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• 𝑓(𝑊,𝐻) = Bi-convex 

• ∇𝑊𝑓 𝑊,𝐻 = 𝑊𝐻 − 𝑋 𝐻𝑇

• ∇𝐻𝑓 𝑊,𝐻 = 𝑊𝑇 𝑊𝐻 − 𝑋

𝑊𝑛+1, 𝐻𝑛+1 ← 𝑊𝑛 , 𝐻𝑛 − 𝛼𝑛(∇𝑊𝑓 𝑊𝑛 , 𝐻𝑛 , ∇𝐻𝑓 𝑊𝑛 , 𝐻𝑛 )

𝑊𝑛+1, 𝐻𝑛+1 ← max 0, 𝑊𝑛+1, 𝐻𝑛+1
ቄPGD

• ∇2𝑓 =

𝐿 = Max eval 

over all 𝑊,𝐻

= Unbounded!

(Almost no one uses this ☺)

Dimension Reduction 

• How do we find the ”best” low-dimensional representation?

• 𝐱1, … , 𝒙𝑛 ∈ ℝ𝑝 : high-dimensional data points, presumably low-rank

• PCA: Subspace that explains the 

most amount of data variance! 

• e.g., low-rank matrix 

factorization, dictionary learning, 

subspace learning, PCA 
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Dimension Reduction 

• How do we find the ”best” low-

dimensional representation?

• 𝐱1, … , 𝒙𝑛 ∈ ℝ𝑝 : high-dimensional data points, presumably low-rank

• 𝑦1, … , 𝑦𝑛 ∈ {0,1} : corresponding labels (e.g., cancer vs. normal) 

• “Explaining the most amount of 

data variance” – may not be the 

right criterion!
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𝐿 = Max eval 

over all 𝑊,𝐻

= Unbounded!
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Supervised Dimension Reduction 

• How do we find the ”best” low-

dimensional representation?

• 𝐱1, … , 𝒙𝑛 ∈ ℝ𝑝 : high-dimensional data points, presumably low-rank

• 𝑦1, … , 𝑦𝑛 ∈ {0,1} : corresponding labels (e.g., cancer vs. normal) 

• Define a notion of “label-

aware low-rankness”
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Supervised Matrix Factorization

Classification loss

Subspace

Latent gene groups
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Supervised Matrix Factorization

Classification loss

Subspace

Filter

Raw, high-dim data
൞

low-dim compressed data
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Supervised Matrix Factorization

Simultaneous dimension 

reduction and classification!

Classification loss

Supervised Matrix Factorization



Hanbaek Lyu (UW-Madison)

Supervised Matrix Factorization

Classification loss Dimension reduction loss

Parameters 

= Three factor matrices 𝑾,𝑯, 𝜷

Negative log-likelihood under logistic model

൞ ൞Classification loss Dimension reduction loss

Supervised Matrix Factorization



Hanbaek Lyu (UW-Madison)

Supervised Matrix Factorization

SMF identifies latent gene groups associated with cancers

It even identifies known oncogenes and prognostic markers!

PCA

SMF

Supervised Matrix Factorization
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Adaptive Block Coordinate Descent

Low-rank PGD

Supervised Matrix Factorization

• SMF has been around from ‘08 (Mairal et al. )

• Has been used in lots of applications, but with ad hoc algorithms 

• Not much rigorous results have been known before (both computationally 

and statistically)
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Stepsizes in PGD

• 𝛼𝑛: Stepsizes. How to choose them?  

• ”Small enough stepsize”: 𝛼𝑛 ≤ 1/𝐿, where 

• 𝑳 = Lipschitz constant for 𝛁𝒇 over 𝚯

≈ Largest absolute eigenvalue of 𝛁𝟐𝒇 over 𝚯

(PGD)
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• But 𝛼𝑛 = 1/𝐿 is TOO SMALL!

• In practice use “line search” to find larger 𝛼𝑛 that works 

• 𝐿 might be unknown and hard to estimate 

(PGD)
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Stepsizes in PGD

• 𝛼𝑛: Stepsizes. How to choose them?  

• ”Small enough stepsize”: 𝛼𝑛 ≤ 1/𝐿, where 

• 𝑳 = Lipschitz constant for 𝛁𝒇 over 𝚯

≈ Largest absolute eigenvalue of 𝛁𝟐𝒇 over 𝚯

• But 𝛼𝑛 = 1/𝐿 is TOO SMALL!

