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Abstract Theorem 4.5. (Regularized local consistency) Consider the

[ Supervised Matrix Factorization (SMF-W) ] [ Traditional dimension reduction methods ] generative SMF-W model (16). Assume that Assumptions
4.1 and 4.2 hold. Suppose p := minj<;<4(A; — Aix) > 0.
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Supervised matrix factorization (SMF) 1s a classical machine learning
method that seeks low-dimensional feature extraction and classification
tasks at the same time. Training an SMF model involves solving a non- OO |

SMF-W Principal Component Analysis Logistic Regression

Suppose A1 > 0, \y =0, and 0 < 1 (resp., Ay > 0 and

convex and factor-wise constrained optimization problem with at least % - H . = Cancer el o PR B 003 " = o Ao=0). Fix & > 0. Then there exists a constant C > 0 such
three blocks of parameters. Due to the high non-convexity and g s ~ W """"""""""" > 2 o2 10 = that with probability at least 1 — E’AE in (17) is minimized
constraints, theoretical understanding of the optimization landscape of — N\ T = B locally at some (W, 0, ) (resp., (H, 0, )) with
= oy - - - Patients N g "~ 3 05 | .
SMF has been limited. In this paper, we provide an extensive local | | ¥ 5 .. 2 0.00 < A
landscape analysis for SMF and derive several theoretical and practical % [ ﬂT wl \ . ic;‘ 0.0 i W —W,| < C/y/n (tesp., |[H - H,| < C/v/n) (18)
applications. Analyzing diagonal blocks of the Hessian naturally leads to g Y ~o "Eé';" """""""""" X g 2 pe : 3 _ Al < C/vm
a block coordinate descent (BCD) algorithm with adaptive step sizes. We Patients Coeff. ) S s h T 3 0 X - 3 max{ Az, A3, A\s}
provide global convergence and iteration complexity guarantees for this — I — N ) i : s e 003 . 0—06,|p <Cn1/2 (1 | 2 1604|| F) :
algorithm. Full Hessian analysis gives minimum L?-regularization to softmax FOHVO " A g - 05 sen =om w65 b 003 0@ 001 000 001 o2 P
1 a omposite Var. 1 =<4 c 1 =-2. C aw Var. 491 (B; = -2.
guarar.ltee local stroong | convexity and robustne.ss .of parameters. We et BB ackii Comgos SR =ac) PR RT8) REWV AR P R=2aTA) where 0' = (H',3',T"), 0, := (H,, 3,,T,) (resp., 0/ :=
establish a local estimation gugrantee under a statistical SMF model. We (W', 3., 1), 0, .= (W,,B,,T,)) and ||0, || is assumed
also propose a nov§1 GPU-friendly n.eural 1mp.lementat10n of the BCD Figure 1. (a) Overall scheme of Supervised Matrix Factorization (specifically, SMF-W with rank » = 2). The columns of W serve as to be sufficiently small.
algorl,thm and - validate our theoretical findings thmugh numerical ‘composite variables’ or ‘filters’, whose association with the labels is given by the regression coefficients in 3. Taking convolution of the
experiments. Our work contributes to a deeper understanding of SMF : : : ; : : : : : : : :
. . . . raw data matrix W with W gives a supervised dimension reduction, as illustrated in b for a 35, 982-dimensional gene microarray data
optimization, offering insights into the optimization landscape and _ e _ . _ . T . . o . .
providing practical solutions to enhance its performance. for breast cancer patlen.ts. Similar dimension reduct.lon results pbtalned by (.c) principal component analys.ls along with logistic regression S. Exp eriments
and (d) logistic regression to select the two most highly associated raw variables show less clear separation.
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Methods Pancreatic Breast
SME-W (BCD) 0.869 (0.02) 0.924 (0.01)

-—- LPGD
-¥- BCD

o
o <

105.

