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Dimension Reduction

* Xq,.., X, € RP: high-dimensional data points, presumably low-rank

* How do we find the "best” low-dimensional representation?

* e.g., low-rank matrix
factorization, dictionary learning,
subspace learning, PCA

x2
» PCA: Subspace that explains the

most amount of data variance!

x1
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Dimension Reduction

* Xq,.., X, € RP: high-dimensional data points, presumably low-rank

* vy, -.Yn € {0,1}: corresponding labels (e.g., cancer vs. normal)
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Dimension Reduction

* Xq,.., X, € RP: high-dimensional data points, presumably low-rank

* vy, -, Yn € {0,1}: corresponding labels (e.g., cancer vs. normal)

« How do we find the "best” low-

dimensional representation?

* "Explaining the most amount of

data variance’ — may not be the
right criterion!

Hanbaek Lyu (UW-Madison)
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Supervised Dimension Reduction

* Xq,.., X, € RP: high-dimensional data points, presumably low-rank

* vy, -, Yn € {0,1}: corresponding labels (e.g., cancer vs. normal)

« How do we find the "best” low-

dimensional representation?

e Define a notion of “label-
aware low-rankness”

Hanbaek Lyu (UW-Madison)
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Supervised Matrix Factorization
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Supervised Matrix Factorization
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Classification loss Dimension reduction loss
A A
n - N - ~
: - T'xx7T 2
min f(W,H,3) := E Uy, B W' x;) +£||X — WH||%
W.H,B 1
1=
Negative log-likelihood under logistic model
Parameters
= Three factor matrices W, H, 8 £(y,a) = log(1 +exp(a)) — 1y=13a
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Supervised Matrix Factorization

Known cancer-associated

Breast Cancer Detection Pancreatic Cancer Detection genes detected by our method
f Y k&l o
a Supervised Principal Gene Groups c Supervised Principal Gene Groups @ Breast Pancreatic
(Accuracy=0.85, F-score=0.85) (Accuracy=0.96, F-score=0.97) Cancer Cancer
: o s : o g Favorable Prognostic Marker
Group-wise association Group-wise association Group-wise association Group-wise association e
10.489 0.323 2855 5515 PTPRT-AS
PTPRT-AS1) mmm GRK4  memm PALD1 STXBP5L  memm DDB2 (CA12)
DDB2) = C2CcD2L | = SEC22C memm CSN1S1 — mmm RAPGEFL1
SMCS | mmm NF2 - — PIK3R1 mm ATP1A2 wmm
SMF RAPF(’;AERF"S - KE:fFﬂL; — SLCO5A1 RDH5 | KCTD14
— | - —
© : : BRCA1)
e i’;ﬁ? — S'I"L"gi - O LINC00396 = APTR —
— - ICA1 = TMA4SF1 — ncogene) w
GOL?R‘:‘\‘GFGP p— ?J';g?g — KCTD14 mmm  (DPY19LT —
44 — — CA12 = SLC35A2 L Unfavorable Prognostic Marker
LINC00GE3 | ATP2CT — SAMD15 = EPHX4 =
Gen:e1 wise(J asso::iation Gene-\:lise(:asso::iation e ] o f
Normal « Cancer ~ Normal « Cancer Gepowheassocison,  GeneWisesssocalioh | “Mehals _Pusueaic Buk
b SME-W (Ours)  0.869 (0.02) 0.894 (0.02)
Unsupervised Principal Gene Groups d Unsupervised Principal Gene Groups gmg-%(%uz’:g g-ggg (8'3? g-gg (8-8;)
(Accuracy=0.72, F-score=0.71) (Accuracy=0.73, F-score=0.84) SME.H (§3CD)) 0.823 Eo'oeg 0.880 50'02;
Group-wise association Group-wise association Group-wise association Group-wise association CNN 0.769 (0.07)  0.854 (0.06)
PCA 0.725 3.739 0.624 1.01 FFNN 0.816 (0.04)  0.890 (0.02)
$ PCDHGB7 s @ ASPHD1 | e £ TMLHEP1 | e— CHRNAY — e— MF-LR 0.747 (0.13)  0.454 (0.27)
5 : 5 : = 3 : NB 0.815(0.07)  0.810 (0.02)
©  CXCLS S— O RASAL2 S— O RNF126 — JMJD1C — SVM 0.746 (0.09)  0.866 (0.02)
-1 0 1 -1 0 1 | -4 0 1 -4 0 1 RF 0.815(0.06) 0.844 (0.02)
(- . J

SMF identifies latent gene groups associated with cancers

It even identifies known oncogenes and prognostic markers!
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e SMF has been around from ‘08 (Mairal et al.)

