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ABSTRACT. We study large random matrices with i.i.d. entries conditioned to have prescribed row
and column sums (margins), a problem connected to relative entropy minimization, Schrödinger
bridges, contingency tables, and random graphs with given degree sequences. Our central result
is a transference principle: a complex margin-conditioned matrix can be closely approximated by a
simpler matrix whose entries are independent and drawn from an exponential tilting of the original
model. The tilt parameters are determined by the sum of two potentials. We establish phase dia-
grams for tame margins, where these potentials are uniformly bounded. This framework resolves
a 2011 conjecture by Chatterjee, Diaconis, and Sly on δ-tame degree sequences and generalizes a
sharp phase transition in contingency tables obtained by Dittmer, Lyu, and Pak in 2020. For tame
margins, we show that a generalized Sinkhorn algorithm can compute the potentials at a dimension-
free exponential rate. Our limit theory further establishes that for a convergent sequence of tame
margins, the potentials converge as fast as the margins converge.

We apply this framework and obtain several key results for the margin-conditioned matrix: The
marginal distribution of any single entry is asymptotically an exponential tilting of the base mea-
sure, resolving a 2010 conjecture by Barvinok on contingency tables. The conditioned matrix con-
centrates in cut norm around the typical table (the expectation of the tilted model), which acts as
a static Schrödinger bridge between the margins. The empirical singular value distribution of the
rescaled matrix converges to an explicit law determined by the variance profile of the tilted model.
In particular, we confirm the universality of the Marchenko-Pastur law for constant linear margins.
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1. INTRODUCTION AND MAIN RESULTS

In this paper, we are interested in the structure of random matrices with i.i.d. entries condi-
tioned to have prescribed row and column sums. Let µ be a σ-finite Borel measure on R and let

A := inf{supp(µ)} ≤ sup{supp(µ)} =: B.(1.1)

We allow for the possibility that A =−∞ or B =∞, or both. The base model is the product measure
µ⊗(m×n) on the set of m×n random matrices. When µ is a probability measure, then the entries in
the base model are independent and identically distributed as µ.

Let x = (xi j ) be an m×n matrix of real entries. We define the row margin of x as the vector r (x) :=
(r1(x), . . . ,rm(x)) with ri (x) :=∑n

j=1 xi j ; the column margin of x is the vector c(x) := (c1(x), . . . ,cn(x))

with c j (x) :=∑m
i=1 xi j . We call the pair (r (x),c(x)) the margin of x. For each ρ ≥ 0, we let

Tρ(r,c) := {
x ∈Rm×n : ‖r (x)− r‖1 ≤ ρ and ‖c(x)−c‖1 ≤ ρ

}
denote the set of all m ×n real matrices whose margin is within L1 distance ρ from the prescribed
margin (r,c). The transportation polytope with margin (r,c) is the set T (r,c) :=T0(r,c).

A fundamental question we investigate in this work is how a random matrix drawn from the
base model behaves if we condition its margin to take prescribed values. Namely,

If we condition X ∼µ⊗(m×n) on being in Tρ(r,c), what does it look like?(1.2)

Since the margin is a fundamental observable for a matrix, it is natural to ask about the most
likely structure of a random matrix after we observe its margin. This natural question connects
to various important problems across diverse fields. When µ is the counting measure on the
set Z≥0 of nonnegative integers, X is the uniformly random contingency table with given mar-
gin (r,c), which is a fundamental object in statistics and combinatorics [Goo63, DG95]. Count-
ing the exact number of contingency tables is known to be #P-complete [DKM97] even for the
2×n case. There is extensive literature in combinatorics on approximately counting the num-
ber of contingency tables (see, e.g., [CM07, CM10, Bar09, BLSY10, Bar10a, Bar10b, BH10, LP22]).
The number of contingency tables is also closely related to the Littlewood-Richardson coefficients
[CEW22]. When µ is the counting measure on {0,1}, X is a uniformly random bipartite graph
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with given degree sequence [GM09, Bar10a, Wu20]. Further imposing symmetry and zero di-
agonal entries, it represents a uniformly random simple graphs with a given degree sequence
[MW90a, MW90b, GIM21, CDS11, BH13]. When µ is the Lebesgue measure on R≥0, then X is a
uniformly random nonnegative matrix from the transportation polytope T (r,c), which special-
izes to the uniformly random doubly stochastic matrix [CDS14, Ngu14]. When µ is the Poisson
distribution with unit mean, X follows the multivariate hypergeometric distribution (or Fisher-
Yates) with margin (r,c) [DSC95]. We will see that in this case, the structure of X is closely related
to the static Schrödinger bridge and entropic optimal transport [For40, PTT21].

A moment’s thought reveals that it is not at all easy to sample such margin-conditioned random
matrices. This task is often nontrivial, as margin conditioning can induce complex correlations
between the entries. Specifically, the problem of sampling uniformly random contingency tables
has been extensively studied (see, e.g., [DSC95, DKM97, KTV99, DG00, Mor02, Dye03, CDG+06]).
In this literature, the Diaconis-Gangolli Markov chain [DE85] is an important sampling algorithm,
but obtaining the cutoff for it remains an open problem [NN20]. In 2020, Dittmer, Lyu, and Pak
[DLP20] showed that the structure of uniformly random contingency tables exhibits a sharp phase
transition as the margin varies continuously, a phenomenon conjectured by Barvinok [Bar10a] in
2010. This partially explains the hardness of the sampling problem.

We propose to approximate X by a random matrix Y with independent entries and establish the
following transference principle:

Transference: Events that are sufficiently rare under Y are also rare under X .(1.3)

Hence, as far as such sufficiently rare events are concerned, one can avoid analyzing (and even
sampling) X altogether and simply use the comparison model Y . The point is that the indepen-
dence of the entries in Y makes it much easier to analyze than X . We propose two equivalent
constructions of Y from dual perspectives of maximum likelihood (parametric) and minimum
relative entropy (non-parametric):

1. (Maximum Likelihood Perspective): Y is the random matrix with independent entries obtained
by a rank-one tilting of the base model µ⊗(m×n), where the tilt parameters are obtained by a
maximum-likelihood procedure based on the observable margin (r,c).

2. (Minimum Relative Entropy Perspective): Among the class of random matrices with indepen-
dent entries and expected margin (r,c), Y has the minimum relative entropy from the base
model µ⊗(m×n).

The equivalent characterizations of Y above are in Kantorovich duality as in the static Schrödinger
bridge/entropic optimal transport and their dual formulations. We give precise statements of our
main results in the following subsections.

1.1. Construction of the conditional probability measures. We construct the law of the margin-
conditioned random matrix X in (1.2), which we denote λr,c,ρ , under either of the following two
(non-exclusive) assumptions. This covers all examples that we consider in this work and also all
instances in the literature that we are aware of.

Assumption 1.1. µ⊗(m×n)(Tρ(r,c)) ∈ (0,∞).

Assumption 1.2. ρ = 0 or µ⊗(m×n)(Tρ(r,c)) = 0. Furthermore, let π : Rm×n →Rm+n denote the map
that sends a matrix x to its margin (r (x),c(x)). Let ν=π#(µ⊗(m×n)) denote the pushforward µ⊗(m×n)

under π. Then ν is σ-finite.

Under Assumption 1.1, we simply define λr,c,ρ by normalizing the product measure µ⊗(m×n)

restricted to Tρ(r,c). Under Assumption 1.2, we need to condition on an event of measure zero
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under µ⊗(m×n). To handle this, we use the ‘disintegration approach’ for constructing regular con-
ditional probabilities (e.g., see Chang and Pollard [CP97]). Namely, we set λr,c,ρ :=λr,c,0, where the
conditional probability measures λr,c := λr,c,0 are constructed for ν-almost all margins (r,c) via
disintegrating the product measure µ⊗(m×n) using the margin map x 7→ (r (x),c(x)). (See Sec. 5.2
for more details.) Frequently we will regard the pushforward measure ν on the margins as a mea-
sure on Rm+n−1 by identifying a margin (r,c) with the m+n−1-dimensional vector (r(1), · · · ,r(m−
1),c(1), · · · ,c(n)) omitting r(m).

1.2. Exponential tilting and the typical table. Let us introduce some notation on exponential tilt-
ing and the parameterized comparison model. Throughout this paper, we use ‘increasing’ (resp.,
‘decreasing’) and ‘non-decreasing’ (resp., ‘non-increasing’) interchangeably.

Definition 1.3 (Exponential tilting). Define the set Θ of all allowed tilt parameters for µ:

Θ :=
{
θ ∈R :

∫
eθx dµ(x) <∞

}
.(1.4)

Let Θ◦ be the interior of Θ. For any θ ∈Θ◦, let µθ denote the tilted probability measure given by

dµθ

dµ
(x) = eθx−ψ(θ), ψ(θ) := log

∫
eθx dµ(x).(1.5)

Then we have Eµθ
[X ] =ψ′(θ) and Varµθ

(X ) =ψ′′(θ) > 0, so the function ψ′(·) : Θ◦ 7→ (A,B) is strictly
increasing, and has a strictly increasing inverse ϕ(·) : (A,B) 7→Θ◦ satisfying ϕ(ψ′(θ)) = θ for all θ ∈
Θ◦. Throughout this paper, we assume the measure µ on R is such that the set Θ of tilt parameters
in (1.4) is nonempty and not a singleton. Then it follows from Hölder’s inequality that Θ is a non-
empty interval and Θ◦ = (ϕ(A),ϕ(B)).

Now we introduce a random matrix model obtained by applying exponential tilting to the base
model where the tilt parameters are parameterized by the direct sum of two vectors. These param-
eters will be tuned to achieve the prescribed margin as the expected margin.

