T

0] 2 4 5] 8 10 12 0 2 4 5] 8 10 12 14

nodes nodes

FIGURE 6.4.3. Comparison of multi-step distribution of RW on C,,

The key issue in the 2-periodicity of RW on G = Zg x Zg is that it takes even number of steps to return
to any given node. Generalizing this observation, we introduce the following notion of periodicity.

Definition 6.4.10. Let P be the transition matrix of a Markov chain (X;) ;9 on a countable state space .#.
For each state x € ., let 7 (x) := {t = 1| P'(x, x) > 0} be the set of times when it is possible for the chain
to return to starting state x. We define the period of x by the greatest common divisor of 9 (x). We say
the chain X; is aperiodic if all states have period 1.

Example6.4.11. Let I (x) = {4,6,8,10,---}. Then the period of x is 2, even through it is not possible to go
from x to x in 2 steps. If I (x) = {4,6,8,10,---}U{3,6,9,12,---}, then the period of x is 1. This means the
return times to x is irregular. For the RW on G = Zg x Zg in Example 6.4.9, all nodes have period 2. A

Exercise 6.4.12 (Aperiodicity of RW on graphs). Let (X;);>0 be a random walk on a connected graph
G=(V,E).

(i) Show that all nodes have the same period.
(ii) If G contains an odd cycle C (e.g., triangle), show that all nodes in C have period 1.
(iii) Show that X; is aperiodic if and only if G contains an odd cycle.
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(iv) Show that X; is periodic if and only if G is bipartite. (A graph G is bipartite if there exists a partition
V = Au B of nodes such that all edges are between A and B.)

Remark 6.4.13. If (X;),s¢ is an irreducible Markov chain on a finite state space (2, then all states x € Q
must have the same period. The argument is similar to that for Exercise 6.4.12 (i).

Exercise 6.4.14 (Aperiodicity implies irreducibility for the product chain). Let P be an irreducible tran-
sition matrix for a Markov chain on .%#. Let Q be a matrix on . x . defined by

Q(x,y),(z,w))=P(x,2) P(y,w) forx,yz,wes.

(i) Consider a Markov chain Z; := (X;, Y;) on & x & that evolves by independently evolving its two co-
ordinates according to P. Show that Q above is the transition matrix for Z;.
(ii) Show that Q is irreducible if P is aperiodic.

The following exercise shows that if a RW on G is irreducible and aperiodic, then it is possible to
reach any node from any other node in a fixed number of steps.

Exercise 6.4.15. Let (X;);>90 be a RW on a connected graph G = (V, E). Let P denote its transition matrix.

Suppose G contains an odd cycle, so that the walk is irreducible and aperiodic. For each x € V, let I (x)

denote the set of all possible return times to the state x.

(i) For any x € V, show that a, b € 9 (x) implies a+ b€ I (x).

(ii) For any x € V, show that 9 (x) contains 2 and some odd integer b.

(iii) For each x € V, let by be the smallest odd integer contained in 9 (x). Show that m € 9 (x) whenever
m = Dby.

(iv) Let b* = maxycy by. Show that m € I (x) for all x € V whenever m = b*.

(v) Letr =|V|+ b*. Show that P"(x,y) >0forall x,ye V.

With a little more work, one can also show a similar statement for general irreducible and aperiodic
Markov chains.

Exercise 6.4.16. Let P be the transition matrix of a Markov chain (X;) ;o on a finite state space .. Show
that (i) implies (ii):

(i) P isirreducible and aperiodic.

(ii) There exists an integer r = 0 such that every entry of P” is positive.

Furthermore, show that (ii) implies (i) if X; is a RW on some graph G = (V, E). (Hint for (i)= (ii): You may
use the fact thatif a subset 9 of positive integers N is closed under addition with gcd(97) = 1, then it must
contain all but finitely many integers. Proofis similar to Exercise 6.4.15, but a bit more number-theoretic.
See [ , Lem. 1.27].)

Exercise 6.4.17. Let (X;) and (Y;) be independent random walks on a connected graph G = (V, E). Sup-
pose that G contains an odd cycle. Let P be the transition matrix of the random walk on G.

(i) Let t = 0 be arbitrary. Use Exercise 6.4.15 to deduce that for some integer r = 1, we have
PXpir=Yrur | Xe =Y =)= ) PXpir =2| X; = )P Ypar = 2| Y = )
zeV

=) P'(x,2)P"(y,2) >0.
zeV

(ii) Letr =1 be asin (i) and let

§=min Y P'(x,2)P"(y,2)>0.
x,yEVZ;:/ y

Use (i) and Markov property that in every r steps, X; and Y; meet with probability = § > 0.
(iii) Let 7 be the first time that X; and Y; meet. From (ii) and Markov property, deduce that

Pr=kr)<(1-86)F—0 ask—oo.
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6.4.3. Convergence theorem: Finite state space. In this section, we prove the convergence theorem for
irreducible aperiodic chains on finite state spaces.

Theorem 6.4.18 (Exponential mixing for finite irreducible aperiodic chains). Let (X;)>¢ be an irreducible
aperiodic Markov chain on a finite state space #. Let t denote the unique stationary distribution of X;.
Then there exists constants C > 0 and a € [0,1) such that forall t = 0,

max | P! (x,-) - mllrv < Ca’. (96)
xS

PROOE. Since P is irreducible and aperiodic, by Exercise 6.4.16, there exists an r = 0 such that P" has
strictly positive entries. Let IT be the .% x . matrix obtained by stacking the row vector 7. For sufficiently
small § > 0, we have

P'(x,y)=6n(y) forall x,ye.#. 97)

Letf:=1-6€[0,1). If § =1, then P"(x,-) = & for all x, so (96) holds with 8 = 0 (i.e., the chain mixes
completely in r steps). Hence we may assume 6 € (0, 1).
Let Q be a matrix satisfting the following equation

P =(1-0)1+6Q. (98)

Multyplying by the colum vector 1 and using P"1 =1 = I11 with 8 > 0, it follows that Q1 = 1. Moreover,
(97) implies that Q = 0, so Q is itself a Markov transition matrix on .% H,
Next, we use induction to show that, forany k=1,

PF =1 -651+0%Qk. (99)

The above holds for k = 1 due to (98). For the induction step, note that MII = II for any Makov transition
matrix M on . and that [1M = II for any matrix M such that 7 M = &. In particular, [TP" = IT and Q"II =
I1. Hence, assuming that (98) holds for k = n, using (98),
Pr(n+1) — PrnPr — [(1 _HH)H + QnQn] Pr
=(1-0"MHI1+0"Q™"((1-0)I1+0Q)
=(1-6""Hm+6"Q".

This verifies (99).
Multiplying by P/ on both sides of (99) and rearranging terms now yields

priti —H:Gk(QrkPj —H). (100)

To finish, sum the absolute values of the elements in row x on both sides of (100) and divide by 2. By
Proposition 6.4.2, this gives

1P (x,) = mllry <O%1Q™ (x, ) P/ — 7l 7y < OF.

In the middle term, think of initializing a Markov chain with distribution Q"*(x,-) and evolve according
to P j steps and then compare the resulting distribution with 7. By definition, the TV distance between
any two probability distributions is at most one, which gives the last inequality. Then taking a = '/ and
C =1/0 finishes the proof. ([l

1198 can be interpreted probabilistically as follows: In each step, flip an independent probability 8 coin. If heads, evolve
the state according to Q; if tails, sample the next state independently from 7.
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6.4.4. Coupling and Total Variation Distance. One of the favorite arguments of probabilists involves
the use of 'coupling’. The coupling technique in probability is a powerful tool used to compare and relate
different probability distributions. It involves constructing a joint probability distribution for two ran-
dom variables on a single probability space such that each variable has the desired marginal distribution.
By aligning the marginals in this way, coupling allows for direct comparison between distributions, en-
abling to establish relationships, bounds, and convergence properties. Coupling is particularly valuable
in stochastic processes, where it facilitates the analysis of complex systems and the study of convergence
behavior.

Definition 6.4.19 (Coupling). A coupling of two probability distributions ¢ and v is a pair of random
variables (X, Y) defined on a single probability space such that the marginal distribution of X is y and
the marginal distribution of Y is v. That s, a coupling (X, Y) satisfies P(X = x) = py(x) and P(Y = y) = v(y).

Example 6.4.20. Let y and v both be the "fair coin" measure giving weight 1/2 to the elements of {0, 1}.

(i) One way to couple p and v is to define (X, Y) to be a pair of independent coins, so that P{X = x,Y =
yi=1/4forall x,y€{0,1}.

(ii) Another way to couple ¢ and v is to let X be a fair coin toss and define Y = X. In this case, P{X =Y =
0}=1/2,P{X=Y=1}=1/2,and P{X £ Y} =0.

Example 6.4.21. Let y = Bernoulli(1/3) and v = Bernoulli(1/4). Let U ~ Uniform(0,1) and define X =
1(U=<1/3)and Y =1(U <1/2). Then (X, Y) is a coupling of 1 and v and satisfies X < Y almost surely.

Exercise 6.4.22 (Coupling between ER random graphs). Let u=G(n,p) andv=G(n,q)for0sp=<qg=<1
(recall Def. 5.4.4). Construct a coupling (X, Y) between p and v such that X ~ G(n, p), Y ~ G(n, g), and
X is a subgraph of Y almost surely.

Suppose , v are probability distributions on a countable state space .. Given a coupling (X, Y) of
pand v, if g is the joint distribution of (X, Y) on ¥ x ¥, meaning that g(x, y) =P(X = x, Y = y), then the
row and column margins of g equals u and v, respectively. That is,

Y gy =) PX=x,Y=p}=P{X=x}=px) forxes,

ye& yex
Y gy =) PIX=x,Y=p=P{Y=y}=v(y) foryes.
xes xes

Conversely, given a probability distribution g on the product space .# x % with margin (u, v), then there
is a pair of random variables (X, Y) having g as their joint distribution — and consequently this pair (X, Y)
is a coupling of p and v (why?). In summary, a coupling can be specified either by a pair of random
variables (X, Y) defined on a common probability space or by a distribution g on . x ..

Every pair of distributions i and v possesses an independent coupling. Nonetheless, in cases where
p and v differ, it becomes unattainable for X and Y to consistently assume identical values. What degree
of closeness can a coupling achieve to ensure X and Y are nearly identical? The total variation distance
provides the answer.