« Has been used in lots of applications, but with ad hoc algorithms

* Not much rigorous results have been known before (both computationally

and statistically)
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* SMF has been around from ‘08 (Mairal et al.)

« Has been used in lots of applications, but with ad hoc algorithms

* Not much rigorous results have been known before (both computationally

and statistically)
Optimization for SMF

1. Adaptive Block Coordinate Descent

2. Low-rank PGD

Hanbaek Lyu (UW-Madison)
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Stepsizes in PGD

(PGD) 0n+1 — H® (On — anvf(en))

* a,:. Stepsizes. How to choose them?
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Stepsizes in PGD

(PGD) 0n+1 — H® (On — O{an(en))

ay,. Stepsizes. How to choose them?

”Small enough stepsize”: a,, < 1/L, where

« L = Lipschitz constant for Vf over @

~

~ Largest absolute eigenvalue of V2 f over ©
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Stepsizes in PGD

(PGD) Bn—l—l — H@) (en — anvf(e’n))

ay,. Stepsizes. How to choose them?

”Small enough stepsize”: a,, < 1/L, where

« L = Lipschitz constant for Vf over @

~

~ Largest absolute eigenvalue of V2 f over ©

. Buta, = 1/L is TOO SMALL!

In practice use “line search” to find larger «,, that works

L might be unknown and hard to estimate
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Stepsizes in PGD

(PGD) Bn—l—l — H@) (en — anvf(e’n))

ay,. Stepsizes. How to choose them?

”Small enough stepsize”: a,, < 1/L, where

« L = Lipschitz constant for Vf over @

~

~ Largest absolute eigenvalue of V2 f over ©

. Buta, = 1/L is TOO SMALL!

In practice use “line search” to find larger «,, that works

L might be unknown and hard to estimate

fiw) fiw)
In practice, performance of P(S)GD
depends very sensitively on a,,s

w* w w* w

Too small: converge Too big: overshoot and

very slowly even diverge
Hanbaek Lyu (UW-Madison)
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-
Block PGD = BCD
Two-Block structure : 8 = (A,B), @ = 0,4 X Op

Block PGD)  An+1 < e, (An — a,Vaf(An, By))
(or BCD) Bn—l—l — HGB (B'n — /anBf(An-l-la B’n))
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e
Block PGD = BCD

Two-Block structure : 8 = (A,B), @ = 0,4 X Op

Block PGD)  An+1 < e, (An — a,Vaf(An, By))
(or BCD) Bn+1 — HGB (B'n — IB‘anf(An-l-la Bn))

« Known to be much more robust against stepsize choices then PGD

* e.g., low-rank matrix factorization, dictionary learning, tensor factorization, kernel
learning
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e
Block PGD = BCD

Two-Block structure : 8 = (A,B), @ = 0,4 X Op

Block PGD)  An+1 < e, (An — a,Vaf(An, By))
(or BCD) Bn—l—l — HGB (B'n — /anBf(An-l-la B’n))

« Known to be much more robust against stepsize choices then PGD

* e.g., low-rank matrix factorization, dictionary learning, tensor factorization, kernel
learning

« [Large L & Vf changes wildly]

—> Sensitive dependence on stepsize
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-
Block PGD = BCD
Two-Block structure : 8 = (A,B), @ = 0,4 X Op

Block PGD)  An+1 < e, (An — a,Vaf(An, By))
(or BCD) Bn—l—l — HGB (B'n — /anBf(An-l-la B’n))

« Known to be much more robust against stepsize choices then PGD

* e.g., low-rank matrix factorization, dictionary learning, tensor factorization, kernel
learning

« [Large L & Vf changes wildly]

—> Sensitive dependence on stepsize

« Exploiting block structure = The “effective L” is reduced

Hanbaek Lyu (UW-Madison)