Training loss
— — —
o

Training loss

. . . . . SMF-H (BCD)  0.823 (0.06) 0.880 (0.02) —+ Newnl
1. ObJeCthe and Model Formulation 2. How the model works Largest Eval of diagonal blocks of the Hessian SMF-W (Neural) 0.854 (0.04) 0.881 (0.02) o] wollly o o
SMF-W (LPGD) ~ 0.869 (0.02) 0.894 (0.02) 104} ] -
. . o o SMF-H (LPGD) 0.885 (0.07) 0.875 (0.01) 0 20 40 0 20 40 0.0 05 1.0 1.5 2.0
* The filter matrix W 1s learned to serve double purposes: « Largest Eval of the entire Hessian PCA-LR 0.747 (0.13)  0.454 (0.27) Flimpe wsic) EEemsi) opeed e
- . CNN 0.769 (0.07)  0.854 (0.06) ] 100 Sy
 Labeled data (y;,x;),i =1, ..., n: : : T . FFNN 0.816 (0.04)  0.890 (0.02) , 10° palo| PRGE -+ 5cD
o Input for Classification : W' x; = r — dim compressed feature . . . g Naive Bayes ~ 0.815(0.07) 0810(0.02)  Suor B R
o . = bin label ( 1=“Cancer’. 0=Normal’’ ) , , VGC(W) VeC(H) Vec(ﬂ) VeC(F) SVM 0.746 (0.09) 0.866 (0.02) 2 10 .
y; = binary label (€.g., ancer orma e X7 * We derive Adaptive BCD  vec(W) Ay A A 0O - Random Forest ~ 0.815(0.06) 0.844 (0.02) & ... el |
o Feature reconstruction : X * WH for some H € R .. o I 0 0 | .
1 . . . - fOI‘ SMF Slmllal’ly VGC( ) 21 22 0 20 40 0 20 40 00 0.5 1.0 1.5 2.0
* X; = high-dimensional feature vector (e.g., gene expression data) vec(B) | As O Az As | o Elapsed time (5 Elapsed time (9 Elapsed time (9
* Once the filter W and reg. coefficients f are learned: veel) L O O Ay Ay - T T a Job postings s, g
* Dimension reduction + Classification at the same time? exp(a;) gf; et |~ * 1 Figure 3, Plots of training loss vs. elapsed time at different £
l : ° ° o - =10 R ' ' values for fitting SMF-W using Algorithm 1 (BCD), the neural
: IP)(yl =1 ‘ Xi) — ) where aA; = ﬁTWTXi 4‘ Local Optlmlzatlon Landscape‘ Off-dlagonal o ‘iﬁﬁ | > e implementation in Figure 2 (Neural), and low-rank projected gradi-
° Key dlfﬁCUltY: 1+ eXp (ai) S * X genacy’ ent descent (LPGD) in (Lee et al., 2023). Shaded regions indicate
oS osEE ofiole akmabamion | 0nl WA W da e dard deviation across 10 runs
) ) ) ) HX . WH ‘ ‘%' + Al HWH% _I_ /12 H H H%‘ RéComstrotismaor RECOBEEUEH 0T one stan :
Best direction for dimension reduction + Good label separation 3. Local OptlleathIl Landscape' Dlagonal 5 AT ion it Aecraey B8 Fncoma BT i R e Thoaill E s e 1D
| . . o * Smallest L,-reg. to ensure local strong convexity?
. Supervised Matrix Factorization — Joint optimization formulation ~ ° 10 sketch the idea, consider the matrix factorization loss only: (= Robust parameter estimation)
W,H) = ||X — WH||? T T . . .
Classification loss Dimension reduction loss f( ) d _ VeC(W) VeC(H) - o Smallest LZ'reg- for block dlagonal dominance In sz e o e 0 o o o o
VQC(W) HHT ® I A12 b LDA topics (Accuracy = 0.78, F-score = 0.24) d Neural topic model (GSM) topics (Accuracy = 0.59, F-score = 0.14)
- V= Sec(H AT, 1, @ WIW T
: vec . _
i FOW,H,8) = 3 (5 8 W TR + 1% WHIE m [an T newrw b (HH) + 2, = Ul >
T i=1 o , . T _
Negative log-likelihood under logistic model Amax (VZ f ) Unbounded ® - PGD vVery sensitive on step size Amm (W W) + /12 HA12 HZ >0 YT 316 195 4.08 1.87 181 3.20 3.49
_ _ o High-dim regime: p > n -2 No need to reg. H!!
£(y, a) = log(1 + exp(a)) — 1{y=1}a Amax(Vaf (A H)) = Amax(HHT)  Bounded for fixed H !! © S S > 6. References
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