Proposition 6.4.23 (Coupling and TV distance). Let u and v be two probability distributions on . Then
lg—=viry=inf{P{X # Y}: (X,Y) is a coupling of p and v}}
Furthermore, there exists a coupling that achieves the infemum above, which is called an ‘optimal cou-
pling.
PRrOOE. First, we note that for any coupling (X, Y) of p and v and any event A < .%,
A —v(A) =P{XeAl-P{Y e A} =P{XeAY¢e Al =P{X#Y}
It immediately follows that

le—=viTv <inf{P{X # Y}:(X,Y) is a coupling of i and v}.
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For the converse direction, we will construct a coupling that attains the infemum. Let p = ) yc o L(x) A
v(x) € [0, 1]. Flip a coin with probability of heads equal to p. If it lands heads, draw Z from the distribu-
tion p~!(uAv) and let X = Y = Z (this case never occurs if p = 0). Otherwise, draw independently X and
Y from the distributions (1 - p)™'(u—v)1(u >v) and (1 - p)~'(v - w)1(v > ), respectively. It is easy to
verify that X and Y have distributions ¢ and v, respectively, and that X = Y if and only if the coin lands
heads. Furthermore, note that

Z pux)Av(x) = Z p(x) + Z v(x).

xes x5 u(x)=v(x) xeS;5u(x)>v(x)
Adding and subtracting }_ v #;(x)>v(x) #(x) from both sides, we deduce

PX#Y)=1-p=1-) p@Avx)= Y  px)=-v@)=lg=vlv.
xes X€SL5u(x)>Vv(x)

This is enouth to conclude. O

We define a coupling of Markov chains with transition matrix P to be a process (X;, Y;) ;>0 with the
property that both (X;) and (Y;) are Markov chains with transition matrix P, although the two chains
may possibly have different starting distributions. More precisely,

Definition 6.4.24 (Markovian coupling). Given a Markov chain on a countable state space . with tran-
sition matrix P, a Markovian coupling of two P-chains on . is a Markov chain {(X;, Y;)};>0 with state
space ¥ x ¥ which satisfies the following:

(i) (coupling) For each x,y,x',y' € &,
P{Xi11=X1X;=xY, =y} =P(x,x) and P{Yr11=YIX;=xY,=y}=P(yy).

(ii) (coalescence) Let Tcouple := inf{t = 0| X; = Y;} denote the first time that the two chains meet. Then
Xs;=Ysas. forall s=1t.

We will use Py , to denote the probability measure for the coupled Markov chain {(X, Y;)} ;> with initial
state (x, y).

Any coupling of Markov chains with transition matrix P can be modified so that the two chains stay
together at all times after their first simultaneous visit to a single state—more precisely, so that if X; = Y5,
then X; = Y; for t = s. To construct a coupling satisfying (5.2), simply run the chains according to the
original coupling until they meet, then run them together.

Example 6.4.25 (Coupled random walks on Z>g). Let P be the Markov transition matrix for the sim-
ple symmetric random walk on Z-(, where we place a self-loop at the origin so that the negative jump
attempted at the origin results in not moving. Let X;, Y; be two such random walks, and suppose
Xo = x <y =Y. Itis intuitive that

Py(X,=0)=P,(Y;=0)

for all ¢, since they play the same games and Y; starts with larger or equal amount of fortune as X; does.

Here is a simple proof of the above fact by using (Markovian) coupling. Let &;,&»,... denote i.i.d.
Bernoulli(1/2) variables. We use these common RVs to evolve the two RWs X; and Y; simultaneously: If
¢t =1, then both X; and Y; increase by one; If {; = 0, then both decrease by one, except when any one
of them is at zero, they stay put. Once the two chains meet (necessarily either at 0), they stay together
thereafter.

Clearly, the distribution of X; is P!(x,-), and the distribution of Y; is P! (3,+). Importantly, X; and
Y; are defined on the same underlying probability space, as both chains use the common randomness
(é4)¢>1 to determine their moves.

Itis clear thatif x < y, then X; < Y; almost surely for all ¢. In particular, if X; = 0, the top state, then it
must be that Y; = 0 also. From this, we can conclude that

P'(x,n) =P{X, = n} <P{Y; = n} = P'(y,n).
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This argument showcases the power of coupling. We were able to couple the two chains together in
such a way that X; < Y; always, and from this fact about the random variables, we could easily derive
information about the distributions. A

FIGURE 6.4.4. Coupling between two random walks on Z(. Time goes from left to right. Once
they meet, they stay synchronized. Figure exerpted from [ .

Lemma 6.4.26 (Bounding TV distance by coalescence time). Let {(X;, Y;)} be a Markovian coupling for
transition matrix P with for which Xy = x and Yy = y. Then

||Pt(xy ) _Pt(_Vy v = [FDx,y{Tcouple > t}.

PROOE. Notice that P(x,z) = Py {X; = z} and P'(y,2) = P, ,{Y; = z}. Consequently, (X;,Y;) is a
coupling of P!(x,-) with P’(y,-). So by Prop. 6.4.23,

||P[(x, ) - Pt(y, Mrv = [FDx,y{Xt # Y} = [FDx,y{Tcouple > t}.
This shows the assertion. O

We now prove the convergence theorem for irreducible and aperiodic Markov chains on countable
state spaces. The proof uses coupling.

Theorem 6.4.27 (Mixing for irreducible aperiodic chains). Let (X;):>¢ be an irreducible aperiodic and
positive recurrent Markov chain on a countable state space ¥ with transition matrix P. Then P has a
unique stationary distribution n and for each state x,

1P (x,)—7ll7y — 0 as ¢t — oo.

PrOOE. The existence of the unique stationary distribution 7 for P follows from Theorem 6.3.18.

For the convergence, we will couple two P-chains (X;) and (Y;), where Xy = x and Yy ~ 7, moving
independently according to P in each step until the first time 7couple they meet, after which they stay
synchronized and move together according to P. Let 6 denote the Dirac delta mass at x and Ps_g; the
probability measure for the joint chain (X;, Y;). By Prop. 6.4.23 and since X; ~ P!(x,-) and Y; ~ 7,

IP'(x,) = 7l 7v < Ps on(Xs # Y1) < Ps en(Tcouple > 1)

Therefore, it suffices to show that 7coyuple < 0o almost surely.
We will use aperiodicity to show that 7couple < 0o almost surely. (Otherwise it is not true. Why?)
Consider first the ‘product chain’, a Markov chain on .# x .% with transition matrix Q given by

Q((x,y),(z,w)) = P(x,2) P(y,w) forall (x,y),(z,w) € x&.

This chain makes independent moves in the two coordinates, each according to the matrix P. Aperi-
odicity of P implies that Q is irreducible (Exc. 6.4.14). Hence, if (X;, Y;) is a chain started with product
distribution p ® v and run with transition matrix Q, then (X;) is a Markov chain with transition matrix P
and initial distribution g, and (Y;) is a Markov chain with transition matrix P and initial distribution v.
Note that

memQiz,w)= ). #aXr()Px2)P(y,w)= ) nx)P(xz) Y a(y)Py,w).
(x,y)eF xS xes yesL
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Since 7 = n P, the right-hand side equals 7 (z)7n(w) = (1 ® 7) (2, w). Thus 7 ®  is a stationary distribution
for Q. By Theorem 6.3.18, the chain (X}, Y;) is positive recurrent. In particular, for any fixed xo, if

T:=min{t>0:(X;, Y;) = (x0, X0)},

then by Prop. 6.2.10,
PyyiT <ool=1 forallx,ye X.
It follows that

Pyr(t<00) = Y m(y)Pyy(T <o0)=1.
yes
Thus if we initialize the product chain at , x 7 (6§, =point mass at x), then it eventually visits a fixed
‘diagonal state’ (xp, Xo). Since T¢ouple < 7 (Why?), this is enough to conclude. ]

6.5. Markov chain Monte Carlo

So far, we were given a Markov chain (X;);>¢ on a finite state space Q and studied existence and
uniqueness of its stationary distribution and convergence to it. In this section, we will consider the
reverse problem. Namely, given a distribution 7 on a sample space (2, can we construct a Markov chain
(X¢) r=0 such that x is a stationary distribution? If in addition the chain is irreducible an aperiodic, then
by the convergence theorem (Theorem 6.4.18), we know that the distribution 7; of X; converges to 7.
Hence if we run the chain for long enough, the state of the chain is asymptotically distributed as 7.
In other words, we can sample a random element of Q according to the prescribed distribution 7 by
emulating it through a suitable Markov chain. This method of sampling is called Markov chain Monte
Carlo MCMO).

FIGURE 6.5.1. MCMC simulation of Ising model on 200 by 200 torus at temperature T = 1 (left),
2 (middle), and 5 (right).

Example 6.5.1 (Uniform distribution on regular graphs). Let G = (V, E) be a connected regular graph,
meaning that all nodes have the same degree. Let u be the uniform distribution on the node set V. How
can we sample a random node according to u? If we have a list of all nodes, then we can label them
from 1 to N =|V|, choose a random number between 1 and N, and find corresponding node. But often
times, we do not have the full list of nodes, especially when we want to sample a random node from a
social network. Given only local information (set of neighbors for each given node), can we still sample
a uniform random node from G?

One answer is given by random walk. Indeed, random walks on graphs are defined by only using
local information of the underlying graph: Choose a random neighbor and move there. Moreover, since
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G is connected, there is a unique stationary distribution 7 for the walk, which is given by

2|E|

Since G is regular, any two nodes have the same degree, so n(x) = n(y) for all x,y € V. This means n
equals the uniform distribution y on V. Hence the sampling algorithm we propose is as follows:

(*) Run a random walk on G for t > 1 steps, and take the random node that the walk sits on.

However, there is a possible issue of convergence. Namely, if the graph G does not contain any odd
cycle, then random walk on G is periodic (see Exercise 6.4.12), so we are not guaranteed to have conver-
gence. We can overcome this by using a lazy random walk instead, which is introduced in Exercise 6.5.2.
We know that the lazy RW on G is irreducible, aperiodic, and has the same set of stationary distribution
as the ordinary RW on G. Hence we can apply the sampling algorithm () above for lazy random walk on
G to sample a uniform random node in G. A

Exercise 6.5.2 (Lazy RW on graphs). Let G = (V, E) be a graph. Let (X;) ;=0 be a Markov chain on the node
set V with transition probabilities

1/2 ifj=1i
P(X¢1=jl Xy =1) =4 1/(2degs(i)) if jisadjacentto i
0 otherwise.

This chain is called the lazy random walk on G. In words, the usual random walker on G now flips a fair
coin to decide whether it stays at the same node or make a move to one of its neighbors.