• In practice use “line search” to find larger 𝛼𝑛 that works 

• 𝐿 might be unknown and hard to estimate 

In practice, performance of P(S)GD 

depends very sensitively on 𝜶𝒏s

(PGD)
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Two-Block structure : 𝜽 = (𝐴, 𝐵), 𝚯 = Θ𝐴 × Θ𝐵

(Block PGD)

(or BCD)

Block PGD = BCD

Supervised Matrix Factorization



Hanbaek Lyu (UW-Madison)

Two-Block structure : 𝜽 = (𝐴, 𝐵), 𝚯 = Θ𝐴 × Θ𝐵

(Block PGD)

(or BCD)

• Known to be much more robust against stepsize choices then PGD

• e.g., low-rank matrix factorization, dictionary learning, tensor factorization, kernel 

learning

Block PGD = BCD
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• Exploiting block structure → The “effective L” is reduced 

Two-Block structure : 𝜽 = (𝐴, 𝐵), 𝚯 = Θ𝐴 × Θ𝐵
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• ∇2𝑓 =

∇𝑊
2 𝑓(⋅, 𝐇) ∇𝐻

2 𝑓(𝐖,⋅)

Largest Eval of diagonal blocks of the Hessian

Largest Eval of the entire Hessian≪

Case study: Supervised Matrix Factorization (Lee, Lyu, Yao ICML ‘24)

Adaptive BCD:
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Adaptive BCD:

• ∇2𝑓 =

∇𝑊
2 𝑓(⋅, 𝐇) ∇𝐻

2 𝑓(𝐖,⋅)

Largest Eval of diagonal blocks of the Hessian

Largest Eval of the entire Hessian≪

Supervised Matrix Factorization
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Supervised Matrix Factorization

• ∇2𝑓 =

Adaptive BDC finds an 𝜖-stationary pt. of SMF-W 

within 𝑂(𝜖−2) iterations

Theorem. (Lee., L., Yao ICML ‘24 )

Depends only on the block-wise condition number

With 𝑛 i.i.d. samples from a generative model, the

re exists a local max. of the likelihood function wit

hin 𝑂(𝑛−1/2) of the true parameter 

Theorem. (Lee., L., Yao ICML ‘24 )

Needs bound on the evals of the entire Hessian
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* Some true factors needs L2-reg.

Supervised Matrix Factorization

Hessian analysis + Block Majorization-Minimizati

on guarantees (w/ Yuchen Li)
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Exponentially fast optimization algorithm?

Parameters 

= Three factor matrices 𝑾,𝑯, 𝜷

Negative log-likelihood under logistic model

൞ ൞Classification loss Dimension reduction loss

• Highly non-convex, possibly constrained optimization problem

• Adaptive BCD gives standard O(𝜖−2) polynomial convergence rate 

• No hope for any exponentially fast algorithm? Yes there is! 

F

𝐙

𝐖
𝐇𝜷

min 

𝐫𝐤 𝒁 ≤ 𝒓

Reformulate it as a low-rank 

matrix estimation problem

”lifted” objective: strongly convex and smooth

Supervised Matrix Factorization
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Exponentially fast optimization algorithm?

F

𝐙

𝐖
𝐇𝜷

min 

𝐫𝐤 𝒁 ≤ 𝒓

”lifted” objective: strongly convex and smooth

𝒁𝑘+1← SVD𝑟 𝒁𝑘 − 𝜂 ∇F 𝐙𝑘(Low-rk PGD)

If F is well-conditioned (cn<3) and 𝜂 ≪ 1,

LPGD converges exponentially fast to the global 

minimizer

Theorem. (Lee., L., Yao NeurIPS ‘23 )

NOT a Riemannian optimization alg.!

F is SC only in the Euclidean geometry!! 

F is well-conditioned, SVD𝑟 ≈ 𝑆𝑢𝑏𝑠𝑝𝑎𝑐𝑒 𝑃𝑟𝑜𝑗.

Supervised Matrix Factorization
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→2-Lipschitz, so stronger then ½ contraction suffices
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Summary

SMF provides an interpretable low-dimensional, label-aware compression

• Various applications where interpretability matters! 

• Adaptive BCD
• Robust nonconvex constrained optimization 
• Depends only on the block-diagonal Hessian
• Sublinear convergence

• Finite-sum problem with arbitrary sampling
• Aggregation with parameter and gradient averaging

Supervised Matrix Factorization

• Identifying: 
• cancer-related gene groups
• survival-related gene groups (German Cancer Research Center)
• driving patterns for auto insurance customers (AmFam)
• climate patterns indicating future El Nino/La Nina (N. Chen)

• Low-rank PGD
• Lift non-convex problem to convex low-rank opt problem
• Exponentially fast convergence with good condition number 

• Non-asymptotic Statistical Guarantees
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Students and Postdocs
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Supervised Matrix Factorization

Thank you very much!
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