Supervised Matrix Factorization



Motivating example : Nonnegative Matrix Factorization (Lee & Seung, Nature ¢99)

n (d n
< > - < >
A A [
X H Ir
d X ~ d w
Y \4
Data Dictionary Code
... . 2 ;
minimize AW, H) = || X— WH||& (Reconstruction error)
subject to We Ry, He RZY (Constraints)
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Motivating example : Nonnegative Matrix Factorization (Lee & Seung, Nature ¢99)

n (d n
< > - < >
A A
i
X H \ Ir
d X = d w |
Y \4
Data Dictionary Code
... . 2 ;
minimize AW, H) = || X— WH||& (Reconstruction error)
subject to We Ry, He RZY (Constraints)

f(W,H) = Bi-convex

{ (Wn+1:Hn+1) « (Wn: Hn) - an(VWf(Wn»Hn)lva(Wnan))
PGD « Vyf(W,H) =(WH-X)HT

(Wns1, Hnt1) < max(0, W1, Hny1))
(Almost no one uses this ©)

Vuf(W,H) = WI(WH — X)
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Motivating example : Nonnegative Matrix Factorization (Lee & Seung, Nature ‘99)

A
Y
A
Y

Data Dictionary Code
minimize AW, H) = || X — WH||? (Reconstruction error)
subject to We Ry, He RZY (Constraints)

f(W,H) = Bi-convex

{ (Wn+1:Hn+1) « (Wn: Hn) - an(VWf(Wn»Hn)lva(Wnan))
PGD « Vyf(W,H) =(WH-X)HT

(Wns1, Hnt1) < max(0, W1, Hny1))
(Almost no one uses this ©)

Vuf(W,H) = WI(WH — X)

vec(W)T vec(H)T
vec(W) [HHT ®1I, Ay

° sz —
vec(H) AL, I, @ WI'wW

Ap = [(He W)+ @ (WH - X) Cl»m)
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Motivating example : Nonnegative Matrix Factorization (Lee & Seung, Nature ‘99)

A
Y
A
Y

Data Dictionary Code
minimize AW, H) = || X — WH||? (Reconstruction error)
subject to We Ry, He RZY (Constraints)

f(W,H) = Bi-convex

{ (Wn+1:Hn+1) « (Wn: Hn) - an(VWf(Wn»Hn)lva(Wnan))
PGD « Vyf(W,H) =(WH-X)HT

(Wns1, Hnt1) < max(0, W1, Hny1))
(Almost no one uses this ©)

Vuf(W,H) = WI(WH — X)

vec(TW)T vec(H)T L = Max eval
. wvzr— vec(W) HH® ®1I, Aiz < _overall (W, H)
v vec(H) [ AL, I, @ WI'wW
A = [(HOW) + I, ® (WH — X)] Crm) = Unbounded!

Hanbaek Lyu (UW-Madison)
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Case study: Supervised Matrix Factorization (Lee, Lyu, Yao ICML ‘24)

1 T
_ W « II (W— N (FIHT) 1 2 (WH - X)H )
Adaptive BCD: )
/ T
Hell (H " Amax(WWT) + ¢ W (WH - X))

Hanbaek Lyu (UW-Madison)
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Case study: Supervised Matrix Factorization (Lee, Lyu, Yao ICML ‘24)

1 T
| W TI (W— s mr) e (WH-XH )
Adaptive BCD: )
’ T
H« II (H ) e W WH - X))
vec(W)T vec(H)T
. V2= vec(W) [HHT ®1, Aqo
vec(H) AL, I, 9 WI'W

/

Vivf (- H) V4 f(W,)

Hanbaek Lyu (UW-Madison)
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1 T
| W TI (W— s mr) e (WH-XH )
Adaptive BCD: )
’ T
H« II (H ) e W WH - X))
vec(W)T vec(H)T
. V2= vec(W) [HHT ®1, Aqo
vec(H) AL, I, 9 WI'W

/

Vivf (- H) V4 f(W,)

Largest Eval of diagonal blocks of the Hessian

« Largest Eval of the entire Hessian

Hanbaek Lyu (UW-Madison)
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Supervised Matrix Factorization

Algorithm 1 BCD for SMF-W

I:

24:
25:
26:

Input: X € RPX" (Data); X € R7*" (Auxiliary o Vz f
covariate); Yy € {0,...,k}*" (Label);
Constraints: Convex subsets Gy C R .Cs C RTED,
C3 g R'I‘XK, C4 g qun
Parameters: £ > 0 (Tuning parameter); 7" € N (num-
ber of iterations); (7k.i)x>1,1<i<4 (step-sizes)
Initialize W € C;, He Cy, B € C3, T € Cy
Fork=1,2,...,T do: (> For at see 4.3.)