(i) Show that for any connected graph G, the lazy random walk on G is irreducible and aperiodic.
(ii) Let P be the transition matrix for the usual random walk on G. Show that the following matrix

Q=%@+D

is the transition matrix for the lazy random walk on G.
(iii) For any distribution 7 on V, show that 7Q = x if and only if 7P = n. Conclude that the usual and
lazy random walks on G have the same set of stationary distribution.

Example 6.5.3 (Finding local minima). Let G = (V, E) be a connected graph and let f: V — [0,00) be
a ‘cost’ function. The objective is to find a node x* € V such that f takes global minimum at x*. This
problem has a lot of application in machine learning, for example. Note that if the domain V is very
large, then an exhaustive search is too expensive to use.

Here is simple form of the popular algorithm of stochastic gradient descent, which lies at the heart of
most of the important machine learning algorithms.

(i) Initialize the first guess Xy = xp € V.
(ii) Suppose X; = x € V is chosen. Let

Dy = {y aneighbor of x or x itself| f(y) < f(x)}.

Define X;,1 to be a uniform random node from D;.
(iii) The algorithm terminates if it finds a local minima.

In words, at each step we move to a random neighbor which could possibly decrease the current value of
f. Itis easy to see that one always converges to a local minima, which may not be a global minimum. In
a very complex machine learning task (e.g., training a deep neural network), this is often good enough.
Is this a Markov chain? Irreducible? Aperiodic? Stationary distribution? A

There is a neat solution to finding global minimum. The idea is to allow that we go uphill with a small
probability.
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Example 6.5.4 (Finding global minimum). Let G = (V, E) be a connected regular graph and let f: V —
[0,00) be a cost function. Let

V= {xe VIiflx) = minf(y)}
yev
be the set of all nodes where f attains global minimum.
Fix a parameter A € (0, 1], and define a probability distribution 74 on V by

/lf(x)
7 (x) = ,
Z),

where Z) = ). er)Lf ) is the normalizing constant. Since 7, (x) is decreasing in f(x), it favors nodes x
for which f(x) is small.

Let (X{) =0 be Markov chain on V, whose transition is defined as follows. If X; = x, then let y be
a uniform random neighbor of x. If f(y) < f(x), then move to y; If f(y) > f(x), then move to y with
probability A/~ and stay at x with probability 1 — A/ ~/®) We analyze this MC below:

(i) (Irreducibility) Since G is connected and we are allowing any move (either downhill or uphill) we can
go from one node to any other in some number of steps. Hence the chain (X;);>¢ is irreducible.

(ii) (Aperiodicity) By (i) and Remark 6.4.13, all nodes have the same period. Moreover, let x € V* be
an arbitrary node where f takes global minimum. Then all return times are possible, so x has
period 1. Hence all nodes have period 1, so the chain is aperiodic.

(iii) (Stationarity) Here we show that 7 is a stationary distribution of the chain. To do this, we first need
to write down the transition matrix P. Namely, if we let A; (), z) denote the indicator that y and
z are adjacent, then

Ag(x,y) . f-fx) :
P(x,y) =< 98 min(1, 4 ) ifx#y
1-Y 2 P(x, ) ify=ux.
To show 73 P = m,, it suffices to show for any y € V that

Y mA(2)P(z,y) =mA(y).

zeV
Note that
Y 7A(2)P(z,y) =mA())P(y,y) + Y mA(2)P(2,y)
zeV z#y
=m() - ) APy, 2) + ), mA(2)P(z, ).
ZEy Z£Yy

Hence it suffices to show that

APy, 2) =mp(2)P(z, ) (101)
for any z # y. Indeed, considering the two cases f(z) < f(y) and f(z) > f(y), we have
TA(WPy,2) = AW Mmm(l,ﬁﬂz)—ﬂy)) = 1 Azy) Amax(fy).f(2)

Zy degs(y) Z) deg;(2)

MO As@y) o ro-r@y ~ L AW D maxpon.pien,
Zy deg;(2) Z) degq(y)

Now since Ag(z,y) = Ag(y,z) and we are assuming G is a regular graph, this yields (101), as
desired. Hence m is a stationary distribution for the chain (X;) .

(iv) (Convergence) By (i), (iii), Theorem 6.3.18, we see that 7 is the unique stationary distribution for
the chain X;. Furthermore, by (i)-(iii) and Theorem 6.4.18, we conclude that the distribution of
X; converges to .

A (2)P(z,y) =
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(v) (Global minimum) Let f, = minyey f(x) be the global minimum of f. Note that by definition of V*,
we have f(x) = f. for any x € V*. Then observe that

) ; Af(x) i /’Lf(X) //’Lf*
. A~ f. 1(xe V™)
= lim = *
A=0 V¥ |+ X yeyy+ AT OIS v

Thus for A very small, 7, is approximately the uniform distribution on the set of all nodes V*
where f attains global minimum. A

Exercise 6.5.5 (Detailed Balance equation). Let P be a transition matrix of a Markov chain on state space
Q. Suppose 7 is a probability distribution on Q that satisfies the following detailed balance equation

T(xX)P(x,y) =n()P(y,Xx) forall x,y € Q.
(i) Show thatforall xe Q,
Y 7Py, x) =) ()P, y) =7x) Y Px,y)=n(x).
yeQ yeQ yeQ
(ii) Conclude that x is a stationary distribution for P, thatis, 7P = 7.

Exercise 6.5.6 (Metropolis-Hastings algorithm). Let P be a transition matrix of a Markov chain on state
space Q = {1,2,---,m}. Let n be a probability distribution on Q, which is not necessarily a stationary
distribution for P. Our goal is to design a Markov chain on Q that has 7 as a stationary distribution.
Below we will derive the famous Metropolis-Hastings algorithm for MCMC sampling.

Fix a m x m matrix A of entries from [0, 1]. Consider a Markov chain (X;) ;o on Q that uses additional
rejection step on top of the transition matrix P as follows:

(Generation) Suppose the current location X; = a. Generate a candidate b € Q from the conditional
distribution P(a,-).
(Rejection) Flip an independent coin with success probability A(a, b). Upon success, accept the pro-
posed move and set X;.; = b; Otherwise, reject the move and set Xy} = a.
Here, the (a, b) entry A(a, b) is called the acceptance probability of the move a — b.
(i) Let Q denote the transition matrix of the chain (X;);>¢ defined above. Show that

P(a,b)A(a,b) ifb#a

,b) =
Q@ b) {I—ZC:C;éaP(a,c)A(a,c) if b=a.

(ii) Show that 7(x)Q(x,y) =7(¥)Q(y,x) Vx,y € Q, x # y implies 7Q = 7. Deduce that if
n(X)P(x, y)Alx, y) =n(y)P(y, X)A(y,x)  Vx,y€Q, x#,
then 7 is a stationary distribution for (X;) ;.

(iii) Since we also want the Markov chain to converge fast, we want to choose the acceptance probability
A(a, b) € 10,1] as large as possible for each a, b € Q. Show that the following choice (denoting
a A B:=min(e, §))

_n(Y)P(y,x)
A(x'y)_—ﬂ(x)P(x,y) Al VX, yeQ, x#y

satisfies the condition in (ii) and each A(x, y) is maximized for all x # y.

(iv) Let (Y;);>0 be arandom walk on the 5-wheel graph G = (V, E) as shown in Figure 6.5.2. Show that 7 =
25—0, 23—0, 2?’—0, %, 23—0, %] is the unique stationary distribution of Y;. Apply the Metropolis-Hastings
algorithm derived in (i)-(iii) above to modify Y; to obtain a new Markov chain X; on V that

converges to Uniform(V) in distribution.
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4 3

FIGURE 6.5.2. 5-wheel graph G



CHAPTER 7

Brownian Motion

FIGURE 7.0.1. A sample path of a 2-dimensional Brownian motion

7.1. Definition and basic properties of Brownian motion

7.1.1. Definition of Brownian motion. A significant portion of probability theory focuses on elucidat-
ing the overarching patterns that emerge in random systems governed by myriad microscopic random
influences. Brownian motion, for instance, illustrates the larger-scale behavior resulting from a par-
ticle’s random movement in d-dimensional space. At the microscopic level, with each time step, the
particle undergoes a random displacement, perhaps due to collisions with other particles or external
forces. Thus, if its initial position at time zero is denoted as Sy, its position at time 7 can be expressed as
Sn =89+ Z;‘Zl X;, where Xj, Xy, X3,... represent independent, identically distributed random variables
with values in R?. This sequence {S,, : n = 0} constitutes a random walk, with the displacements portray-
ing the microscopic inputs.
When contemplating the macroscopic perspective, we ponder questions such as:
¢ Does S, trend towards infinity?

197
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* Does S, repeatedly return to the vicinity of the origin?
* How swiftly does max{|S|,...,|S|} increase as n — oo?
« What is the anticipated number of circuits made by {S; : n = 0} around the origin?

Notably, not all attributes of the microscopic inputs influence the macroscopic outlook. Specifically,
only the mean and covariance of the displacements shape this perspective. Essentially, random walks
sharing identical mean and covariance matrices yield the same macroscopic process. Moreover, the re-
quirement for displacements to be independent and identically distributed can be considerably relaxed.
This phenomenon, termed universality, underscores that the macroscopic process often referred to as a
universal object. In probability studies, it is a common practice to explore diverse phenomena through
their associated universal objects. Brownian motion is such a universal object for a large class of stochas-
tic process including random walks.

Brownian motion is closely linked to the normal distribution. Recall that a random variable X is
normally distributed with mean g and variance o if

1 00 (u-p?
P{X>x}:\/2_2f e 22?2 du, forall xeR.
o> Jx

If 4 = 0 and 02 = 1, then the above becomes the complementary distribution function for the standard
normal distribution, denoted N(0, 1).

Definition 7.1.1 (Multivariate normal distribution). We say a random vector X = (X1, X,,...,Xg) " € R4
has a multivariate normal distribution N (u, Z) with mean y € R4 and covariance matrix X € R4*4 if E[X] =
pand

ML, jl = EI(X; — ui) (Xj — )] =Cov(X;, Xj) foralll<i<j<d.

The joint probability density function fx of X is given by: For x = (x1,...,x;)T € R,

1 _
Fx(x1,%2,..., %p) = exp —E(x—u)Tz Yx-w]|.

1
v (2m)"det(X)

Exercise 7.1.2 (Gaussian random vector).

G Ifz=(~,..., Zd)T consists of i.i.d. standard normal coordinates, then show that Z ~ N(0, I;). Such
Z is called a ‘standard normal vector’.