Throughout this paper, we identify an n-dimensional vector a with the function a : Rn → R so
the i th coordinate of a is denoted by a(i ). For two vectors a,b, let a⊕b denote the matrix whose
(i , j ) coordinate is a(i )+b( j ). For a univariate function φ : R→R, we denote by φ(a⊕b) the matrix
whose (i , j ) entry is φ(a(i )+b( j )).

Definition 1.4 (The (α,β)-model). Let {µθ}θ∈Θ◦ be probability measures on R, as introduced in
(1.5), and let vectors α ∈ Rm and β ∈ Rm be such that α(i )+β( j ) ∈ Θ◦ for all i ∈ [m], j ∈ [n]. The
(α,β)-model is an m ×n random matrix Y = (Yi j ) where the entries are independent and Yi j ∼
µα(i )+β( j ). In this case, we write Y ∼µα⊕β.

We begin by observing that the likelihood of observing a matrix x ∈Rm×n under the (α,β)-model
depends only on the margin of x. Indeed, the log-likelihood of observing x under Y ∼ µα⊕β, with
respect to the base measure µ⊗(m×n) is

m∑
i=1

n∑
j=1

[
xi j (α(i )+β( j ))−ψ(α(i )+β( j ))

]
= 〈r,α〉+〈c,β〉−∑

i , j
ψ(α(i )+β( j )),

where the right-hand side depends only on the margin of x but not on the specific entries of x.
Here, 〈·, ·〉 denotes the standard dot product. Hence, given a realization x of the (α,β)-model, the
row and column sums of x form a sufficient statistic for the parameters α,β. This is analogous to
the fact that the degree sequence of an observed graph under the β-model is a sufficient statistic
for β, see [CDS11]. Given a single observation x ∈T (r,c), the maximum likelihood estimate (MLE)
of (α,β) is obtained by maximizing the log-likelihood function above.
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Definition 1.5 (MLE for margin (r,c)). Fix an m×n margin (r,c). The MLE of (α,β) for margin (r,c)
is a solution to the following concave maximization problem:

sup
α,β

(
g r,c(α,β) := 〈r,α〉+〈c,β〉−∑

i , j
ψ(α(i )+β( j ))

)
,(1.6)

where we optimize over the open set where α(i )+β( j ) ∈Θ◦ for all i ∈ [m], j ∈ [n]. An MLE (α,β)
for (r,c) is said to be a standard MLE if 〈α,1〉 = 0 and is denoted as (αr,c,βr,c).

A careful reader may wonder if the (α,β)-model is a bit too restrictive for describing the struc-
ture of margin-conditioned random matrices. For instance, what if we use all mn independent tilt
parameters θi j for each entry instead of the m +n ones in the (α,β)-model? Parameterizing θi j

by the mean zi j after tilting through the relation θi j =ϕ(zi j ), the optimal such mn tilt parameters
are given by solving the following relative entropy minimization problem:

Definition 1.6 (Typical table). Fix a m×n margin (r,c). The typical table Z r,c for margin (r,c) with
respect to the base measure µ is defined by

Z r,c := argmin
Z=(zi j )∈T (r,c)

[
H(Z ) :=∑

i , j
D(µϕ(zi j )‖µ)

]
,(1.7)

where D(µθ‖µ) is the relative entropy from µ to the tilted probability measure µθ defined as

D(µθ‖µ) :=
{∫

x∈R log
(

dµθ

dµ (x)
)

dµθ(x) = θψ′(θ)−ψ(θ) if θ ∈ (ϕ(A),ϕ(B))

∞ otherwise.
(1.8)

Note that when µ is a probability measure, the relative entropy above agrees with the Kullback-
Leibler (KL) divergence from µ to µθ so D(µθ‖µ) ≥ 0. However, this quantity need not be nonneg-
ative in general when µ is not a probability measure. For instance, if µ is the counting measure
on nonnegative integers (see Ex. 3.4), then D(µθ‖µ) equals the negative entropy of the geometric
distribution µθ, so it is nonpositive and is not bounded from below.

On the one hand, the MLE problem in (1.6) seeks to estimate the unknown parameters (α,β)
that best describe the random matrix with a given margin through the (α,β)-model. On the other
hand, the typical table problem in (1.7) seeks to find the best m×n mean matrix in the transporta-
tion polytope that achieves the smallest possible relative entropy when the law of each entry is
exponentially tilted. A key observation in this work is that these two problems are strongly dual to
each other, analogously to the Kantorovich duality in the Schrödinger bridge theory (see Sec. 2.1).

Theorem 1.7 (Strong duality between typical table and MLE). Let (r,c) be an m×n margin. Then an
MLE (α,β) for (r,c) exists if and only if the typical table Z r,c exists if and only if T (r,c)∩(A,B)m×n 6=
;. Assuming the last condition, the following implications hold:

(α,β) is an MLE ⇐⇒ Eµα⊕β [Y ] =ψ′(α⊕β) ∈T (r,c) ⇐⇒ Z r,c =ψ′(α⊕β).(1.9)

Furthermore, the typical table and the MLE problems are in strong duality:

inf
Z∈T (r,c)

H(Z ) = sup
α,β

g r,c(α,β).(1.10)

An implication of Theorem 1.7 above is that the (α,β)-model is the best possible among all
possible entry-wise exponential tiltings of the base model. In fact, whenµ is a probability measure,
it is the best possible among all random matrix ensembles, as it is the information projection of the
base measure µ⊗(m×n) onto the set of all probability measures on m ×n real matrices constrained
to have expected margin (r,c). See Sec. 2.3 for more discussion.



6 HANBAEK LYU AND SUMIT MUKHERJEE

The behavior of the (α,β)-model depends crucially on how far the entries ofα⊕β are away from
the boundary values ϕ(A) and ϕ(B). This leads to the following notion of ‘tameness’ of a margin.
With a slight abuse of notation, we say a ≤ M ≤ b for a matrix M and scalars a,b if every entry of
M lies in [a,b].

Definition 1.8 (Tame margins). Fix δ > 0 and let M δ = M δ(µ,m,n) denote the set of all m ×n
δ-tame margins (r,c), that is, the MLE (α,β) exists and

Aδ := max
(

A+δ,−1

δ

)
≤ψ′(α⊕β) ≤ min

(
B −δ,

1

δ

)
=: Bδ.(1.11)

According to Theorem 1.7, δ-tameness of a margin (r,c) can be equivalently defined as the
typical table Z r,c taking all entries from [Aδ,Bδ]. Also we remark that, since α⊕β belongs to
(ϕ(A),ϕ(B))m×n by definition, any margin (r,c) with an MLE (or typical table) is always δ-tame
for some δ > 0 that may depend on m and n. For asymptotic analysis, it is important to know
whether a sequence of margins is uniformly δ-tame for a fixed δ > 0. ‘Cloning’ a given margin
provides a simple way to generate a family of δ-tame margins.

Example 1.9 (Cloned margins). Let (r0,c0) be an a×b margin with an MLE (α0,β0). The k-cloning
of (r0,c0) is the ka × kb margin (r,c) with r = kr0 ⊗ 1k and c = kc0 ⊗ 1k , where ⊗ denotes the
Kronecker product, i.e., r and c repeat kr0 and kc0 k times, respectively. Then (r,c) has MLE
(α0 ⊗1k ,β0 ⊗1k ). Hence if (r0,c0) is δ-tame for some δ = δ(r0,c0) > 0, then its k-clonings for all
k ≥ 1 are all δ-tame. For instance, the constant linear margin (r,r) with r = na1n for any a ∈ (A,B)
is the n-cloning of the 1×1 margin (a, a) and is δ-tame for any δ> 0 such that Aδ ≤ a ≤ Bδ.

Establishing δ-tameness for a general margin (r,c) beyond the cloned ones turns out to be quite
delicate. In Section 1.5, we establish phase diagrams and characterizations of the δ-tame margins.

1.3. Transference principles. In this section, we give precise statements of the transference prin-
ciple informally stated in (1.3). The following ‘weak transference principle’ concerns the case when
the measure of the conditioning set Tρ(r,c) is nonzero as in Assumption 1.1.

Theorem 1.10 (Weak transference). Let (r,c) be an m ×n margin with an MLE (α,β) and let X ∼
λr,c,ρ under Assumption 1.1. Let δ > 0 be small enough so that (r,c) is δ-tame and let Y ∼ µα⊕β.
Then there exists a constant C1 =C1(µ,δ) > 0 such that for each Borel set E ⊆Rm×n ,

P(X ∈ E ) ≤ exp
(
C1ρ

)
P

(
Y ∈Tρ(r,c)

)−1
P (Y ∈ E ) .(1.12)

Furthermore, if ρ ≥C2
p

mn(m +n) and m,n ≥C2 for some constant C2 =C2(µ,δ) > 0, then

P(X ∈ E ) ≤ 2exp
(
C1ρ

)
P (Y ∈ E ) .(1.13)

For this to be useful, the probability P(Y ∈Tρ(r,c)) that the maximum likelihood tilted model Y
satisfies the margin constraint up to an L 1 error must be sufficiently large.

The upper bound in (1.12) is useful only if the product of the first two terms is not too large.
For this, the probability P(Y ∈ Tρ(r,c)) that the maximum likelihood tilted model Y satisfying
margin (r,c) up to the L1-error ρ must be sufficiently large. For the second part in (1.13), we
show P(Y ∈ Tρ(r,c)) ≥ 1/2 if ρ ≈ p

mn(m +n). The reason is that the expected margin of Y is
(r,c) and the entries of Y are independent with comparably tilted sub-exponential distributions
µα(i )+β( j ). Hence by Bernstein’s inequality, any fixed signed sum of its row/column sum fluctu-
ates by O(

p
mn) with an exponential tail. Since there are at most 2m+n such signed sums, the L1

fluctuation of the margin of Y is of order O(
p

mn(m +n)). Hence Y ∈Tρ(r,c) with a large enough
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probability. However, the overall transference cost 2exp(C1ρ) is still large, which comes from ap-
proximating the margin of Y by (r,c) when we only know it is within L1-distance ρ away from
(r,c).