(Update W)

Update activation ay,...,a, and K

Vwf(Z) «+ XKT8T + 2¢6(WH — X)HT

Choose 1 > L1 := o ||8]3 - [1X|13 + 2¢|H]|3

W ¢, (W — ;1 Vw f(2))

(Update H)

Vuf(Z) + 26WT(WH — X)

Choose 7),:; > Ly := 2¢||W||3

H I, (H — nk2Vu f(Z))
(Update 3)
Update activation ay,...,a, and K

Vsf(Z) « WTXKT
Choose 7, 3 > L3 := o [|W|3 - | X]|3
B T, (B — m3 Vi (Z))
(Update I')
Update activation ay, ..., a, and K
Vrf(Z) + XaxK”
Choose 7},;}1 > Ly == ot || Xau]|3
I« ¢, (T' — nk:aVrf(Z))

End for

Output: Z = (W, H,3,T)

Hanbaek Lyu (UW-Madison)

vec(W)

— vec(H)
vec(B)

vec(T)

vec(W) T vec(H) T vec(B) T vec(I')T

Ann A1z Ais

Ao Ao 0] 0]

A3z 0] Asz A3y
(0] (0] Ays Ay
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Supervised Matrix Factorization

Algorithm 1 BCD for SME-W - vec/(i\l’:’)Tvefgﬁ)Tve%ﬁ)Tvec(F)T

1: Input: X € RP*" (Data); X,x € R7*™ (Auxiliary . V2 f= vec(H) | Az Az o o
covariate); Yy € {0,...,k}*" (Label); veC(?) A031 8 ﬁss 234

2: Constraints: Convex subsets C; C RP*", C, C R"*™, vee(T) @ 44
C3 g R'r‘xn, C4 g qun

3: Parameters: £ > 0 (Tuning parameter); 7" € N (num-
ber of iterations); (mk;i)k>1,1<i<4 (step-sizes) Theorem. (Lee., L., Yao ICML ‘24 )

4: Initialize W € C;, H € C,, ﬂ €C;, T ely

: - . + . . .

> F"(’U’“p(;é’é‘}')“’:rd"' GForar seedi) Adaptive BDC finds an e-stationary pt. of SMF-W

7:  Update activation a,,...,a, and K within O ((:'_2) iterations

8: Vwf(Z) « XK78T + 2¢(WH — X)H”

9:  Choose iy > Ly := o*[|B|[3 - | X[|3 + 26| H3
10: W Ile, (W —nnVwf(Z)) Depends only on the block-wise condition number
11:  (Update H)

12: Vuf(Z) + 26WT(WH - X)

13:  Choose n;; > Ly = 2¢||W|3

14: H + I, (H — nk;szf(Z))

15:  (Update 3)

16:  Update activation ay,...,a, and K
17 Vgf(Z) + WTXKT

18:  Choose 7 3 > L3 == aT||W||3 - || X]|2
19: B Ty (B — msVaf(Z))

20: (Update I')

21:  Update activation a,,...,a, and K
22:  Vrf(Z) + XuKT

23:  Choose 771:,111 > Ly =0t || X118
24: T« ¢, (T —nxaVrf(Z))

25: End for

26: Output: Z = (W, H, 3,T)

Hanbaek Lyu (UW-Madison)
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Supervised Matrix Factorization