(ii) Let ueRP and Ae RP*%, Let X := AZ + puwhere Z ~ N(0,1,;). Show that X ~ N(u, AAT).

(iii) Let p € R” and X € R%*? be a symmetric and positive semi-definite matrix. Show that there exists a
matrix A € R”*P such that X = AZ+uwith Z € N(0, I p) follows the multivariate normal distribu-
tion N(u,X). (Hint: Use spectral decomposition of real symmetric matrices to write * = UDU T
with U orthogonal and D diagonal. Since X is PSD, D is a diagonal matrix of nonnegative entries.
Let A= Uv/D and use the previous parts.)

Below we give an axiomatic definition of Brownian motion, listing all properties we desire to endow
onit.

Definition 7.1.3 (Brownian motion). A stochastic process (B(z) : ¢ = 0) in R? is called a d-dimensional

Brownian motion (BM) with initial location x € R?, drift u € R?, and diffusion matrix X € R**¢ if the

following holds: (Denote B ~ BM (x, , X))

(D B(0)=ux;

(ii) the process hasindependentincrements,i.e., foralltimes0<t; < #, <... < t;, theincrements B(t,) -
B(ty-1),B(tp—1) — B(ty-2),..., B(tz) — B(t;) are independent random vectors;

(iii) for all =0 and h > 0, the increments B(t + h) — B(t) ~ N(hu, hX);

(iv) almost surely, the function ¢ — B(t) is continuous.

We say that (B(?) : t = 0) is a standard Brownian motion if x =0, py =0, and X = I.
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In conditions (i)-(iii) in the definition of Brownian motion, we specified the joint law of B(0) and all
the increments (B(t;) — B(0), B(t2) — B(t1),...,B(ty) — B(t;-1)), forall0 < f; < £, <... < t,,. This specifies
the distribution of the tuple of ‘snapshots’ (B(#;), B(f»),..., B(t;)) of the Brownian motion for any given
sequence of times 0 < #; < f» < -+ < t,. In other words, this specifies the ‘marginal distributions’ of
Brownian motion.

Definition 7.1.4 (Marginal distribution). Given a Brownian motion (B(f) : ¢t = 0), By the marginal distri-
butions of a stochastic process (B(?) : t = 0), we mean the laws of all the n-tuples of finite-dimensional
random vectors (B(f;), B(%),...,B(ty)), forall0< 1 < <...<t,.

Condition (iv) in Def. 7.1.3 concerns almost sure continuity of the ‘sample paths’ of the Brownian
motion. We have defined Brownian motion as a stochastic process (B(t) : ¢ = 0), which is just a family of
(uncountably many) random variables w — B(f,w) defined on a single probability space (Q, &,P). At the
same time, a stochastic process can also be interpreted as a ‘random function’ with the sample functions
defined by t — B(t,w), which we refer to the ‘sample path’ with randomness specified by w (see Fig.
7.0.1). The sample path properties of a stochastic process are the properties of these random functions,
and it is these properties we will be most interested in the study of Brownian motion.

Sample path properties (e.g., continuity and differentiability) goes beyond the marginal distributions
of the process in the sense above. For instance, the set {w € Q : t — B(t,w) continuous} is, in general, not
in the o-algebra generated by the random vectors (B(t;),,..., B(t)), for n € N. Hence, if we are interested
in the sample path properties of a stochastic process, we may need to specify more than just its marginal
distributions.

Definition 7.1.5 (Sample path properties). Suppose X is a property a function might or might not have,
like continuity, differentiability, etc. We say that a process (X(?) : t = 0) has property X almost surely if
there exists A € & such that P(A) =1 and

Ac{weQ:t— X(t,w) has property X}.
(Note that these sets on the right need not lie in %.)

7.1.2. Existence of Brownian motion: Lévy’s construction. In this section, we show the existence of
Brownian motion by constructing it. The first step is to reduce it to the construction of 1D standard
Brownian motion (SBM).

Exercise 7.1.6 (Constructing BM from 1D SBM).

(i) Let BY,..., B beii.d. standard one-dimensional Brownian motions. Show that B = (B, ..., B@)
is a standard Brownian motion in R?,

(ii) Suppose (By)¢so is a stadard Brownian motion in RY. Fix UE R4 and a symmetric PSD matrix X €
R*4_ By spectral decomposition, write £ = AA” for some A € RP*P. Show that B, := AB; + i,
t = 0 defines a Brownian motion in R with drift  and diffusion matrix X.

In the remainder of this section, we will prove the following celebrated result on the existence of
SBM. The argument uses Lévy’s construction of 1D SBM.

Theorem 7.1.7 (Wiener 1923). Standard Brownian motion in R exists.

PrOOE The following is a famous construction of SBM due to Paul Lévy. We will construct Browian
motion on the unit interval [0,1] as a random element in the space %[0, 1] of continuous functions
[0,1] — R. The key idea for ensuring contiuity is to construct it as the uniform limit of continuous func-
tions over discrete time points that become finer in the limit.

We will use ‘diadic partition’ of the unit interval [0, 1]. Define for n =1,

Dpi={k2 " 1<k<2".
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Namely, if we partition [0, 1] into 2" intervals of equal lenths, then the endpoints form 2,,. We will define
values of the BM on the poitns on 9, and linearly interpolate them. We will then check that the uniform
limit of these continuous functions exists as n — oo and is a Brownian motion.

Step 1. Constructing a Gaussian process over diadic points

Let 2 = U, 2n, and let (Q,%,P) be a probability space on which a collection {Z; : t € 2} of inde-
pendent, standard normally distributed random variables can be defined. Inductively on 7 = 0, we will
define B(x) for all points x € 2. For n =0, define B(0) := 0 and B(1) := Z;. Having defined B on 9,,_,,
define B(x) for x€ 2,\ 9, by

{Bm):o B(l)= 27

B(x) = B(x‘zfn);B(“Zf”) + 2(,1%1)/2 foralln=1and x€ 2,\92,_;.

This defines a process B on all points in 9.
Next, we show that the process B on 2 is a ‘Gaussian process’ in the following sense. For each n = 1,

(1) thevectors (B(x):x€9,) and (Z;: t € 2\9D,) are independent; and
(2) forall r < s< tin2,, the random variable B(t) — B(s) ~ N(0, t — s) and is independent of B(s) —
B(r).
From the above construction, it is clear that B(x) for x € &, is determined by the normal variables Z; for
s€9,. Since all these normal variables are independent, the first property follows.

Next, in order to show the second property above, it suffices to show that all increments B(x) — B(x —
27" over an interal of length 27", for x € D, \ {0}, are independent. To show the latter, this, it suffices to
show that they are pairwise independent, as the vector of these increments is Gaussian (why?).

First, consider two increments of the form B(x) — B(x—2""), B(x+2~") — B(x) for x € 2,\ 9,,_; are
independent. Indeed, as % [B(x+2™")—B(x—2"")] depends only on (Z; : t € 9,_1), it is independent of
Z, 12012 Both terms are normally distributed with mean zero and variance 2~"*1, Hence, their sum
B(x) — B(x—27") and their difference B (x +27") — B(x) are independent and normally distributed with
mean zero and variance 2~" by Exercise 7.1.8.

Second, the other possibility is that the increments are over intervals separated by some x € 9,,_;.
Choose x € 2; with this property and minimal j, so that the two intervals are contained in [x — 277, x],
respectively [x, x + 27/]. By induction, the increments over these two intervals of length 27/ are inde-
pendent, and the increments over the intervals of length 27" are constructed from the independent in-
crements B(x) — B(x —27/), respectively B(x +27/) — B(x), using a disjoint set of variables (Z; : t € 2,,).
Hence, they are independent, and this implies the first property, and completes the induction step.

Step 2. Linear interpolation, partial sums representation, and pointwise limit

Next, having thus chosen the values of the process B on all dyadic points in &, we interpolate be-
tween them, thereby extending B to all points in [0, 1].

Formally, define

4 fortr=1
Fo(r)=40 fort=0
linearly in between
and for each n =1, define
2-(n+biz 7, fort€e 2,\ 9,1
F,(t)=<X0 forte 9,

linear between consecutive points in &,.

These functions are piecewise linear, and hence continuous. Define a function B:[0,1]—R by

Bx)=) Fi(x) (102)
i=0
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At this point, we have not shown that the infinite series in the RHS above is convergent at every point in
[0, 1]. But it is so trivially for diadic points x € 9, since F;(x) =0 for all i > n and x € 9,, by construction.
We claim that for all n =0,

n [e e]
B(x)=) Fi(x)=) Fi(x)=B(x) forallxea,. (103)
i=0 i=0

We have just shown that the second equality holds. The first equality can be seen by an inudction in n.
It holds for n = 0 trivially. Suppose it holds for n—1. Let x € 2, \ 9,,_,. For 0 < i < n—1 the function F; is
linearon [x—27", x+2 " and x+27"" € 9,,_;. So by the induction hypothesis,

LR (x—-2"")+Fij(x+27")

n—1
Y Fix)=),
i=0

i20 2

1 n-1 n-1
==Y Fix-2""+ ) Fix+2™"
2 i=0 i=0
1
=3 (Bx-2""+Bx+27").
Since Fy,(x) = 2~"*D/2 7 this shows
1 = _B(x-2""M+Bx+2"")  Zy
%Eu»iﬂﬂu)uwm— > + Stz = BO).

This completes the induction so we have shown (103) holds for all n = 0.

Step 4. Obtaining a uniform limit of continuous linear interpolations

Next, we show that the infinite series function B in (102) is uniformly convergent over [0,1]. Since
each partial sum is continuous, this will imply that the limit B is continuous on [0,1]. For this, we will
show that the supremum norm || F; || is so small that it is summable.

First note that for any s > 0,

P(IFylloo = $) < I]J’(Z_(”“)/lexl > s for some x € 2;,).

Hence choosing s = c\/ﬁ2_”/ 2 for a constant ¢ > 0, we have

o0 (e.0)
Y P(IFnllo = cvn2™"?) < ¥ P(1Z| = cv/n for some x € 2,,)
n=0 n=0

<) "+ DP(1Z| = cvn)

n=0
o0
<) 2"+1Dexp (—cn2/2),
n=0
where the second inequality follows from a union bound and |2,,| < 2" +1 and the third inequality follows

from a tail bound on Gaussian distribution (Exc. 7.1.9). The last sum converges as soon as ¢ > V2 log2.
Fix such a c. By the Borel-Cantelli lemma, there exists a random (but almost surely finite) N such that

1 Fulloo < cvn2~™? forall n> N almost surely. (104)

This implies that, almost surely, the series
_ [e.e]
B(t)=)_ Fy(t)
n=0

is uniformly convergent on [0, 1] almost surely, as desired. Since B agrees with B on 2, we can identify
them and extend the values of B to the entire unit interval [0, 1] by B. Henceforth, we will write B for B.

