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Supervised matrix factorization (SMF) is a classical machine learning 
method that seeks low-dimensional feature extraction and classification 
tasks at the same time. Training an SMF model involves solving a non-
convex and factor-wise constrained optimization problem with at least 
three blocks of parameters. Due to the high non-convexity and 
constraints, theoretical understanding of the optimization landscape of 
SMF has been limited. In this paper, we provide an extensive local 
landscape analysis for SMF and derive several theoretical and practical 
applications. Analyzing diagonal blocks of the Hessian naturally leads to 
a block coordinate descent (BCD) algorithm with adaptive step sizes. We 
provide global convergence and iteration complexity guarantees for this 
algorithm. Full Hessian analysis gives minimum 𝐿!-regularization to 
guarantee local strong convexity and robustness of parameters. We 
establish a local estimation guarantee under a statistical SMF model. We 
also propose a novel GPU-friendly neural implementation of the BCD 
algorithm and validate our theoretical findings through numerical 
experiments. Our work contributes to a deeper understanding of SMF 
optimization, offering insights into the optimization landscape and 
providing practical solutions to enhance its performance.
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• 𝐱! =	high-dimensional feature vector (e.g., gene expression data)  

1. Objective and Model Formulation 

• Labeled data 𝑦!, 𝐱! , 𝑖 = 1,… , 𝑛:

• 𝑦! = binary label (e.g., 1=“Cancer”, 0=“Normal”  ) 

• Dimension reduction + Classification at the same time?

• Key difficulty: 

Best direction for dimension reduction ≠ Good label separation

• Supervised Matrix Factorization – Joint optimization formulation 

o 𝜷 ∈ ℝ𝟏×𝒓 : regression coefficients 

o 𝐖 ∈	ℝ%𝟎	
𝒑×𝒓 ∶ high-dim to low-dim filter (supervised PCs)

o 𝜉 ≥ 0 : trade-off parameter  (𝜉 = 0	 →  2-layer NN) 

2. How the model works
• The filter matrix 𝐖 is learned to serve double purposes:

o Input for Classification : 𝐖𝑻𝐱! = 𝑟	– dim compressed feature 

o Feature reconstruction : 𝐗 ≈ 𝐖𝐇 for some 𝐇 ∈ ℝ%𝟎	𝒓×𝒏

• Once the filter 𝐖 and reg. coefficients 𝜷 are learned: 

ℙ(𝑦! = 1 	𝐱! =
exp(𝒂!)	

1 + exp 𝒂! 	
,    where 𝒂! = 𝜷+𝐖+𝐱! 

3. Local Optimization Landscape: Diagonal

• To sketch the idea, consider the matrix factorization loss only:

𝑓 𝐖,𝐇 = 𝐗 −𝐖𝐇 𝑭
𝟐

∇𝟐𝑓 =

𝜆./0(∇𝟐𝑓) Unbounded L  à  PGD very sensitive on step size

Adaptive 
BCD:

Largest Eval of diagonal blocks of the Hessian

Largest Eval of the entire Hessian≪

5. Experiments

4. Local Optimization Landscape: Off-diagonal

𝐗 −𝐖𝐇 𝑭
𝟐 + 𝜆1 𝐖 𝑭

𝟐 + 𝜆2 𝐇 𝑭
𝟐

• Smallest 𝐿2-reg. to ensure local strong convexity? 

𝜆"#$ ∇𝐖! 𝑓(⋅, 𝐇) = 𝜆&'((𝐇𝐇))      Bounded for fixed H !! J 

𝜆"#$ ∇𝑯! 𝑓(𝐖,⋅) = 𝜆&'( 𝐖)𝐖     Bounded for fixed W !! J 
 

o High-dim regime: 𝑝 ≫ 𝑛 à No need to reg. 𝐇!! 

(à Robust parameter estimation)

• We derive Adaptive BCD 
for SMF similarly

o Smallest 𝐿2-reg. for block diagonal dominance in ∇𝟐𝑓

𝜆.!3 𝐇𝐇4 + 𝜆1 − 𝐴12 2 > 0 

𝜆.!3 𝐖+𝐖 + 𝜆2 − 𝐴12 2 > 0 

𝜆.!3 𝐖+𝐖 = Θ 𝑟𝑝 ≫ Θ 𝑟 𝑝𝑛 = 𝐴12 2

à 𝐇567 can be recovered robustly despite non-convexity

o Large-sample regime: 𝑝 ≪ 𝑛 à No need to reg. 𝐖!! 

𝜆.!3 𝐇𝑯+ = Θ 𝑟𝑛 ≫ Θ 𝑟 𝑝𝑛 = 𝐴12 2
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