Next, we establish several ‘strong transference principles’ for exact margin conditioning ρ = 0 or
Tρ(r,c) having measure zero (Assumption 1.2). In order to state our results, we need to introduce
some notations. For each matrix z ∈ Rm×n , let z denote its (m −1)× (n −1) submatrix obtained by
deleting the last row and column from z, and let ž denote the m +n −1 entries of z in its last row
and column. Note that X is completely determined by X due to the exact margin constraint. More
precisely, define the ‘completion map’ Γr,c : R(m−1)×(n−1) →Rm×n by

Γr,c(x)i j :=


xi j if 1 ≤ i < m and 1 ≤ j < n

r(i )−xi• for 1 ≤ i < m and j = n

c( j )−x• j for i = m and 1 ≤ j < n

x••−
(∑m−1

i=1 r(i )
)+c(n) if (i , j ) = (m,n).

(1.14)

Here, xi•, x• j , and x•• denote the i th row sum, the j th column sum, and the total sum of x, respec-
tively. Then given an (m−1)× (n−1) matrix x, Γr,c(x) is the unique m×n matrix with margin (r,c)

such that Γr,c(x) = x. In particular, X = Γr,c(X ). We let Γ̌r,c(·) denote the entries in the last row and
column of Γr,c(·).

The result below is our general transference principle for exactly margin-conditioned matrices.

Theorem 1.11 (Strong transference). Suppose Assumption 1.2 holds. For ν-almost all margins (r,c)
with an MLE (α,β), the following hold:

(i) Let X ∼λr,c and Y ∼µα⊕β. Then X has the same distribution as Y conditional on Y ∈T (r,c).

(ii) Let νy(·) denote the law of (r (Y ),c(Y )) given Y = y and let py(·) denote the Radon-Nikodym
derivative of νy w.r.t. the unconditional law νY of (r (Y ),c(Y )). Then for each bounded

measurable function h : R(m−1)×(n−1) →R,

E[h(X )] = E
[

pY (r,c)h(Y )
]
≤ (

sup
y

py(r,c)
)
E[h(Y )].(1.15)

Furthermore, if y 7→ py(r,c) is proportional to some function qy(r,c), then

sup
y

py(r,c) = (
sup

y
qy(r,c)

)
E[qY (r,c)]−1.(1.16)

Following our high-level transference principle in (1.3), we expect to establish results describ-
ing the structure of X based on the approximation scheme X ≈ Y , where Y is the (unconditional)
maximum-likelihood (α,β)-model for the margin (r,c). However, one should not expect this to
give a useful approximation for arbitrary base measure and margin for the following counterex-
ample. Consider µ= Uniform({0,1,

p
2}) and symmetric constant margin (r,r) with r = n1n . Then

(r,r) has a positive mass under ν, X = 11> almost surely, but Y = 11> with probability exponen-
tially small in n2. For this example, the supremum of py(r,c) over y is P(Y ∈ T (r,c))−1, which is
exponentially large in n2. Therefore, in this case, even the large-deviations events under Y cannot
be shown to be rare under X using the transference approach. (See Ex. 3.9 for details.)

Next, we deduce a useful corollary of Theorem 1.11 by obtaining a computable form of the
proportionality qy(r,c). Note that the law νy of the margin (r (Y ),c(Y )) given Y = y is the pullback

of the law of Y̌ under the one-to-one map (r,c) 7→ Γ̌r,c(y):

νy(d(r,c)) = ⊗
i = m or j = n

µα(i )+β( j )
(
d Γ̌r,c(y)i j

)
.(1.17)
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Hence locally νy is the product of shifts of the tilted measures µα(i )+β( j ) for i = m or j = n. Thus, if
these shifted and tilted measures have density w.r.t. a common measure, say ζ, on R, then we can
easily compute the Radon-Nikodym derivative dνy/dζ⊗(m+n−1). In this case, it would be natural to
suspect that y 7→ py(r,c) is proportional to this Radon-Nikodym derivative. This conclusion indeed

holds if dζ⊗(m+n−1)/dν makes sense at least locally near each margin (r,c) in the support of ν. This
latter condition holds for a wide range of discrete and continuous measures as stated in Corollary
1.12 below.

Corollary 1.12. Keep the same setting in Theorem 1.11. Suppose µ has density p ≥ 0 w.r.t. ζ, which
is either the counting measure on Z or the Lebesgue measure on R. In the continuous case, suppose
{p > 0} is open. Then (1.16) holds with qy(r,c) = dνy/dζ⊗(m+n−1) and

E[qY (r,c)] = exp(−g r,c(α,β))
∫∏

i , j
p(Γr,c(x)i j ) ζ⊗(m−1)×(n−1)(dx).(1.18)

When µ is the Lebesgue measure on R≥0, notice that the integral in (1.18) is the volume of the
transportation polytope T (r,c)∩Rm×n

≥0 of nonnegative matrices with margin (r,c). Also when µ

is the counting measure on Z≥0, then the same integral is the number of contingency tables with
margin (r,c). Various upper and lower bounds on these quantities have been extensively studied
in the combinatorics literature in the last three decades. For our purpose, we can use the lower
bounds on the number of contingency tables [Bar09, BLP23] and of the volume of the transporta-
tion polytope [CM07, BH12, BR24]. This gives the following strong transference result that does
not require tameness:

Theorem 1.13. Suppose Assumption 1.2 holds. Assume µ is the counting measure on [0,b)∩Z for
some b ∈ [0,∞] or the Lebesgue measure on R≥0. Then there exists an absolute constant γ > 0 such
that for ν-almost all margins (r,c) with an MLE (α,β) and r(i ) ≥ 1,c( j ) ≥ 1 for all i , j ,

E[h(X )] ≤ Nγ(m+n) E[h(Y )]

for each bounded measurable function h : R(m−1)×(n−1) →R, denoting N =∑
i r(i ) =∑

j c( j ).

For possibly non-uniform density function p ≥ 0, the integral in (1.18) can be viewed as a
weighted volume of the transportation polytope T (r,c)∩ supp(µ)m×n where the weight is pro-
portional to the product of p(Γr,c(x)i j ). It seems that there is no known upper bound on such
‘weighted volume’ of the transportation polytope for general density p. We circumvent this lim-
itation by lower-bounding the expectation E[dνY /dζ⊗(m+n−1)] through a probabilistic argument.
This gives the following strong transference principle that holds for a wide range of discrete and
continuous base measures with a looser bound on the transference cost.

Theorem 1.14. Suppose Assumption 1.2 holds. Assume that µ has a density p ≥ 0 w.r.t. ζ, which is
either the counting measure on Z or the Lebesgue measure on R. Further, assume:

(1) There exists a constant a > 0 such that (m∧n) ≥ (m∨n)a and m,n are sufficiently large so that
m ∧n ≥ 12a .

(2) supp(µ) = [A,B ]∩ supp(ζ) in both cases and the Radon-Nikodym derivatives of µθ w.r.t. ζ for
θ ∈ [ϕ(Aδ),ϕ(Bδ)] for any δ> 0 are uniformly upper bounded by some constant.

Then there exists a constant C = C (µ,δ, a) > 0 such that for ν-almost all δ-tame margins (r,c) and
for each bounded measurable function h : R(m−1)×(n−1) →R,

E[h(X )] ≤ exp(C (m
p

n logn +n
p

m logm) logmn) E[h(Y )].

Remark 1.15. For a weaker condition (m ∧n) À log(m ∨n) on the aspect ratio, a minor modifi-
cation of our argument for Theorem 1.14 shows that the similar strong transference holds with a
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larger transference cost bound exp(o(mn)). Since Theorem 1.13 based on combinatorial estimates
holds for arbitrary m,n, we suspect the requirement on m,n in Theorem 1.14 is only an artifact of
our proof technique.

Remark 1.16. Our result in Theorem 1.14 obtained by probabilistic arguments imply lower bounds
on the volume of the polytope with general densities p other than p(x) = 1(x ≥ 0). See Remark 5.8
for details.

1.4. Limit theory for the comparison model. Our next goal is to establish a limit theory for the
margin-conditioned random matrices as the sequence of m ×n margins (rm ,cn) converges to a
limiting ‘continuum margin’ (r,c) in a suitable sense, as m,n both tend to infinity. By transfer-
ence, it should essentially be enough to establish such a result for the corresponding maximum-
likelihood tilted models. This is precisely what we establish in this section with an explicit bound
on the rate of convergence of the corresponding typical tables and the rescaled MLEs.

First, let us make the convergence of margins precise.

Definition 1.17 (Continuum margin). A continuum margin is a pair (r,c) of integrable functions
r,c : (0,1] → R such that

∫1
0 r(x)d x = ∫1

0 c(y)d y . For a m ×n discrete margin (rm ,cn), define the
corresponding continuum step margin (r̄m , c̄n) as

r̄m(t ) := n−1rm(dmte), c̄n(t ) := m−1cn(dnte).(1.19)

We say a sequence of m ×n margins (rm ,cn) converges in L1 to a continuum margin (r,c) if

lim
m,n→∞‖r− r̄m‖1 +‖c− c̄n‖1 = 0.

It will be convenient to compare matrices of different dimensions in the space of kernels.