Step 5. Verifying marginal distribution of SBM
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It remains to check that the increments of the limiting continuous process have the right marginal
distributions. This follows directly from the properties of B on the dense set 2 < [0, 1] and the continuity
of the paths. Indeed, suppose that f; < f, <... <ty arein [0,1]. Wefind fi y <t < ... < 1,k In D with
limy_.oo ¢ k = ¢; and infer from the continuity of B that, for1<i<n-1,

B(tj+1) — B(t;) = kli—IEoB(tiH’k) = B(#; x).
Aslimy_ o E[B(ti+1k) — B(t; )] =0 and
ICILI{)IOCOV(B(ti+1,k) —B(t; 1), B(tj+1,) — B(tjr) = kli_I_Iolol(i:j)(l‘iJrl,k =t 1) = Li=j)(Liv1 — i),
the increments B(f;+1) — B(t;) are, by Exc. 7.1.10, independent Gaussian random variables with mean 0
and variance t;+ — t;, as required.

Step 6. Extending to the whole real line
We have thus constructed a continuous process B : [0, 1] — R with the same marginal distributions as
Brownian motion. Take a sequence B1, By, ... of independent €6[0, 1]-valued random variables with the
distribution of this process, and define (B(?) : t = 0) by gluing together the parts. That is,
lz]-1
B(t)=By(t-1t)+ ) Bi(1) fort=0.
i=0
This defines a continuous random function B : [0,00) — R, and one can see easily from what we have
shown so far that the requirements of a standard Brownian motion are fulfilled. O

2

Exercise 7.1.8. Let X,Y ~ N(0,02) be independent mean zero variance o° normal random variables.

Showthat X+ Y,X - Y ~ N(0,20%) and X + Y and X — Y are independent.

Exercise 7.1.9 (Tail bounds on standard normal distribution). Suppose Z ~ N(0,1). Then for all x > 0,

X 1 2r_pzsg<t L 2

—e e

x2+1+21 X271
Exercise 7.1.10 (Gaussianity preserved under limits). Suppose {X}, : n € N} is a sequence of Gaussian
random vectors and lim,_.o, X;; = X almost surely. If b :=lim,_.o E[X;] and C :=lim,_.o, Cov[X},] exist,
then X is Gaussian with mean b and covariance matrix C.

Exercise 7.1.11 (BM as a Gaussian process). A stochastic process (Y (#) : ¢ = 0) is called a Gaussian pro-
cessifforall 1 < t, <...< t,, the vector (Y (#1),..., Y (t,)) is a Gaussian random vector (see Exc. 7.1.2).
Show that Brownian motion starting at x € R is a Gaussian process.

Exercise 7.1.12 (Uniqueness of Brownian motion). Let B be a standard Brownian motion. Let &, :=
(k27" :1=<k=<2"tand 2 := U5 D».
(i) We will construct a collection (Zy : x € @) of random variables using B recursively as follows:

B(0)=0 B)=2
Z,==20"DI2[(B(x+2 ") = B(x))— (B(x)=B(x—2"")] foralln=1and x€2,\%,_;.

Show that Z,’s are i.i.d. N(0,1) RVs. (Hint: By induction, show that Z,’s for all x € 9,, are i.i.d.
N(0,1). For the induction step, let x € 2, \9,,_;. Note that x+27" € 9,,_;. By independent
incrementsof B, X = B(x+2™")—-B(x) and Y = B(x)—B(x-2"") arei.i.d. N(0,2™"). Then Y+ X =
B(x+2™"—B(x-2"") and Y- X =2"*1/2 7 are independent. By independent increments of B,
this shows that Z, is independent from Z, for all y € 2,,\ 2,,-1 and y # x. In order to show that
Zy is independent from Z, for y € 9,1, note that such Z,’s are functions of the increments
of B over 2,1 by induction. We have already seen that Z, 1 B(x+27") — B(x —27%). Other
increments of B over consecutive points in &,,_; are over disjoint intervals from [x +27"], so
again by independent increments, they are independent from Z,. This completes the induction
step.)
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(ii) Let (Zy : x € 9) be as constructed in (i). Define piecewise linear functions F,, for n = 0 as follows: For
Fy, let F3(0) = 0 and Fy(1) = Z; and linearly interpolate in between. For n =1, let

2= (D2 7, fort€2,\92,1
F,(t)=<X0 forte9,_;
linear between consecutive points in &,,.

In the proof of Lévy’s construction of SBM, we have shown that

B(x) = F,(x) forxe9,

n=0

and for ¢ > v2log2,

oo o0
Y PUIFplleo = cvn2 %) < Y 2" + 1) exp (—cn?/2) < co.
n=0 n=0

By Borel-Cantelli lemma, this implies that Y77, F,, is uniformly convergent on [0, 1] almost
surely. Show that, almost surely,

B(x) = F,(x) forxe][0,1].

n=0

(Hint: Show that 2 is a dense subset of [0,1].)

7.1.3. Scaling invariance of Brownian motion. The behavior is significantly influenced by a fundamen-
tal property of Brownian motion known as scaling invariance. This property describes a transformation
on the functions’ space that alters individual Brownian random functions while preserving their distri-
bution.

Lemma 7.1.13 (Scaling invariance). Suppose (B(t) : t = 0) is a standard Brownian motion and let a > 0.
Then the process (X(t) : t =2 0) defined by X (t) = éB(a2 1) is also a standard Brownian motion.

PRrROOE. Continuity of the paths, independence, and stationarity of the increments remain unchanged
under the rescaling. It remains to observe that X (f) — X(s) = (ll (B(a2 t) — B(a? s)) is normally distributed
with expectation 0 and variance (%) (a’t—a?s)=t—s. O
Remark 7.1.14. Scaling invariance has many useful consequences. For instance, let a < 0 < b, and look

at T(a,b) = inf{t = 0: B(t) = a or B(t) = b}, the first exit time of a one-dimensional standard Brownian
motion from the interval [a, b]. Then, with X(¢) = a' B(a?t), we have

E[T(a,b)] = a°E it1>1(f): X()=1or X(t) = Z = d®E[T(b/a,1)],

which implies that E[T(—b, b)] is a constant multiple of b2. Also,
P{B(t):t=0exits [a,b] at a} =P {X(¢):t =0 exits [1,b/a] at 1}

is only a function of the ratio b/ a.
The scaling invariance property will be used extensively in all the following sections, and we shall
often use the phrase that a fact holds ‘by Brownian scaling’ to indicate this.

A further useful invariance property of Brownian motion, invariance under time inversion, can be
easily identified. Similar to scaling invariance, this transformation on the space of functions alters indi-
vidual Brownian random functions without changing their distribution.

Theorem 7.1.15 (Time inversion of BM). Suppose (B(¢): t =0) is a standard Brownian motion. Then the
process (X(t) : t = 0) defined by
0 ift=0
X(t) =

tB(1/t) ift>0
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is also a standard Brownian motion.

PROOFE. Recall that the finite-dimensional marginals (B(#;), ..., B(t,)) of Brownian motion are Gauss-
ian random vectors (Exc. 7.1.11) and are therefore characterized by E[B(£;)] = 0 and Cov(B(t;), B(£j)) = f;
forO0<t; <t -

Obviously, (X(#) : t = 0) is also a Gaussian process, and the Gaussian random vectors (X (f;),..., X (f,))
have expectation 0. The covariances, for t > 0 and h = 0, are given by

) ()

1 1
=t(t+ h)COV(B (m),B(;))
=t(t+h)-1
=1.

Cov(X(t+ h), X(1)) = Cov

Hence, the law of all the finite-dimensional marginals (X (£;), X (2),..., X(ty)), for0< #; <... < t,, are the
same as for Brownian motion. The paths of t — X(¢) are clearly continuous for all £ > 0. At t =0, we
use the following two facts: First, the distribution of X on the rationals @Q is the same as for a Brownian
motion, hence

lim X(f) =0 almost surely.

AN

And second, X is almost surely continuous on (0,00), so that
0= lim X(#)=limX(f) almostsurely.
t\0:1eQ N0
Hence, (X(#) : t = 0) has almost surely continuous paths and is a Brownian motion. g

Remark 7.1.16. The symmetry inherent in the time inversion property becomes more apparent when
considering the Ornstein-Uhlenbeck diffusion (X (#) : t € R), which is given by

X(H)=e 'B(e?") forall teR.

This is a Markov process (which will be properly explained later) such that X(¢) is standard normally
distributed for all ¢. It is a diffusion with a drift towards the origin proportional to the distance from the
origin. Unlike Brownian motion, the Ornstein-Uhlenbeck diffusion is time reversible: The time inversion
formula shows that (X(¢) : t = 0) and (X(—1?) : t = 0) have the same distribution. For ¢ near —oo, X(f)
relates to the Brownian motion near time 0, and for ¢ near oo, X (t) relates to the Brownian motion near
00.

Time inversion is a useful tool to relate the properties of Brownian motion in a neighborhood of time
t = 0 to properties at infinity. To illustrate the use of time inversion, we exploit Theorem 1.9 to derive an
interesting statement about the long-term behavior from a trivial statement at the origin.

Corollary 7.1.17 (Law of large numbers). Almost surely, lim;_.., B(t)/t=0.
PROOE. Let (X(t):t=0) be as defined in Theorem 7.1.14. Using this theorem, we see that
lim B()/t=lim X (1/¢t) = X(0)=0.
t—o0 t—o00
O

7.1.4. Modulus of continuity and nowhere differentiability of Brownian motion. The definition of
Brownian motion already requires that the sample functions are continuous almost surely. This implies
that on the interval [0,1] (or any other compact interval), the sample functions are uniformly continu-
ous. That is, there exists some (random) function ¢ with limy\ o ¢ (h) =0, called a modulus of continuity
of the function B: [0, 1] — R, such that

. |B(t+ h)— B(1)]
limsup sup ———— <
hN\O 0st<1-h @(h)
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Can we achieve such a bound with a deterministic function ¢, i.e., is there a nonrandom modulus of
continuity for the Brownian motion? The answer is yes, as the following theorem shows.

Theorem 7.1.18. Let B ~ BM(0,0,1) be SBM. There exists a constant C > 0 such that, almost surely, for
every sufficiently smallh >0 andall0<t<1-h,

|B(t+ h)—B(t)| < Cy/hlog(1/h).