Algorithm 1 BCD for SME-W vec(W) T vec(H) T vec(B) vec(T")”
vec(W) r An A1z A
1: Input: X € RP*" (Data); X,ux € R7*" (Auxiliary R Vz f — vec(H) e Aqs 1o} 19}
covariate); Yy € {0,...,k}*" (Label); vec(B) | As o Ass Aszq
2: Constraints: Convex subsets C; C RP*", C, C R"*™, weelt) o @ s i
CS g R'r‘xn, C4 g qun
3: Parameters: £ > 0 (Tuning parameter); 7" € N (num-
bes of iicratians);. (g )i 1cizcs, (Biep4izes) Theorem. (Lee., L., Yao ICML ‘24 )
4: Initialize W € C;, He Cy, 3 €C3, T €Cy
> F"(’U’“p(;é’é‘}')“’:rd"‘ G-Foror seedd) Adaptive BDC finds an e-stationary pt. of SMF-W
7: Update activationa, ... ,a, and K within 0(e~?) iterations
8: Vwf(Z) « XK78T + 2¢(WH — X)H”
9:  Choose ;. > Ly := o83 - [IX|13 + 2¢|/H]13
10: W Ile, (W —nnVwf(Z)) Depends only on the block-wise condition number
11:  (Update H) . . ... C e
12 Vuf(Z) « 26WT(WH — X) Hessian analysis + Block Majorization-Minimizati
13:  Choose 7, 5 > Lo := 2¢[|W/3 on guarantees (w/ Yuchen Li (-=>Job market))

14: H « ch (H — nk;szf(Z))

15:  (Update 3)

16:  Update activation ay,...,a, and K
17 Vgf(Z) + WTXKT

18:  Choose 7 3 > L3 == aT||W||3 - || X]|2
19: B« I, (B8 — M3V f(Z))

20: (Update I')

21:  Update activation a,,...,a, and K
22:  Vrf(Z) + XuKT

23:  Choose 771:,111 > Ly = ot || Xaux||?
24: T« ¢, (T —nxaVrf(Z))

25: End for

26: Output: Z = (W, H, 3,T)

Hanbaek Lyu (UW-Madison)
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Supervised Matrix Factorization

Algorithm 1 BCD for SMF-W vec(W)” vec(H)” vec(B8) " vec(T')”
T VEC(W) A11 A12 A13
1: Input: X € RP*" (Data); Xuux € R7*™ (Auxiliary o VZf — vec(H) Ao Ao (0] 0]
covariate); Yy € {0,...,k}*" (Label); veC(g) A51 8 ﬁss ﬁu
2: Constraints: Convex subsets C; C RP*", C, C R"*™, weelt) @ “
C3 g RTXK’ C4 g qun
3: Parameters: £ > 0 (Tuning parameter); 7' € N (num-
ber afitetmionsl;, ()i 1 seq, (lep-aizes) Theorem. (Lee., L., Yao ICML ‘24 )
4: Initialize W € C;, He Cy, 3 €C3, T €Cy
3 i o + o o o
> F":U’“pc;é’%,')“’Td°' (iora” scedd) Adaptive BDC finds an e-stationary pt. of SMF-W
7. Update activation a,,...,a, and K within O ((:'_2) iterations
8: Vw/f(Z) « XKT8T + 2¢(WH — X)HT
9:  Choose n;; > L1 := o183 - | X[5 + 2¢|HI|3 _ N
10: W Ile, (W —mn Vw £(Z)) Depends only on the block-wise condition number
11:  (Update H) . . ... C e
122 Vuf(Z) « 26WT (WH — X) Hessian analysis + Block Majorization-Minimizati
13:  Choose 15 > Ly := 2€[[W|[3 on guarantees (w/ Yuchen Li)

14: H <« I, (H—n.2Vaf(Z))

15:  (Update 3)

16:  Update activation ay,...,a, and K Theorem. (Lee., L., Yao ICML ‘24 )

17:  Vpf(Z) « WTXKT

18: Choose n 3 > L3 := ot |[|W||2 - || X]|2 . .. ;

19: B« g, (B naVaf(Z)) With n i.i.d. samples from a generative model,

20: (UpdateT') 3 a local max. of the likelihood function within

21:  Update activation ay,...,a, and K -1/2 *

2 Vef(Z) ¢ X KT 0(n~/%) of the true parameter

23:  Choose 771:,}1 > Ly = o || Xax]|3

24: T« ¢, (T —nxaVrf(Z)) ) ;
25: End for Needs bound on the evals of the entire Hessian

26; Omtgmt: Z=(W,H,8,1) * Some true factors needs L2-reg.