Definition 1.18 (Kernels). A kernel is an integrable function W : [0,1]2 →R. Given an m×n matrix
A, define a function WA on the unit square as follows: Partition the unit square (0,1]2 into m ×n

rectangles of the form Ri j :=
(

i−1
m , i

m

]
×

(
j−1

n , j
n

]
, for i ∈ [m] and j ∈ [n]. Set

WA(x, y) := Ai j if (x, y) ∈ Ri j .

The p-norm of a kernel W is defined as

‖W ‖p :=
(∫

S×T
|W (x, y)|p d x d y

)1/p

.

In Theorem 1.19 below, we show that the typical tables and the rescaled MLEs converge in L2

to a limiting kernel characterized by a continuum dual variable, provided the discrete margins are
uniformly δ-tame for a fixed δ> 0. Furthermore, the rate of convergence (measured in the squared
L2-distance) is at least the rate of convergence of the margins (measured in L1-distance).

Theorem 1.19 (Scaling limit of typical tables and MLEs). Fix δ> 0 and let (rm ,cn) be a sequence of
m ×n δ-tame margins converging to a continuum margin (r,c) in L1 as m,n →∞.

(i) There exists bounded measurable functions α,β : [0,1] → R s.t.
∫
α(x)d x = 0, ϕ(Aδ) ≤ α⊕β ≤

ϕ(Bδ), and the kernel W r,c :=ψ′(α⊕β) has continuum margin (r,c).

(ii) Let Cδ := 4max{|ϕ(Aδ)|, |ϕ(Bδ)|}, where Aδ,Bδ are as in (1.11). Then

‖W r,c −WZ rm ,cn ‖2
2 ≤Cδ

(
sup

ϕ(Aδ)≤w≤ϕ(Bδ)
ψ′′(w)

)
‖(r,c)− (r̄m , c̄n)‖1.



10 HANBAEK LYU AND SUMIT MUKHERJEE

Furthermore, if (αm ,βn) is the standard MLE for margin (rm ,cn) and if we define functions
ᾱm , β̄n : [0,1] →R as ᾱm(x) :=αm(dmxe) and β̄n(y) :=βn(dnye), then

‖α− ᾱm‖2
2 +‖β− β̄n‖2

2 ≤Cδ

(
supϕ(Aδ)≤w≤ϕ(Bδ)ψ

′′(w)

infϕ(Aδ)≤w≤ϕ(Bδ)ψ′′(w)

)
‖(r,c)− (r̄m , c̄n)‖1.

In particular, ‖W r,c −WZ rm ,cn ‖2 → 0 and ‖(α,β)− (ᾱm , β̄n)‖2 → 0 as m,n →∞.

1.5. Phase diagram for tame margins. The assumption of δ-tameness of the margin was crucial
in the development we described in earlier sections. But since this assumption is implicit, it will
only be useful if we can provide a more explicit characterization of the set M δ of all δ-tame mar-
gins for each δ > 0. We will seek such conditions depending only on the extreme values of the
margin. Namely, for each point (s, t ) ∈ (A,B)2, s ≤ t in a two-dimensional phase diagram, we ask if
an arbitrary m ×n margin (r,c) satisfying

T (r,c)∩ (A,B)m×n 6= ; and s ≤ r(i )/n,c( j )/m ≤ t for all (i , j ) ∈ [m]× [n](1.20)

is δ-tame for some δ = δ(µ, s, t ) > 0. Let Ω(µ) ⊆ (A,B)2 denote the set of all such points (s, t ) that
guarantee such uniform tameness for the base measure µ, which we call the phase diagram for
tame margins for µ. The goal of this section is to identify the phase diagrams for various measures
µ. Our results are summarized in Figure 1.

0 1/4 1/2 3/4 1
s

0

1/4

1/2

3/4

1

t

aaaa

Bernoulli, (A,B)=(0,1)

0 1/4 1/2 3/4 1
s

0

1/4

1/2

3/4

1

t

bbbb

NegBinom, Counting

0 1/4 1/2 3/4 1
s

0

1/4

1/2

3/4

1

t

cccc

Lebesgue, Gamma, 2
k

0 1/4 1/2 3/4 1
s

0

1/4

1/2

3/4

1

t

dddd

Poisson, Gaussian

FIGURE 1. Phase diagrams for tame margins for various base measures µ. The upper con-
tours are given by (a) (s + t )2 < 2s, (b) t ≤ 1+

p
1+ r s−1 with r = 5 for Negative Binomial

(NegBinom) and r = 1 for Counting (so Ω(µ) for the former measure is the union of the
two shaded regions), (c) t ≤ s/2, and (d) t =∞.

First, when µ has bounded support (i.e., |A|, |B | < ∞), we show that Ω(µ) is determined by a
simple quadratic inequality involving only A and B . Furthermore, the shape of Ω(µ) is universal
among the class of all measures of bounded support (see Fig. 1a) up to translation and scaling.
This result is stated below.

Theorem 1.20. Suppose −∞< A ≤ B <∞. Then each (s, t ) ∈ (A,B)2 with s ≤ t belongs to Ω(µ) if

(s + t −2A)2 < 4(B − A)(s − A).(1.21)

Furthermore, (s, t ) does not belong to Ω(µ) if the reverse inequality in (1.21) holds.

When µ has unbounded support, the situation changes drastically and the dependence of Ω(µ)
on µ is more sophisticated. We first investigate the phase diagram restricted to the particular class
of 2× 2 block margins that we call the ‘Barvinok margins’. These are symmetric linear margins
with two distinct values where a vanishing fraction of the row sums are assigned the larger value
(see [Bar10b, Sec. 1.6] and [DLP20, LP22]). In this case, the phase diagram is determined by the
inequality 2ϕ(t )−ϕ(s) <ϕ(B) as stated below.



LARGE RANDOM MATRICES WITH GIVEN MARGINS 11

Corollary 1.21 (of Proposition 7.3). Suppose µ is such that A = 0 and B =∞. Consider a sequence
of symmetric n ×n margins (rn ,rn) such that

rn := (
snn, . . . , snn︸ ︷︷ ︸

n−bnac
, tnn, . . . , tnn︸ ︷︷ ︸

bnac

) ∈ Rn
≥0(1.22)

where sn → s and tn → t as n →∞ for 0 ≤ s ≤ t and a ∈ [0,1) is fixed. If 2ϕ(t )−ϕ(s) <ϕ(B), then for
all n ≥ 1, (rn ,rn) is δ-tame for some δ= δ(µ, s, t ) > 0. If 2ϕ(t )−ϕ(s) > ϕ(B), then the (n,n) entry of
the typical table for (rn ,rn) diverges to infinity as n →∞.

The above result implies that for base measures µ with (A,B) = (0,∞), the interior of Ω(µ) is
contained in the region defined by 2ϕ(t )−ϕ(s) < ϕ(B) and s ≤ t . While there is a possibility that
Ω(µ) can be much smaller than what Corollary 1.21 suggests, below in Theorem 1.22, we establish
that these two regions in fact coincide whenever ψ′′ is increasing and log-convex. Recall that ψ′′(θ)
is the variance of the tilted measure µθ. Hence µ must have right-infinite support (B =∞) if ψ′′
is increasing. Since the more exponential tilting the more mass on the larger values, it is natural
to expect that ψ′′ would be increasing. Log-convexity is an additional condition we crucially use
to reduce the analysis for general symmetric margins to Barvinok margins (see Lem. 7.2). These
conditions hold for a wide range of measures with unbounded support such as Gaussian, Poisson,
counting on Z≥0, Lebesgue on R≥0, and Gamma (see Sec. 3).

Theorem 1.22. Suppose ψ′′ is increasing and log-convex on Θ◦ (necessarily B = ∞). Then each
(s, t ) ∈ (A,B)2 with s ≤ t belongs to Ω(µ) if

ϕ(A) < 3ϕ(s)−2ϕ(t ) and 2ϕ(t )−ϕ(s) <ϕ(B).(1.23)

Furthermore, for measures µ s.t. ϕ(A) =−∞, (s, t ) does not belong to Ω(µ) if 2ϕ(t )−ϕ(s) >ϕ(B).

The first inequality in (1.23) is often vacuous (e.g., when ϕ(A) =−∞), and only the second one
matters. For a wide range of measures, we can solve the second inequality explicitly and the phase
diagram Ω(µ) is determined by the ratio t/s being strictly less than some critical threshold λc , as
stated in Corollary 1.23 below.

Corollary 1.23. An arbitrary m ×n margin (r,c) satisfying (1.20) with 0 < s < t is δ-tame for some
δ= δ(µ, s, t ) > 0 provided t/s <λc , where

λc :=


1+

p
1+ r s−1 if µ= r -fold convolution of the counting measure on Z≥0 for r ≥ 1,

2 if µ has density e−ax xγ−1 on R≥0 w.r.t. Lebesgue measure for a ≥ 0, γ≥ 1

∞ if µ= Poisson or Gaussian.

(1.24)

Furthermore, for µ as above, if t/s > λc , then there exists a sequence of n ×n margins satisfying the
hypothesis but for which some entry in the typical table diverging to infinity as n →∞.

The critical threshold λc has not been identified before for any base measure, but there are
some previously known bounds on the critical ratio λc for the counting and the Lebesgue cases.