ProoOE. This follows quite elegantly from Lévy’s construction of Brownian motion. Recall the nota-
tion introduced there and that we have represented Brownian motion as a series

B(t)=)_ Fu(1),
n=0

where each F;, is a piecewise linear function (see (103)). Hence for each t, t + h € [0, 1], using the mean-
value theorem, for any [ > N, we can write

0o ! )
IB(t+h)—B(0)| < ) [Fa(t+h) = Fu(0l< ) hllFllo+ Y, 2IFullco- (105)
n=0 n=0 n=I+1

We will find that the RHS above is bounded above by C+/hlog(1/h) almost surely whenever h is suffi-
ciently small.
The derivative of F, exists almost everywhere, and by definition,
F(x+27") = Fp(x) < 2|| Fylloo

1
”F;l”"o = x(—:[?)lﬁ)\@ 2-n - o-n =2"" 1 Fnlloo-

By (104), for any ¢ > \/2log2, there exists an almost surely finite N € N such that, for all n> N,
Iy lloo < 2" I Falloo < 2cv/n 2™,
Hence, using (104) again, from (105) we deduce
N l l
IB(t+h)=B(OI<h Y Fleo+2ch Y vn2"*+2¢ Y n27"2
n=0 n=N n=N

We now suppose that h is (again random and) small enough that the first summand is smaller than
v/ hlog(1/h), and for such h, choose [ so that 27l p <ot By choosing h sufficiently small, we can
ensure such [ exceeds N. For this choice of /, the second and the third summands are also bounded by
a constant multiple of \/hlog(1/h) as both sums are dominated by their largest element. Hence we get
the desired inequality with a deterministic function ¢(h) = Cy/hlog(1/h). U

This upper bound is pretty close to the optimal result. The following lower bound confirms that the
only missing bit is the precise value of the constant.

Theorem 7.1.19. Let B ~ BM(0,0,1) be a SBM. For every constant ¢ < V2, foreache >0,
[P’(there exists h € (0,€) and t € [0,1 - h] s.t. |B(t+ h) — B(8)| > ¢4/ hlog(l/h)) =1.
PROOE. Let ¢ < v/2 and define, for integers k, n = 0, the events
Agn=4{B((k+1e ")~ B(ke ") > cvne "?}.

Denoting h = e™" and x = ke”, we can rewrite the above event as

A= {Blx+ 1) - B(x) > ¢/ hlog(1/m)} .
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Thus, foreache>0and n =0,
P (forall he (0,2) and ¢ € (0,1~ A, |B(t+h) - B(1)| < c\/ hlog(1/h)
le"-1]
g
k=0
where the second inequality follows since the increments defining Ay ,, are i.i.d. for k = 0 and the last

inequality uses 1 — x < e™* for all x. Thus it remains to show P(Ay, ;) — co as n — oco. This follows easily
from scaling invaraince (Lem. 7.1.12) and Gaussian tail bound (Exc. 7.1.9):

< (1-P(Ag,)" <exp(~e"P(Ao,n)),

C\/ﬁ ?n
P(Ak,n) =P{B(e™™) > cyvne ™4 =P{B(1) > cv/n} = ———e 2 .
" vetn+1
By our assumption on ¢, we have e"P(Ay, ,) — co as n — oo, as desired. O

One can determine the constant c in the best possible modulus of continuity ¢(h) = cphlog(1/h)
precisely. Indeed, our proof of the lower bound yields a value of ¢ = v/2, which turns out to be optimal.
This striking result is due to Paul Lévy.

Theorem 7.1.20 (Lévy’s Modulus of Continuity (1937)). Let B~ BM(0,0,1) be a SBM. Almost surely,

limsup sup |B(H-h)_B(t)l—l
h—0 o=st<1-h +/2hlog(1l/h) '

PROOF. Omitted. U
We now turn our attention to nowhere differentiability of BM.

Proposition 7.1.21 (Non-monotonicity of BM). Almost surely, for all0 < a < b < oo, Brownian motion is
not monotone on the interval [a, D].

PROOE. First fix an interval [a, b]. If [a, b] is an interval of monotonicity, i.e., if B(s) < B() for all
a<s<t<b,thenwepicknumbersa=a; <...< a,+; = banddivide [a, b] into n sub-intervals [a;, a;+1].
Each increment B(a;) — B(a;+1) has to have the same sign. As the increments are independent, this has
probability 2-27", and taking n — oo shows that the probability that [a, b] is an interval of monotonic-
ity must be 0. Taking a countable union gives that there is no interval of monotonicity with rational
endpoints, but each monotone interval would have a nontrivial monotone rational sub-interval. ([l

We utilize the time-inversion technique to explore the differentiability of Brownian motion, connect-
ing differentiability at £ = 0 to a long-term property. This idea complements the law of large numbers:
while Corollary 7.1.16 shows that Brownian motion grows slower than linearly, the subsequent proposi-
tion demonstrates that the maximum growth of B(#) surpasses Vt.

Proposition 7.1.22 (/n-fluctuation of BM). Almost surely,

. B(n) . . .Bn
limsup—— =400, and liminf—— =-oc0
n—oo \/ﬁ n—oo n

PROOFE. By Fatou’s lemma and scaling invariance,

|]3>(limsupM > c) = limsupIP’(M > c) =PB1)>c)>0
vn o) N '

n—oo n n—oo

Let X, := B(n) — B(n— 1), and note that

B n
{lim sup B > c} ={B(n) > cv/n infinitely often} = { )" X; > cv/ninfinitely often}
n i=1

n—oo
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is an exchangeable' event for the sequence of i.i.d. RVs X1, Xo,.... Hence by Hewitt-Savage 0-1 law (Exc.
3.7.10), the above event has probability 0 or 1. Since it must be positive by the first display, it must
occur with probability one. Taking the intersection over all positive integers c gives the first part of the
statement and the second part is proved analogously. g

For a function f, we define the upper right derivatives and lower right derivatives as

D*f(t)::limsup—f(“_h)_fm —f(t+h)_f(t)

d D, f(t):=liminf ,
h/0 h " 1 % h

respectively.
We now show that for any fixed time ¢, almost surely, Brownian motion is not differentiable at ¢. For
this, we use Proposition 1.23 and the invariance under time inversion.

Theorem 7.1.23 (Non-differentiability of BM at a fixed point). Fix t = 0. Then, almost surely, Brownian
motion is not differentiable at t. Moreover, D* B(t) = +oo and D* B(t) = —oo.

PROOE. By translation invariance of BM, it suffices to show that BM is not differentiable at 0°. Given
a standard Brownian motion B, we construct a further Brownian motion X by time inversion as in The-
orem 7.1.14. Then by Prop. 7.1.21,

* . X(1/n)—-X(0) _ . X(1/n) .. B(n)
D*X(0) =limsup ———— = limsup =limsup — = 0.
n—oo 1/n n—oo \/ﬁ n—o00 \/ﬁ
Similarly, D* X(0) = —oo, showing that X is not differentiable at 0. Since X is an SBM, it is enough to
conclude. ([l

The previous proof demonstrates that for every ¢, it’s almost certain that it’s a point of nondifferen-
tiability for Brownian motion. However, this doesn’'t necessarily imply that almost every ¢ is a point of
nondifferentiability for Brownian motion! The arrangement of quantifiers, "for all " and "almost surely,"
in results like Theorem 7.1.22 is crucial. In this case, the assertion holds for all Brownian paths except for
those within a set of probability zero, which might vary depending on ¢. The accumulation of all such
sets of probability zero may not, in itself, be a set of probability zero. To illustrate this point, consider the
following example.

Example 7.1.24. The argument in the proof of Theorem 7.1.22 also shows that the Brownian motion X
crosses 0 for arbitrarily small values s > 0. Defining the level sets Z(#) = {s > 0: X(s) = X(?)}, this shows
that every ¢ is almost surely an accumulation point from the right for Z(#). But not every point ¢ € [0, 1]
is an accumulation point from the right for Z(¢). For example, the last zero of {X(¢) : ¢t = 0} before time
1 is, by definition, never an accumulation point from the right for Z(¢) = Z(0). This example illustrates
that there can be random exceptional times at which Brownian motion exhibits atypical behavior. These
times are so rare that any fixed (i.e., nonrandom) time is almost surely not of this kind. A

Brownian motion is by definition (and construction) almost surely continuous. But the following
classical result due to Paley, Winer, and Zygmund shows that it is nowhere differentiable!

Theorem 7.1.25 (Paley, Wiener and Zygmund 1933). Almost surely, Brownian motion is nowhere differ-
entiable. Furthermore, almost surely, for all t, either D* B(t) = +o0 or D* B(t) = —oo or both.

PROOE. Omitted. t

IDoes not depend on permutting the first finite number of RVs, see Exc. 3.7.10.
2Fix t = 0 and let Y (s) := B(t+s) — B(1), which defines a standard Brownian motion. Then non-differentiability of Y at zero
is equivalent to non-differentiability of B at ¢.
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7.2. Brownian motion as a Markov process

7.2.1. The Markov property and Blumenthal’s 0-1 Law. Suppose that {X(#) : ¢ = 0} is a stochastic pro-
cess. Intuitively, the Markov property says that if we know the process {X(#) : £ = 0} on the interval [0, s],
for the prediction of the future {X () : ¢ = s}, this is as useful as just knowing the endpoint X(s). Moreover,
a process is called a (time-homogeneous) Markov process if it starts afresh at any fixed time s. Slightly
more precisely, this means that, supposing the process can be started in any point X(0) = x € R?, the
time-shifted process {X (s + #) : t = 0} has the same distribution as the process started in X(s) € RY. We
shall formalize the notion of a Markov process later in this chapter, but start by giving a straightforward
formulation of the facts for a Brownian motion.

Definition 7.2.1 (Independence between stochastic processes). Two stochastic processes {X(t) : t = 0}
and {Y (¢) : t = 0} are called independent if for any sets t1,...,t; =0 and sy, ..., S, = 0 of times, the vectors
(X(t),..., X(ty) and (Y (s1),..., Y(sm)) are independent.

Theorem 7.2.2 (Markov property of BM). Suppose that {B(t) : t = 0} is a Brownian motion in R4 started
atx € RY. Let s > 0, then the process {B(t+s)— B(s) : t = 0} is again a Brownian motion started at the origin
and it is independent of the process {B(t) : 0 < t < s}.