Hanbaek Lyu (UW-Madison)
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Exponentially fast optimization algorithm?

Classification loss Dimension reduction loss

A A
o N\ o N\

n
. TxxrT 2
Jin f(W H,3) := E L(y;, B WIx;) + £ X — WH|%
Y i=1
Parameters Negative log-likelihood under logistic model
= Three factor matrices W, H, 8 (y,a) = log(1 + exp(a)) — 1y=1}a

» Highly non-convex, possibly constrained optimization problem
« Adaptive BCD gives standard O(e~4) polynomial convergence rate

* No hope for any exponentially fast algorithm? Yes there is!

Hanbaek Lyu (UW-Madison)
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Exponentially fast optimization algorithm?

Classification loss Dimension reduction loss

n 7 ~ N\ 7 - N\
. TxxrT 2
Jmin f(W.H,B) := 3 Uy, 8" W) + €| X — WHIZ
o i=1
Parameters Negative log-likelihood under logistic model
= Three factor matrices W, H, 8 (y,a) = log(1 + exp(a)) — 1y=1}a

» Highly non-convex, possibly constrained optimization problem
« Adaptive BCD gives standard O(e~4) polynomial convergence rate

* No hope for any exponentially fast algorithm? Yes there is!

M[ﬁ&]

"lifted” objective: strongly convex and smooth

Reformulate it as a low-rank min F
matrix estimation problem rk(2) <r I

Hanbaek Lyu (UW-Madison)
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Exponentially fast optimization algorithm?

"lifted” objective: strongly convex and smooth

min F
rk(Z) <r T

(Low-rk PGD)  Z;,« SVD,(Z) — n VF(Zy))

Hanbaek Lyu (UW-Madison)
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Exponentially fast optimization algorithm?

"lifted” objective: strongly convex and smooth

min F
rk(Z) <r T

(Low-rk PGD)  Z;,« SVD,(Z) — n VF(Zy))

NOT a Riemannian optimization alg.!
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min F
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(Low-rk PGD)  Z;,« SVD,(Z) — n VF(Zy))

NOT a Riemannian optimization alg.!

F is SC only in the Euclidean geometry!!

Theorem. (Lee., L., Yao NeurlPS ‘23)

If F is well-conditioned (cn<3) and n « 1,
LPGD converges exponentially fast to the global
minimizer

Supervised Matrix Factorization

Hanbaek Lyu (UW-Madison)



Exponentially fast optimization algorithm?

"lifted” objective: strongly convex and smooth

min F
rk(Z) <r T

(Low-rk PGD)  Z;,« SVD,(Z) — n VF(Zy))

NOT a Riemannian optimization alg.!

F is SC only in the Euclidean geometry!!

Theorem. (Lee., L., Yao NeurlPS ‘23)

If F is well-conditioned (cn<3) and n « 1,
LPGD converges exponentially fast to the global
minimizer

F is well-conditioned, SVD,. = Subspace Proj.
—>2-Lipschitz, so stronger then Y2 contraction suffices
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Exponentially fast optimization algorithm?

M[ﬁ]&]

"lifted” objective: strongly convex and smooth

min F

rk(Z) <r

4

(Low-rk PGD)  Z;,« SVD,(Z) — n VF(Zy))

NOT a Riemannian optimization alg.!

F is SC only in the Euclidean geometry!!

Theorem. (Lee., L., Yao NeurlPS ‘23)

If F is well-conditioned (cn<3) and n « 1,
LPGD converges exponentially fast to the global
minimizer

F is well-conditioned, SVD,. = Subspace Proj.
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Summary
SMF provides an interpretable low-dimensional, label-aware compression

« Various applications where interpretability matters!

« |dentifying:
« cancer-related gene groups
 survival-related gene groups (German Cancer Research Center)
 driving patterns for auto insurance customers (AmFam)
 climate patterns indicating future El Nino/La Nina (N. Chen)

- Adaptive BCD
« Robust nonconvex constrained optimization
« Depends only on the block-diagonal Hessian
« Sublinear convergence

* Low-rank PGD
 Lift non-convex problem to convex low-rank opt problem
« Exponentially fast convergence with good condition number

* Non-asymptotic Statistical Guarantees
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Students and Postdocs

Thank you very much!
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