For the counting base measure, Barvinok, Luria, Samorodnitsky, and Yong [BLSY10, Thm. 3.5]

showed that λc ≤ 1+p5
2 ≈ 1.618, the golden ratio. We learned from Barvinok that this bound was

later improved to 2 by Luria [Lur08]. Our Corollary 1.23 identifies the critical threshold as λc =
1+

p
1+ s−1, which agrees with the sharp phase transition point for Barvinok margins obtained by

Dittmer, Lyu, and Pak [DLP20]. Barvinok and Hartigan [BH12] obtained a Gaussian formula for the
number of contingency tables that is asymptotically correct for large δ-tame margins. Corollary
1.23 implies this asymptotic formula holds for margins satisfying (1.20) with t/s < 1+

p
1+ s−1 and

this result cannot be improved.
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For the Lebesgue bese measure on R≥0, Barvinok and Rudelson [BR24] recently observed that
λc ≥ 2. Namely, they noted that the Barvinok margin r = c = (n, . . . ,n,λn), now with the Lebesgue
base measure (see Ex. 3.6 for the corresponding typical table), is asymptotically δ-tame for λ < 2
and it is not for λ > 2 (see Remark 7.4). There was no previously known upper bound on λc , and
our result above shows that λc = 2.

As we have an almost complete understanding of the phase diagram of tame margins, one may
ask a finer question about characterizing a necessary and sufficient condition for a given margin to
be δ-tame for some δ independent of the margin. We provide such a result for symmetric margins
and general base measures with compact support. The equivalent condition for δ-tameness turns
out to be the celebrated Erdős-Gallai condition [EG60] with a quadratic gap.

Theorem 1.24 (δ-tameness and Erdős-Gallai condition for symmetric margins). Suppose µ has
compact support with A = 0 and B <∞. If an n ×n symmetric margin (r,r) with an MLE (α,α) is
δ-tame for some δ> 0, then there exists constants c1,c2 ∈ (0,B) and c3 > 0 depending only on µ and
δ such that c1 ≤ r(i )/n ≤ c2 for all i and

min
I⊆[n], |I |≥c2

1 n

(
B |I |2 +∑

i∉I
B |I |∧ r(i )−∑

i∈I
r(i )

)
− c3|I |2 ≥ 0.(1.25)

Conversely, if the above condition holds for constants c1,c2 ∈ (0,B) and c3 > 0, then (r,r) is δ-tame
for some δ= δ(µ,c1,c2,c3) > 0.

In 2011, Chatterjee, Diaconis, and Sly showed that the condition (1.25) implies uniform bound-
edness of the MLE for the β-model with degree sequence r [CDS11]. They conjectured that this
condition is equivalent to the δ-tameness of Barvinok and Hartigan [BH13] defined in terms of the
typical table. The special case of our Theorem 1.24 for Bernoulli base measure in conjunction with
the strong duality in Theorem 1.7 establishes this conjecture. See Sec. 2.7 for more discussion.

1.6. Generalized Sinkhorn algorithm for computing the MLEs. In most cases, there is no closed-
form expression for an MLE for a given margin (r,c). Based on the classical alternating maximiza-
tion principle applied to the MLE problem (1.6), we propose the following iterative algorithm for
computing an MLE for a given margin (r,c), which we call the generalized Sinkhorn algorithm:

Generalized
Sinkhorn

{
For 1 ≤ j ≤ n, βk ( j ) ← unique β ∈R s.t. c( j ) =∑m

i=1ψ
′(αk−1(i )+β),

For 1 ≤ i ≤ m, αk (i ) ← unique α ∈R s.t. r(i ) =∑n
j=1ψ

′(α+βk ( j )).
(1.26)

To explain the connection to the Sinkhorn algorithm in the Schrödinger bridge and the optimal
transport literature, we first note that the typical table Z r,c in (1.7) can be viewed as the static
Schrödinger bridge between the row and column margins r and c with divergence D(µϕ(·)‖µ) and
the uniform prior measure. Also, the MLE problem (1.6) corresponds to its Kantorovich dual, and
the algorithm (1.26) is exactly the Sinkhorn algorithm that computes the Schrödinger potentials.
Taking the Poisson base measure µ = Poisson(1), our divergence D(µϕ(·)‖µ) reduces to the KL-
divergence, the standard choice in the Schrödinger bridge and the optimal transport literature
[FL89, Cut13, Léo13]. See Sec. 2.1 and 2.2 for more discussions.

Even with the connection to the existing literature we mentioned above, convergence analysis
of the generalized Sinkhorn (1.26) is limited beyond the KL-divergence case. This is because the
updated coordinates βk ( j ) and αk (i ) in (1.26) in general do not have simple closed-forms as in
the KL-divergnece case (see (2.6)). Despite this difficulty, we show that, under mild conditions,
the procedure (1.26) for arbitrary base measure µ converges at a linear rate in the sense that the
dual objective value gap decays exponentially fast. It also yields that the direct sum of the MLEs,
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αk ⊕βk , converges exponentially fast to the uniquely determined matrix of maximum-likelihood
tilt parameters α∗⊕β∗.

Theorem 1.25 (Linear convergence of the generalized Sinkhorn). Let (αk ,βk ), k ≥ 0 denote the
iterates produced by the Sinkhorn algorithm (1.26) for some m ×n δ-tame margin (r,c) such that
T (r,c)∩ (A,B)m×n is non-empty. Fix an MLE (α∗,β∗) and denote ∆k := g r,c(α∗,β∗)− g r,c(αk ,βk ).
For each ε> 0, letσ1(ε)2 (resp., σ2(ε)2) denote the infimum (resp., supremum) ofψ′′ on (ϕ(Aε),ϕ(Bε)).

(i) (Asymptotic linear convergence) There exists an integer k0 = k0(µ,r,c) ≥ 0 such that the following
holds with ε= δ/2:

σ1(ε)2

2
‖(α∗⊕β∗)− (αk ⊕βk )‖2

F ≤ ∆k ≤
(
1− σ1(ε)4

σ2(ε)4

)k−k0

∆k0 for all k ≥ k0.(1.27)

(ii) (Non-asymptotic linear convergence I) Suppose ψ′′ is increasing and α0 = 0. Then (1.27) holds
with k0 = 1 and ε= δ.

(iii) (Non-asymptotic linear convergence II) Suppose there exists ε> 0 such that

ϕ(Aε)+2‖α0 −α∗‖∞ ≤α∗⊕β∗ ≤ϕ(Bε)−2‖α0 −α∗‖∞.(1.28)

Then (1.27) holds with k0 = 1.

The asymptotic linear convergence in (i) holds for general base measure µ, margin (r,c) with
an MLE, and initialization α0. If ψ′′ is increasing (e.g., when µ is Gaussian, Poisson, Lebesgue
measure on R≥0, Gamma, and counting measure on Z≥0; see Sec. 3), then the linear convergence
holds for all iterates with zero initialization by (ii). For ψ′′ not necessarily increasing, we can apply
(iii) for almost all cases of our interest. A sufficient condition for ε > 0 to satisfy (1.28) with zero
initialization α0 = 0 is (by shifting the MLE appropriately so that ‖α∗‖∞ ≤ (ϕ(Bδ)−ϕ(Aδ))/2)

ϕ(Aε) ≤ 2ϕ(Aδ)−ϕ(Bδ), 2ϕ(Bδ)−ϕ(Aδ) ≤ϕ(Bε).

One can always find small ε> 0 satisfying the above provided ϕ(A) < 2ϕ(Aδ)−ϕ(Bδ) and 2ϕ(Bδ)−
ϕ(Aδ) < ϕ(B). The latter conditions always hold if µ has arbitrary exponential moments so that
Θ◦ = R (e.g., µ has compact support or µ = Poisson), since then ϕ(B) =∞ and ϕ(A) = −∞. Even
when Θ◦ is a proper subset of R, (1.28) still holds for some ε> 0 if α0 is sufficiently close to α∗ so
that the upper and lower bounds there are in (ϕ(A),ϕ(B)).

1.7. Applications of the general results. Now we apply our general framework above to establish
results on specific aspects of X : (1) The (mixtures of) marginal distributions of the entries in X ,
(2) concentration of X around the typical table Z r,c in the cut norm, and (3) the empirical singular
value distribution of X − Z r,c. All results are based on transferring properties of the comparison
model Y to the conditioned model X . Accordingly, throughout this section, we assume the trans-
ference hypotheses are satisfied – Assumption 1.1 for weak transference and Assumption 1.2 for
strong transference. For the latter case, we understand all statements to hold for ν-almost all mar-
gins, even when not explicitly stated.

1.7.1. Marginal distributions. First, we show that a mixture of the entry-wise distributions for X is
very close to the corresponding mixture for Y . We denote by dT V (·, ·) the total variation distance
between probability measures.

Definition 1.26 (Mixture of entry-wise distribution). Let X ∼ λr,c,ρ . Let ξi j denote the law of Xi j

for each i , j . Fix I ⊆ [m −1], J ⊆ [n −1] and define the mixture distributions

ξ̃I ,J := 1

|I × J |
∑

(i , j )∈I×J
ξi j and µ̃α(I )⊕β(J ) := 1

|I × J |
∑

(i , j )∈I×J
µα(i )+β( j ).
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Theorem 1.27 (Mixture of entry-wise distribution). Fix a δ-tame margin (r,c) with an MLE (α,β)
and let X ∼ λr,c,ρ and Y ∼ µα⊕β. Then there exists a constant C = C (µ,δ) > 0 and an absolute
constant γ> 0 such that each δ-tame margin (r,c), the following holds: If we denote

Fµ(r,c) :=


Cρ if ρ ≥C

p
mn(m +n),

γ(m +n) log N if the hypothesis of Thm. 1.13 holds,

C (m ∨n)3/2(logmn)2 if the hypothesis of Thm. 1.14 holds

then we have

dT V
(
ξ̃I ,J , µ̃α(I )⊕β(J )

)≤√
Fµ(r,c)

|I × J | +exp(−Fµ(r,c)).(1.29)

Note that if r(i ) and c( j ) are constant for i ∈ I and j ∈ J , then ξi j and µα(i )+β( j ) do not depend
on (i , j ) over I × J so the above results bound the total variation distance between the marginal
distributions of the entries in X and Y in the block I × J .