Proof. Itis trivial to check that {B(t+ s) — B(s) : t = 0} satisfies the definition of a d-dimensional Brow-
nian motion. The independence statement follows directly from the independence of the increments of
a Brownian motion.

Definition 7.2.3 (Filteration). A filtration on a probability space (Q, %,P) is a family (¥ (t) : t = 0) of
o-algebras such that & (s) € & (t) < & for all s < t. A probability space together with a filtration is some-
times called a filtered probability space. A stochastic process {X(t) : t = 0} defined on (Q, %,P) is called
adapted if X (t) is & (t)-measurable for any ¢ = 0.

Suppose we have a Brownian motion {B(t) : t = 0} defined on some probability space, then we can
define a filtration (F°(¢f) : t = 0) by letting & 0(#) be the o-algebra generated by the random variables
{B(s) : 0 = s < t}. With this definition, the Brownian motion is obviously adapted to the filtration. Intu-
itively, this o-algebra contains all the information available from observing the process up to time ¢.

By Theorem 2.3, the process {B(t+s)—B(s) : t = 0} is independent of % (s). In a first step, we improve
this and allow a slightly larger (augmented) o -algebra & * (s) defined by

F(s)=NF°W.
r>s
Clearly, the family (F* (1) : t = 0) is again a filtration and & *(s) 2 F(s), but intuitively & (s) is a bit
larger than % (s) since it allows an additional ‘infinitesimal glance into the future’. However, it turns out
that % (s) still does not contain any information about the future.

Theorem 7.2.4 (Strict Markov property). Forevery s =0, the process {B(t+ s)— B(s) : t = 0} is independent
of F*(s).

PROOE. By continuity, B(f + s) — B(s) = lim,_., B(s, + t) — B(sy) for a strictly decreasing sequence
{sn : n €N} converging to s. By Theorem 7.2.2, since s, > s,

(B(t1 + Sp) —B(sp),..., Bt +5,) —B(sp) LF (s) foralln=1.

By continuouty of BM, the limit of the vector above as n — oo exists a.s. and equals (B(#;+$)—B(S), ..., B(t,+
s) — B(s)). It follows that this limiting vector is independent of & " (s) (consider multivariate CDF of the
limit). Hence the process {B(t + s) — B(s) : t = 0} is also independent of & * (s). (|

We now look at the germ o -algebra & * (0), which heuristically comprises all events defined in terms
of Brownian motion on an infinitesimally small interval to the right of the origin. The next result, known
as Blumenthal’s 0-1 law, states that any event about the behavior of BM in an infintesimally small window
must either occur for sure or not.
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Theorem 7.2.5 (Blumenthal’s 0-1 law). Letx € R? and A€ F*(0). ThenP,(A) € {0,1}.

PROOF. Using Theorem 7.2.4 for s = 0, we see that any A € o(B(f) : t = 0) is independent of & *(0).
This applies in particular to A € & *(0), which therefore is independent of itself. Therefore Py (A) = P, (AN
A) =P, (A)P4(A), which yields that P, (A) is zero or one. O

As a first application, we show that a standard linear Brownian motion has positive and negative
values and zeros in every small interval to the right of 0. We have studied this remarkable property of
Brownian motion already by different means, in the discussion following Theorem 7.1.22.

Theorem 7.2.6. Suppose {B(t) : t = 0} is a linear Brownian motion. Define T = inf{t > 0: B(¢) > 0} and
o =inf{t >0:B(t) =0}. Then
Po{T =0} =Poio =0} = 1.

PRrROOE. The event
x 1
fr=0=) {there is0<e<— such that B(e) > 0. }

n=1
is clearly in &7 (0). Hence by Blumenthal’s 0-1 law, we just have to show that this event has positive
probability. This follows, as for ¢ > 0, Py{7 < t} = Po{B(#) > 0} = 1/2. Hence Py{r = 0} = 1/2, and we have
shown the first part. The same argument works replacing B(¢) > 0 by B(t) < 0, and from these two facts,
Po{o = 0} = 1 follows, using the intermediate value property of continuous functions. U

Afurther application is a 0-1 law for the fail o -algebra of a Brownian motion. Define 4 (1) = (N7, o{B(s) :
s=t}h Let T =lim;_.o,%(t) be the o-algebra of all tail events.

Theorem 7.2.7 (Kolmogorov’s 0-1 Law). Letx € R and Ae 9. Then P.(A) €{0,1}.

PROOF. It suffices to look at the case x = 0. Under the time inversion of Brownian motion, the tail
o-algebra is mapped onto the germ o -algebra, which is trivial by Blumenthal’s 0-1 law. g

As a final example of this section, we now exploit the Markov property to show that the set of local
extrema of a linear Brownian motion is a countable, dense subset of [0,00). We shall use the easy fact,
proved in Exercise 7.2.9, that every local maximum of Brownian motion is a strict local maximum.

Proposition 7.2.8. The set M of times where a linear Brownian motion assumes its local maxima is almost
surely countable and dense.

PRrROOE. Consider the function from the set of non-degenerate closed intervals with rational end-

points to R given by
(a, b] -—»inf{tz a:B(t) = max B(s)}.
ass<b

If x € M is a local maximum, then by Exercise 7.2.9 it is a strict local maximum almost surely, so there
exists rationals a < b such that a < x < b and B(#) = max<<p B(s)°. It follows that M is contained almost
surely in the image of the map defined above. Since the domain is countable, the image is also countable,
so M is countable almost surely.

To show that M is dense, recall that Brownian motion has no interval of increase or decrease almost
surely (Prop. 7.1.20). It follows that it almost surely has a local maximum in every non-degenerate inter-
val. g

Exercise 7.2.9. Show that every local maximum of a one-dimensional Brownian motion is a strict local
maximum. (Hint: In order to have a ‘flat’ local maximum in a small interval, one needs to have a Gaussian
increment to take zero, which occurs with probability zero.)

3The max is achieved a.s. over the compact set [a, b] since B is a.s. continuous.
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7.2.2. The strong Markov property and the reflection principle. Aswe discussed for discrete-time Markov
chains, Markov property of BM can be extended to the strong Markov property so that a BM can be
restarted afresh at stopping times. Below we recall the definition of stopping time, this time for continu-
0us processes.

Definition 7.2.10 (Stopping time). A random variable T with values in [0,00], defined on a probability
space with filtration (% (1) : t = 0), is called a stopping time if {T < t} € Z (1), for every t = 0. It is called a
strict stopping timeif {T < t} € & (t), for every £ = 0.

It is easy to see that every strict stopping time is also a stopping time. This follows from
[e.°]
(T<ty=JiTst-n"NeF®.
n=1
For certain nice filtrations, strict stopping times and stopping times agree. In order to come into this
situation, we are going to work with the ‘germ filtration’ (& *(f) : t = 0) in the case of Brownian motion
and refer to the notions of stopping time, etc., always with respect to this filtration. As this filtration is
larger than (%(f) : t = 0), our choice produces more stopping times.
The crucial property which distinguishes {F* (¢) : t = 0} from {Z°(¢) : t = 0} is right-continuity, which
means that
N F (t+e)=F"(1).
e>0
To see this, note that
(o, olNe o]
NF t+a=NNF t+n'+kH=5"@.
>0 n=1k=1
which implies that any stopping time with respect to any right-continuous filtration is automatically a
strict stopping time.

Theorem 7.2.11 (Every stopping time is strict w.r.t. a right-continuous filtration). Every stopping time
T with respect to the filtration (F* (t) : t = 0), or indeed with respect to any right-continuous filtration, is
automatically a strict stopping time.

PROOE. Suppose that T is a stopping time. Then
o0 o0 o0
(T<th=N{T<t+kHeNZFat+kHhecNF t+kH=F 0.
k=1 k=1 k=1
Note that we have only used right-continuity of & * (¢) in the proof above (for the last identity). g

Example 7.2.12 (Discrete approximation of continuous stopping time). Let T be a stopping time. For
each n = 1, define a stopping time T}, by

T, :=min{m2 " | T <m2™"}.

In other words, we stop at the first time of the form k27" after T. It is easy to see that T, is a stopping
time. We will use it later as a discrete approximation to 7. A

We define, for every stopping time T, the corresponding o-algebra*
FHNN={Ae F : An{T<t}e F*(r)forall t = 0}.

This means that the part of A that lies in {T < ¢} should be measurable with respect to the information
available at time ¢. Heuristically, this is the collection of events that happened before the stopping time
T. As in the proof of the last theorem, we can infer that for right-continuous filtrations like our (Z* (1) :
t=0), the event {T < t} may replace {T < ¢t} without changing the definition.

4Compare with the one in Lem. 6.2.1.
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Theorem 7.2.13 (Strong Markov property of BM). Let B be a standard Brownian motion in R. For every
almost surely finite stopping time T, the process {B(T + t) — B(T) : t = 0} is a standard Brownian motion
independent of F* (T).

PROOE. We first show our statement for the stopping times T;, = min{m2~"|T < m2~"}, which dis-
cretely approximate T from above (see Ex. 7.2.12). Write By = {By(?) : t = 0} for the Brownian motion
defined by By (f) = B(t+ k2™") — B(k2™"), and B* = {B*(¢) : t = 0} for the process defined by B*(t) =
B(t+ T,) — B(Ty). By Theorem 7.2.2, we know that By is an SBM, restarted at time k2~". However, we do
not yet know if B* is also an SBM, restarted at the stopping time T5,.