Remark 1.28. Under the hypothesis of Theorem 1.13, the requirement of δ-tameness in Theorem
1.27 is not necessary in the sense that δ can depend on (r,c). In particular, (1.29) can be appled to a
sequence of non-tame (supercritical) margins such as the one in Proposition 7.3 (ii). This recovers
[DLP20, Thm. 2.1] by Dittmer, Lyu, and Pak.

The following result is a continuous analog of Theorem 1.27.

Theorem 1.29. Keep the same setting as in Theorems 1.19 and 1.27. Then there exists a constant
C =C (µ,δ) > 0 such that the following hold for all m,n ≥ 1: Fix each measurable sets S,T ⊆ [0,1] of
positive Lebesgue measures and let (U ,V ) ∼ Unif(S ×T ). Then

dT V
(
E[ξdmUe,dnV e], E[µα(U )+β(V )]

)≤C

√
Fµ(r,c)

Leb(S ×T )
+C‖(r,c)− (r̄m , c̄n)‖1/4

1 .

In 2010, Barvinok asked whether one can obtain the asymptotic distribution of an entry in a
uniformly random contingency table (for µ = Counting(Z≥0)) for a sequence of cloned margins
(see Ex. 1.9). Namely, he conjectured that the limiting marginal distribution is Bernoulli for binary
(b = 1) contingency tables [Bar10a] and geometric for unbounded (b = ∞) contingency tables
[Bar10b] with mean given by the corresponding entry in the typical table. The following corollary
of Theorem 1.29 establishes these conjectures. Similar results hold with greater generality for pos-
sibly non-uniformly weighted contingency tables, for which the limiting marginal distribution of
an entry is an exponential tilt of the base measure µ.

Corollary 1.30. Keep the same setting in Theorem 1.29 with ρ = 0. Suppose (r,c) is the k-cloning of
some m0 ×n0 margin (r0,c0) with an MLE (α0,β0) (see Ex. 1.9). Then as k →∞,

dT V (ξ11,µα0(1)+β0(1)) =
{

O
(
k−1/2

√
logk

)
if the hypothesis of Thm. 1.13 holds,

O
(
k−1/4 logk

)
if the hypothesis of Thm. 1.14 holds.

In 2010, Chatterjee, Diaconis, and Sly showed that when X is an n×n uniformly random doubly
stochastic matrix, nξ11 is asymptotically the exponential distribution with mean 1 [CDS14]. Our
Corollary 1.30 with µ = Leb(R≥0) and r = c = n1n recovers their result and extends it to general
cloned margins possibly with non-uniform weights.
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1.7.2. Scaling limit in cut norm. Next, we show that X concentrates around the typical table Z r,c

in the cut-norm, which is commonly used in the theory of dense graph limits. (See Sec. 6.2 for
more discussion on the cut norm. See [BCL+08, BCL+12, Lov12] for more background on the limit
theory of dense graphs utilizing cut metric.)

Definition 1.31 (Cut norm for kernels). The cut-norm of a kernel W is defined as

‖W ‖ä := sup
S,T⊆[0,1]

∣∣∣∣∫
S×T

W (x, y)d x d y

∣∣∣∣ .(1.30)

In 2011, Chatterjee, Diaconis, and Sly showed that uniformly random graphs with a given dense
degree sequence converge almost surely to a limiting graphon in the cut metric and also identified
the limit. Our Theorem 1.32 below establishes a similar scaling limit under cut norm for random
matrices with given margins instead of random graphs with given degree sequences. Our result
also provides a non-asymptotic bound on the convergence rate.

Theorem 1.32 (Scaling limit in cut norm). Keep the same setting as in Theorems 1.19 and 1.27. Let
W r,c be the limiting typical kernel in Theorem 1.19. Then there exists a constant C =C (µ,δ) > 0 such
that the following hold for all m,n ≥ 1. With probability at least 1−2exp

(−Fµ(r,c)
)
,

‖WX −W r,c‖ä ≤
√

Fµ(r,c)

mn
+C

√
‖(r,c)− (r̄m , c̄n)‖1.(1.31)

In particular, WX →W r,c in cut norm almost surely as m,n →∞.

It is interesting to compare Theorem 1.32 above to the result of Chatterjee, Diaconis, and Sly in
[CDS11]. Suppse µ is the counting measure on {0,1}, X is a uniformly random binary matrix with

given margin and it converges a.s. in cut norm to the kernel W r,c(x, y) = exp(α∗(x)+β∗(x))
exp(α∗(x)+β∗(y))+1 (see Ex.

3.3) satisfying the continuum margin (r,c). In particular, if α∗ =β∗, then our limiting kernel W r,c

coincides exactly to the limiting graphon in [CDS11]. This holds for symmetric margins since by
shifting the MLEs can be made symmetric. Also, viewing X as the adjacency matrix of uniformly
random bipartite (resp., directed) graphs with fixed degree sequence, our result gives a bipartite
graph (resp., directed graph) analogue of the result in [CDS11].

1.7.3. Empirical Singular Value Distribution. Our last application is in analyzing the fluctuation
of X around the typical table Z rm ,cn . A natural way to do so is to characterize the limiting spectral
measure of the ‘centered’ random matrix X −Z rm ,cn as the margins converge in L1 to a continuum
margin (r,c) as m,n →∞. The study of spectral measures is a central topic in the random matrix
literature (e.g., see [AGZ10] and references therein). However, there is a relatively scarce literature
on limiting spectral measures of margin-conditioned random matrices, only for constant linear
margins with Lebesgue and counting base measures [CDS14, Ngu14, Wu23]. We aim to address
this problem for the empirical singular value distribution (ESD) for arbitrary margins and base
measures under a mild assumption.

We establish a general result on the limit of ESD of margin-conditioned random matrices by first
establishing it for the maximum likelihood tilted model and then transferring it to the conditioned
model. For this, we need strong concentration of the ESD of the tilted model so that the strictly
super-exponential transference costs (see Theorems 1.10 and 1.14) can be suppressed. Guionnet
and Zeitouni [GZ00] provide a sub-Gaussian concentration of ESD when the entries of the random
matrix have either bounded support or satisfy a uniform log-Sobolev inequality. Klochkov and
Zhivotovskiy [KZ20, Lem. 1.4] show that the entries being uniformly sub-Gaussian is enough to
warrant such sub-Gaussian concentration of ESD.
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We now state our main result on the limit of ESD of X −Z rm ,cn and Y −Z rm ,cn . Put succinctly, the
Stieltjes transform of the limiting ESD is completely determined by the limiting ‘variance profile’
ψ′′(α⊕β) through the corresponding Dyson equation.

Theorem 1.33 (Limit of ESD). Keep the same setting as in Theorem 1.19. Suppose m/n → κ ∈ (0,1).

(i) Let ξm,n denote the empirical measure on the eigenvalues of Ỹ Ỹ ∗ with Ỹ = 1p
(m+n)s∗/2

(Y −Z r,c),

Y ∼ µαm⊕βn
, and s∗ := supψ′′(α⊕β). Then there exists a probability measure ξ on R with sup-

port contained in [0,2] such that ξm,n → ξ in probability as m,n →∞ in the weak topology. The
Stieltjes transform of ξ is determined by

〈τ·(z)〉 :=
∫

(0,1)
τx (z)d x =

∫
R

1

t − z
ξ(d t ) for all z ∈H := {z ∈C | Im(z) > 0},

where τ : H→ L∞(0,1) is the unique uniformly bounded solution to the Dyson equation

− 1

τ·(z)
= z −S

1

1+S∗τ·(z)
for all z ∈H,(1.32)

where S denotes the integral operator with kernel ψ′′(α⊕β) and S∗ is the adjoint operator of S.
Furthermore, the measure ξ is absolutely continuous w.r.t. the Lebesgue measure apart from

a possible point mass at zero, i.e., there is a number q∗ ∈ [0,1] and a locally Hölder-continuous
function q : (0,∞) → [0,∞) such that ξ(d x) = q∗δ0(d x)+q(x)1(x > 0)d x.

(ii) The results in (i) hold for X̃ = 1p
(m+n)s∗/2

(X − Z r,c) with X ∼ λrm ,cn ;ρ in place of Ỹ under the

following conditions:
(A1) (Transference) Any one of the following holds:

(i) ρ = o(mn) and ρ ≥C2
p

mn(m +n) for C2 in Thm. 1.10;

(ii) ρ = 0 and the hypothesis of Thm. 1.14 is satisfied.

(A2) (Sub-Gaussian ESD concentration) µ is a sub-Gaussian probability measure.

This result is a rather direct consequence of our main results and existing results in the random
matrix theory literature. The ESD of Ỹ is the square-root-transform of the empirical eigenvalue
distribution of the inhomogeneous Wishart matrix Ỹ Ỹ ∗, which is known to depend only on the
variance matrix ψ′′(αm ⊕βn) of Ỹ through the corresponding Dyson equation [AEK17]. Our The-
orem 1.19 guarantees that the rescaled MLEs (ᾱm , β̄n) converge to the limiting MLE (α,β) in L2

so a suitable continuity result on the solution of the Dyson equation (e.g., [AEK19]) would suffice
to deduce that the limiting ESD of Ỹ is given by the Dyson equation with the limiting variance
profile ψ′′(α⊕β). Then, the sub-Gaussian concentration of ESD of Wishart matrices ([GZ00] and
[KZ20, Lem. 1.4]) and our transference principles allow us to conclude the X̃ and Ỹ have the same
limiting ESD under the conditions stated in Theorem 1.33 (ii).

There are some important special cases where we can identify the limiting ESD explicitly. If we
consider symmetric constant linear margin, i.e., rn = cn = an1n for some a ∈ (A,B), then by a sym-
metry argument the MLEs are given by αn = βn = (ϕ(a)/2)1n . In particular, the limiting variance
profile ψ′′(α⊕β) is the matrix where all entries equal ψ′′(ϕ(a)). In this case, the solution to the
Dyson equation (1.32) gives the Stieltjes transform of the celebrated Marchenko-Pastur quarter-
circle law [MP67]. This leads to the following corollary of Theorem 1.33 on the universality of the
Marchenko-Pastur law for the ESD for constant linear margins. See Fig. 2 for illustration.

Corollary 1.34 (Universality of quarter-circle law for uniform margins). Assume uniform margins
rn = cn = an1n for some a ∈ (A,B) and ρ = 0. Suppose µ is a sub-Gaussian probability measure
satisfying the hypothesis of Theorem 1.14. Then the empirical singular value distribution of X̃n :=
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FIGURE 2. Empirical singular value distribution of (s∗n)−1/2(Y − Z r,r) with various base
measures µ and exact margin (r,r) with n−1r = (a,b)⊗1n/2 for n = 104. We take (a,b) =
(0.5,0.5) and (0.1,0.5). The limiting spectral distribution for the constant margin obeys the
quarter-circle law (in red) universally for all µ satisfying the hypothesis of Theorem 1.33.
For the non-constant margin, the limit is not quarter-circle and depends on µ.

(ψ′′(ϕ(a))n)−1/2(X −a1n1>
n ) for X ∼λrn ,cn converges weakly to the Marchenko-Pastur quarter-circle

law 1
π

p
4−x21(x > 0)d x in probability.

Another interesting corollary of Theorem 1.33 is that the limiting ESD of a margin-conditioned
standard Gaussian matrix is universally Marchenko-Pastur regardless of the margin. This follows
from our transference principle and the fact that the exponential tilting of a Gaussian distribution
is just a translation so that the variance profile is not affected by margin conditioning.

Corollary 1.35 (Universality of MP law margin-conditioned standard Gaussian matrices). Assume
µ is standard Gaussian and let (rn ,cm) be a sequence of m ×n margins converging to a continuum
margin (r,c) in L1 with m/n → κ ∈ (0,∞). Let X ∼ λrm ,cn and let Z := Z rm ,cn be as in (3.1). Then
the empirical eigenvalue distribution of 1

n (X − Z )(X − Z )> converges weakly in probability to the

Marchenko-Pastur distribution (1− 1
κ )1(κ > 1)δ0(d x)+

p
(λ+−x)(λ−+x)

2πx 1(λ− ≤ x ≤ λ+)d x with λ± =
(1±p

κ)2.

Note that in the square case κ = 1, the limiting ESD of n−1/2(X − Z ) in Corollary 1.35 is the
quarter-circle law stated in Corollary 1.34.

1.8. Organization of the paper. The rest of this paper is organized as follows. We provide back-
ground on the related literature and discussion on our results in Section 2. In Section 3, we discuss
several examples by specializing the base measure µ. In Section 4, we prove the strong duality
result stated in Theorem 1.7. In the following section, Section 5, we prove the transference prin-
ciples stated in Section 1.3. Theorem 1.19 on scaling limit of the typical tables and the MLEs is
proved in Section 6. The results on the phase diagram of tame margins stated in Section 1.5 are
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proved in Section 7. In Section 8, we establish Theorem 1.25 on the linear convergence of the gen-
eralized Sinkhorn algorithm (1.26) for computing the MLEs. In Section 9, we prove the results on
the marginal distribution, scaling limit in the cut norm, and empirical singular value distribution
stated in Section 1.7. Lastly in Section 10, we provide concluding remarks and discuss some open
problems.

2. BACKGROUND, DISCUSSIONS, AND CONJECTURES

Large random matrices conditioned on margins have rich connection to diverse problems such
as the static Schrödinger bridge, matrix scaling, relative entropy minimization, enumeration of
contingency tables, random graphs with given degree sequences, and spectral distribution of in-
homogeneous Wishart matrices. We will review some relevant background and how our results fit
in different contexts.

2.1. Typical table, static Schrödinger bridge, and matrix scaling. A central optimization prob-
lem in this work is the typical table problem described in (1.7), which can be viewed as a special
instance of the discrete f -divergence static Schrödinger bridge. For a fixed convex function f , the
f -divergence of a probability measure H from a measure R on the same probability space is

D f (H ‖R) :=
∫

f

(
dH

dR

)
dR if H ¿R and ∞ otherwise,

where dH
dR denotes the Radon-Nikodym derivative of H w.r.t. R, “¿” denotes absolute continuity

between measures. Suppose we have a measure R representing our prior knowledge on the joint
behavior of two random variables, say X1 and X2. Consider finding the joint probability distribu-
tion H minimizing the f -divergence from R with marginal distributions µ1 and µ2:

min
H

D f (H ‖R) subject to H ∈Π(µ1,µ2),(2.1)

where Π(µ1,µ2) denotes the set of all joint probability measures that have marginal distributions
µ1 and µ2. The solution of the above problem is called the f -divergence static Schrödinger bridge
(SSB) between densities µ1 and µ2 with respect to R. The f -divergence D f becomes the KL-
divergence DK L when f (x) = x log x. In this case, (2.1) becomes the classical SSB (see, e.g., [For40,
PTT21]). SSBs with general f -divergence have been studied more recently [CDPS17, LM22, TGS22].

Now consider the following discrete setting where the reference measure R lives on the integer
lattice [m]× [n] and the marginal distributions µ1 and µ2 live on [m] and [n], respectively. Writing
(2.1) as an optimization problem involving the Radon-Nikodym derivative X = (xi j ) = dH

dR ∈Rm×n ,

min
X∈T (r,c)

∑
i , j

f (xi j )R(i , j ) s.t.
n∑

j=1
xi j R(i , j ) =µ1(i ),

m∑
i=1

xi j R(i , j ) =µ2( j ) ∀i , j .(2.2)

In particular, the typical table Z r,c in (6.8) is the SSB between the row and column margins w.r.t.
the uniform prior measure R and divergence f (·) = D(µϕ(·)‖µ). Also, choosing µ to be the Poisson
measure reduces (2.2) to the KL-divergence SSB problem between the row and column margin
w.r.t. R (see Ex. 3.2 for more details). In a similar manner, if one takes R to be the Lebesgue
measure on [0,1]2 in (2.1) and parameterize the measure H by dH

dR as before, then it reduces to a
continuum version of the typical table problem that we define in Section 6.2 (see (6.8)).

Another problem that is closely related to our typical table problem is the classical matrix scal-
ing [Sin64]. Given a matrix R, can one find diagonal matrices D1 and D2 such that S = D1RD2 has
margin (r,c)? It is well-known that such a rescaled matrix S minimizes the KL-divergence DK L(·‖R)
among all matrices in T (r,c). It is not hard to see that the entrywise ‘Radon-Nikodym derivative’
X = S/R solves (2.2) with µ Poisson and R = R (see [Ide16] for a recent review on matrix scaling).
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The duality between the typical table and the MLE in Theorem 1.7 bears a striking resemblance
to the duality between KL-divergence SSBs and Schrödinger potentials (see, e.g., [Léo13, NW22],
[Nut21, Thm. 2.1, 3.2], and [Csi75, Sec. 3 (B)]). Namely, for the KL-divergence SSB, there exist
functions α,β, known as the Schrödinger potentials, that characterize the SSB as:

dH

dR
(x, y) = exp(α(x)+β(y)) R-a.s.,(2.3)

which may be compared to the characterization of the typical table Z r,c = ψ′(α⊕β) in Theorem
1.7. The Schrödinger potentials solve the following Kantorovich dual problem:

sup
α,β

(∫
α(x)dµ1(x)+

∫
β(y)dµ2(y)−

Ï
exp(α(x)+β(y))dR(x, y)

)
,(2.4)

which is reminiscent of our MLE problem (1.6). Also, the MLE equations (4.2) correspond to the
Schrödinger equations determining the Schrödinger potentials. The shift-invariance of the MLEs
in (4.1) corresponds to that for the Schrödinger potentials (see, e.g., [Nut21, Lem. 2.11]).

2.2. Sinkhorn algorithm and entropic optimal transport. Notice that the log-likelihood function
g r,c(α,β) in (1.6) is concave since ψ is strictly convex. It is not however strictly concave since its
value is invariant under adding a constant to α and subtracting the same constant to β. A natural
algorithm for maximizing a concave function in two blocks of variables is alternating maximiza-
tion, which is also known as block nonlinear Gauss-Seidel [Ber97, BT13]:{

βk ← argmaxβ∈Rn g r,c(αk−1,β),

αk ← argmaxα∈Rm g r,c(α,βk ).
(2.5)

The log-likelihood function g r,c(·, ·) is strictly concave in each block coordinate, so each block max-
imization problem in (2.5) reduces to finding the unique stationary points. Hence (2.5) is equiva-
lent to the generalized Sinkhorn algorithm (1.26) we stated in Section 1.

Our algorithm (1.26) is closely related to the celebrated Sinkhorn’s algorithm for matrix scal-
ing and computing Schrödinger potentials [FL89, Cut13]. This algorithm iteratively computes the
Schrödinger potentials for the discrete SSB (2.2) with the KL-divergence asFor 1 ≤ i ≤ n, βk ( j ) ← log

(
c( j )

/∑m
i=1 exp(αk−1(i ))R(i , j )

)
,

For 1 ≤ i ≤ m, αk (i ) ← log
(
r(i )

/∑n
j=1 exp(βk ( j ))R(i , j )

)
.