We wish to show that B* is an SBM independent of &#* (T},). Suppose that E € &*(T,). We wish to
show that B* is an SBM independent of E. Almost sure continuity of the sample paths of B* is clear, so
we only need to verify independent and Gaussian increments. To this end, we will show that, for every
event {B* € A}°, we have

P({B* € AlnE)=P(B€ AP(E). (106)
This would be enough to conclude. To show (106), first note that

P({B*€ AJnE)= Y P({Bre AiNEn{T, = k2™"})
k=0

[e.°]
=) PBreA)-P(En{T,=k27"}),
k=0
using that {By € A} is independent of EN{T,, = k27"} € #*(k2™") by the (strict) Markov property (Thm.
7.2.4). Now, by the Makov property (Thm. 7.2.2), By and B have the same distribution as an SBM, so
P(By € A) =P(B € A). It follows that

(] (o]

Y PBreA)-P(En{T,=k27"})=PBecA) ) P(En{T,=k27"})

k=0 k=0

=P(Be A)P(E).
This shows (106), as desired.
It remains to generalize this to general stopping times T. As T,, \, T, we have that {B(s+ T;,) —B(T}) :

s = 0} is a Brownian motion independent of &#* (T},,) > &% *(T). Hence the increments B(s+ ¢t + T) — B(t +
T) =limy_oo B(s+t+T,)—B(t+ T,) of the process {B(r+T)—B(T) : r = 0} are independent and normally
distributed with mean zero and variance s. As the process is obviously almost surely continuous, it is a
Brownian motion. Moreover, all increments, B(s+t+T)—B(t+T) =lim, ..o B(s+t+ T,)— B(t+ T,), and
hence the process itself, are independent of & * (T). (Il

There are numerous applications of strong Markov property of Brownian motion. The next result,
the reflection principle, is particularly interesting. The reflection principle states that Brownian motion
reflected at some stopping time T is still a Brownian motion. More formally:

Theorem 7.2.14 (Reflection principle). If T is a stopping time and {B(t) : t = 0} is a standard Brownian
motion inR%, then the process {B* (t) : t = 0}, called Brownian motion reflected at T and defined by

B*(t) = B()1y;<1y + 2B(T) = B(t)) 1 (1> 1y,
is also a standard Brownian motion in R%.
PrOOE. If T is finite, by the strong Markov property, both
{B(t+T)-B(T):t=0} and {-(B(t+T)—-B(T)):t=0}

are Brownian motions and independent of the beginning {B(¢) : ¢ € [0, T]}. Hence, the concatenation
(gluing together) of the beginning with the first part and the concatenation with the second part have

5 Ais a Borel subset in RI0:°°), describing an event for the trajectory of a continous-time process
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the same distribution. The first is just {B(t) : t = 0}, the second is the object {B* () : t = 0} introduced in
the statement.

e

[ [ T ———_

ﬁwﬁ | m

FIGURE 7.2.1. Reflection principle for 1D BM

0

Now we specialize to the case of linear Brownian motion. Let M(f) = maxg<s<; B(s). A priori it is not
at all clear what the distribution of this random variable is, but we can determine it as a consequence of
the reflection principle.

Theorem 7.2.15 (Distribution of maximum of BM). Let B be a BM in R and let M(t) = maXg<s<; B(S)
denote the running maximum of B. If a > 0, then P{M(¢t) = a} = 2P{B(t) = a} = P{|B(t)| = a}. That is, M(t)
and |B(t)| have the same distribution. In particular,

PM()za) <

V2t ( a? )
exp|—-—1|.
ay/m P\ "2t
PROOE Let T =inf{t = 0: B(t) = a} and let {B*(¢) : t = 0} be Brownian motion reflected at T. Note
that

MYza)={T=st}={T=t,B(t)>alu{T <t, B(t) < a}
={T<t,B(t)>a}u{T <t, B*(t) = a}.
By strong Markov property and reflection principle,

PM)za)=P(T=<t,B(t)>a)+P(T =t B(t) = a)
=2P(T <t, B(t) > a)
=2P(B(t) > a)
=P(B(0)| > a),

where the last equality uses that B(t) and B(—t) has the same distribution. O
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7.2.3. The martingale property of Brownian motion. In the previous section we have taken a particular
feature of Brownian motion, the Markov property, and introduced an abstract class of processes, the
Markov processes, which share this feature. In this section we consider a different feature of Brownian
motion, the martingale property.

Definition 7.2.16. Areal-valued stochastic process {X(?) : t = 0} is a martingale with respect to a filtration
{F(?):t=0}ifitis adapted to the filtration, E| X (¢)| < oo for all ¢ = 0, and for any pair of times 0 < s < ¢,

E[X(8)|F(s)] = X(s) almost surely.
The process is called a submartingale if = holds, and a supermartingale if < holds in the display above.

Example 7.2.17 (Drift-zero Brownian motion is a marginale). For a drift-zero Brownian motion {B(¢) :
t = 0}, by the Markov property (Thm. 7.2.2),

E(B(1)|F " (s)] = E[B(2) — B(s)|F " (s)] + B(s)
=E[B(1) - B(s)] + B(s)
= B(s),

where the last equality follows since the drift is zero. A

We now state two useful facts about martingales, which we will exploit extensively: The optional
stopping theorem (specificlaly, Prop. 5.7.1) and L” maximal inequality (Thm. 5.5.5). The natural exten-
sion of these results to the continuous time setting is the content of our propositions.

The optional stopping theorem provides a condition under which the defining equation for martin-
gales can be extended from fixed times 0 < s < ¢ to stopping times0<S<T.

Proposition 7.2.18 (Optional stopping in continuous-time). Suppose {X(t) : t = 0} is a continuous mar-
tingale, and 0 < S < T are stopping times. If the process {X(t A T) : t = 0} is dominated by an integrable
random variable X, i.e., | X (¢t A T)| < X almost surely, forall t = 0, then

EIX(T)IZ(S)]=X(S) a.s.

PROOE. We have proved the same result in Prop. 5.7.1 for discrete-time marginales. We will extend
it to the continous-time by using discrete approximation. We will use similar strategies later to extend
discrete-time martingale results to continuous-time marginales.

Fix N € N and define a discrete time martingale by X,, = X (n2~V A T) and stopping times S’ = [2VS] -
1and T' = [2NT] - 1 with respect to the filtration (4 (n) : n € N) given by ¥(n) = Z(n2~M5, Denote
Sy :=2"N([2NS] - 1). Then note that

X =X(T2NAT) =X NRNTI -1 AT) = X(T),
Xg=XS2 VA1) =X N(2NSI=1)AT)=X(SyAT),
4S8 =F(S'27N)=F(Sp).

Now clearly | X, | = X almost surely for all n = 1 by the hypothesis, so the discrete-time result (Prop. 5.7.1)
gives E[X 7|94 (S")] = Xg, which is equivalent to E[X(T)|% (Sy)] = X(T A Sy) from the above relations.
Note that Sy /' S as N — oco. Hence letting N — oo and using dominated convergence for conditional
expectations (Thm. 5.6.15) gives the result. g

Theorem 7.2.19 (LP maximal inequality in continuous time). Suppose {X(¢) : t = 0} is a continuous sub-
martingale and p > 1. Then, forany t =0,

E

p
(sup X(s)+)

0<s<t

= (L)pﬁ[mtmp]
<5 .

bNote that {T' < m} = (2N T s m+ 1} = 2N T < m} = {T < m2~N} e G(m).
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PROOFE. Again, this is proved for martingales in discrete time in Theorem 5.5.5, and can be extended
by approximation. Fix N € N and define a discrete time martingale by X,, = X (tn2~") with respect to the
filtration (4(n) : n € N) given by 4(n) = % (tn2~"). By the L” maximal inequality,

E ( sup X+)p < (—p )[E[(X+ )P = (_p )p[E[(X(t)+)p]
\=ks2N ¢ p-1 2N p-1
Note that the LHS is non-decreasing in N and X — X; as N — oco. Hence letting N — oo and using
monotone convergence gives the claim. (|

We now use the martingale property and the optional stopping theorem to prove Wald’s lemmas for
Brownian motion. These results identify the first and second moments of the value of Brownian motion
at well-behaved stopping times.

Lemma 7.2.20 (Wald’s lemma for Brownian motion). Let {B(t) : t = 0} be a standard linear Brownian
motion, and T be a stopping time such that either

(i) E[T] < oo, or

(i) {B(tAT):t=0}is L'-bounded.

Then we haveE[B(T)] = 0.

PrROOFE. The assertion holds under condition (ii) by the optional stopping theorem (Prop. 7.2.18).
Hence it is enough to show that condition (i) implies condition (iii). Suppose E[T] < oo, and define
7
My = 0mtalx1|B(r+ k)-B(k)|, and M:=) M;.
== k=1
Note that |B(¢ A T)| < M, so that condition (ii) holds if E[M] < oco.
Note that M is independent from % (k) and they are i.i.d.. Since 1(T = k) € & (k) and E[T] < oo,
7]
D My
k=1

o0

E[M]=E =E

E[1{T = k}Mk]] = Z E[1{T = k}E[M]] = Z E[1{T = k}]E[M}]
k=1 k=1

=E[MplE[T] < oco.
Then by tail sum formula (Prop. 1.5.10) and reflection principle (Thm. 7.2.15),

k=1

[E[MO]:fooP(maxlB(t)|>x)dx
0 0=r=<1

oo
sl+f P(maxIB(t)|>x dx
1 0=<r=<1

o0
<1+ s[ V2imx! exp(—x2/2) dx < oo.
1
It follows that E[M] < oo, as desired. O

Corollary 7.2.21 (Orthogonal decomposition of variances). Let S < T be stopping times and E[T] < oo.
Then

E[(B(T))?] = EI(B(S))*] + EI(B(T) — B(S))?].
PROOE. The tower property of conditional expectation gives
E[(B(T))?] = E[(B(S))?] + 2E[B(S)E[B(T) — B(S) | Z (S)]] + E[(B(T) — B(S))?].

Note that E[T] < co implies E[T — S| & (S)] < co almost surely. Hence the strong Markov property at time
S together with Wald’s lemma (Lem. 7.2.20) imply E[B(T) — B(S) | (S)] = 0 almost surely, so that the
middle term vanishes. OJ

Lemma 7.2.22. Suppose {B(t) : t = 0} is a linear Brownian motion. Then the process {B(t)>—t:t=0} isa
martingale.
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PROOE. The process is adapted to the natural filtration of Brownian motion, and
EIB(1)* - t|F* (9] =E[(B(r) = B(s))*|F*(5)] + 2E[B()B(s) | F* (5)] - B(s)* — t
=(t—5)+2B(s)>-B(s)®—t
= B(s)* -5,
which completes the proof. U

Theorem 7.2.23 (Wald’s second lemma). Let T be a stopping time for standard Brownian motion such
thatE[T] < oco. Then
E(B(T)*] =E[T].

PROOFE. By Lemma 7.2.22, (B(t)Y2—t:t=0}isa martingale. Define stopping times
T, =inf{t =0:|B(t)| = n}.

Then {BUATAT,)>—tATAT,:t=0}isa martingale dominated by the integrable random variable
n®+T. By the optional stopping theorem (Prop. 7.2.18), we get E[B(T A T,)? =E[T A Tyl. By Corollary
7.2.21, we have [E[B(T)Z] >E[B(T A Tn)z]. Hence, by monotone convergence,

E[B(T)?] = lim E[B(T A T,)?] = lim E[T A T,] = E[T].
n—oo n—oo
Conversely, using Fatou’s lemma in the first step,
E[B(T)?] <liminfE[B(T A T)?] = iminfE[T A T,] < E[T].
n—oo n—oo

This shows the assertion. U
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