(2.6)

One can derive the above algorithm naturally by applying the alternating maximization procedure
to the discrete instance of the Kantorovich dual (2.4). To see the connection with our algorithm
(1.26), recall that the divergence D(µϕ(·)‖µ) reduces to the KL-divergence when µ = Poisson(1).
In fact, in this case ψ′(x) = ex so we have ψ′(α+β) =ψ′(α)ψ′(β). This separability simplifies our
algorithm (1.26) as (2.6) with R(i , j ) ≡ 1. However, for general base measure µ, the iterates in
(1.26) does not admit closed-form expressions and hence need to be computed implicitly (e.g., by
zero-finding algorithms).

Sinkhorn’s algorithm has been extensively studied for a particular instance of the KL-divergence
Schrödinger bridge with prior R taken to be the Gibbs kernel e−c(x,y)/εµ1(d x)⊗dµ2(d y), where c
is a cost function and ε> 0 is the entropic regularization parameter. In this case, it reduces to the
celebrated entropic optimal transport problem [Vil21]

min
H ∈Π(µ1,µ2)

∫
c(x, y)H (d x,d y)+εDK L(H ‖µ1 ⊗µ2).

The classical case with quadratic cost is when we set c(x, y) = (x−y)2. The corresponding Sinkhorn
algorithm in the discrete case is given by (2.6) with both exp(αk−1(i )) and exp(βk ( j )) multiplied
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by R(i , j ). Franklin and Lorenz showed that the convergence rate of the Sinkhorn in this case is
exponential (linear in the log scale) in the space of margins endowed with Hilbert’s projective met-
ric [FL89]. A similar result was obtained for the continuous setting by Chen and Pavon [CGP16].
Rüschendorf [Rus95] established asymptotic convergence of the Sinkhorn algorithm in the contin-
uous case from the perspective of information projection. Marino and Gerolin [MG20] extended
a similar result to the multi-marginal case. Carlier [Car22] established linear convergence of the
multi-marginal Sinkhorn algorithm in the Euclidean metric.

All of the convergence results mentioned above concern the KL-divergence (i.e., Poisson base
measure) and the analysis heavily relies on the explicit form of the Sinkhorn iterates, which is not
available for general divergences. There are some recent results on asymptotic convergence of the
Sinkhorn algorithm for entropic optimal transport with general divergences (e.g., [TGS22, LM22]).
Our Theorem 1.25 establishes non-asymptotic linear convergence of the generalized Sinkhorn al-
gorithm (1.26) for general base measures.

2.3. Relative entropy minimization and typical tables. The definition of the typical table (Def.
1.6) arises naturally from the classical ‘least-action principle’. For our context, it roughly says that
the conditioned random matrix in (1.2) should have the ‘least-action distribution’ that minimizes
the relative entropy from the base measure constrained on the expected margins being (r,c). More
precisely, consider the following relative entropy minimization problem:

min
H ∈P m×n

DK L(H ‖R) subject to EX∼H [(r (X ),c(X ))] = (r,c),(2.7)

where P m×n denotes the set of all probability measures on Rm×n . This is a matrix version of the
standard relative entropy minimization with first moment constraints, which is also an instance
of the information projection [Csi75].

Interestingly, it turns out that the variational problem in (2.7) is equivalent to our typical ta-
ble problem (1.7) when R = µ⊗(m×n) is a probability measure. Namely, the optimal probability
measure H solving (2.7) is the following product measure

H =⊗
i , j

µϕ(zi j ),(2.8)

where Z r,c = (zi j ) is the typical table for margin (r,c). To see this, notice that (2.7) can be thought of

as an optimization problem involving the Radon-Nikodym derivative h = dH (x)
dR(x) : Rm×n → [0,∞).

By setting the functional derivative of the corresponding Lagrangian equal to zero, we find

logh(x) ∝∑
i , j

(αi +β j )xi j R-a.s.

where αi and β j are the Lagrange multipliers corresponding to the constraints on the expectation
of the i th row and the j th column sums. Thus, the optimal probability measure H solving (2.7)
is a joint exponential tilting of the base distribution R. When µ is a probability measure on R and
R =µ⊗(m×n), then the joint tilting of R is the product of entrywise tilts ofµ. Thus we can write H =⊗

i , j µθi j , where θi j is the unknown tilting parameter for each entry (i , j ). Hence reparameterizing
exponential tilting by the mean after the tilt, we deduce (2.8) via

(2.7) ⇐⇒ min
X=(xi j )∈T (r,c)

DK L

(⊗
i , j

µϕ(xi j )

∥∥∥µ⊗(m×n)

)
= (1.7).

Information projection arises naturally as the rate function in the theory of large deviations
(e.g., Sanov’s theorem [San61]). Also, Csiszár’s conditional limit theorem [Csi84, Thm. 1] states
that i.i.d. samples under the condition that the joint empirical distribution satisfying a convex
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constraint are asymptotically ‘quasi-independent’ (see [Csi84, Def. 2.1]) under the common dis-
tribution that solves the corresponding information projection problem.

Our main question (1.2) considers a similar problem of conditioning the joint distribution of a
collection of mn i.i.d. random variables, where we first arrange them to form an m×n random ma-
trix and then condition on its row/column sums. The variables after conditioning on the margin
are not exchangeable unless m = n and the row/column sums are constant. Hence, in the gen-
eral case, one should not expect that the entries of the margin-constrained random matrix follow
asymptotically some common law as in Csiszár’s conditional limit theorem. However, our trans-
ference principles (Sec. 1.3) bear some similarity in that the conditioned joint distribution of all
entries is close to the random matrix ensemble with independent entries given by the information
projection (2.7). Also, our dual formulation via maximum likelihood estimation is related to the
Fenchel dual approach for information projection [BD95].

2.4. Contingency tables and phase transition. Contingency tables are m×n matrices of nonneg-
ative integer entries with prescribed margins with row sums r = (r1, · · · ,rm) and columns sums
c = (c1, · · · ,cn), whereby CT(r,c) we denote the set of all such tables. They are fundamental ob-
jects in statistics for studying dependence structure between two or more variables and also cor-
respond to bipartite multi-graphs with given degrees and play an important role in combinatorics
and graph theory, see e.g. see e.g. [Bar09, DG95, DS98]. In the combinatorics literature, count-
ing the number |CT(r,c)| of contingency tables has been extensively studied in the past decades
[Bar09, BLSY10, CM07, CM10, BH12, LP22]. In the statistics literature, sampling a random con-
tingency table has been heavily investigated, mostly by using rejection-sampling type methods
[Sni91, CDHL05, Ver08, Wan20] or Markov-chain Monte Carlo methods [BC89, DG95, Wan20].
These problems are closely related to each other and have many connections and applications
to other fields [BLP23] (e.g., testing hypothesis on the co-occurrence of species in ecology [CS79]).

A historic guiding principle to analyzing large contingency tables is the independent heuristic
(IH), which was introduced by I. J. Good as far back as in 1950 [Goo50]. The heuristic suggests
that for a uniformly random table with the given total sum, the row sum and the column sum con-
straints should act asymptotically independently as the size of the table grows to infinity. In terms
of the enumeration problem, IH yields a simple analytic formula for |CT(r,c)|, say |IH(r,c)|, which
has been verified rigorously to be asymptotically correct when the margins are constant or have
a bounded ratio close to one [CM10]. However, in 2009, Barvinok showed that for a sequence of
cloned margins (see Ex. 1.9), the row and column constraints have asymptotic positive correlation
and that |CT(r,c)| is exponentially larger than |IH(r,c)| [Bar09].

In 2010, Barvinok and Hartigan introduced the method of maximum entropy [BH10] for esti-
mating the volume of the transportation polytope and the number of integer matrices inside, with
subsequent development of the ‘typical table’ method by Barvinok [Bar10a, Bar10b]. These works
revolutionized the analysis of large contingency tables and have inspired this work substantially.
The key idea is that a uniformly random contingency table with margins (r,c) can be approxi-
mated by the maximum entropy matrix, which maximizes a specific entropy function over the
transportation polytope T (r,c). Good’s IH is closely related to this maximum entropy approach,
except that the entropy is related to that of Poisson distributions [Goo63]. The maximum entropy
method treats the entries of random contingency tables as independent Bernoulli or geometric
random variables for 0-1 and unbounded tables, respectively. This corresponds precisely to the
optimization problem (1.7) for our typical tables with Bernoulli and counting base measures.

In [Bar10b], Barvinok observed that there is a drastic change in the typical tables for n×n sym-
metric margins r = c = (λn,n, . . . ,n) between λ= 2 and λ= 3. Namely, as n →∞, the typical tables
forλ= 2 stay uniformly bounded (δ-tame) but the (1,1) entry blows up (non-tame) forλ= 3. Based
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on this observation, he conjectured that there is a sharp phase transition in the behavior of the typ-
ical table somewhere between λ= 2 and 3 and that the uniformly random contingency table also
exhibits a phase transition behavior. This conjecture was established by Dittmer, Lyu, and Pak
in [DP18] except that the behavior of the random contingency table was established for Barvinok
margins with a growing number of the larger value λn. They identified that the phase transition
occurs at the critical ratio 1+p

2 and the asymptotic distribution of the uniformly random con-
tingency table is geometric whose mean equals the corresponding entry in the typical table. Our
Corollaries 1.21 and 1.23 and Theorem 1.27 generalize these results (see also Rmk. 1.28).

2.5. Empirical spectral distribution of random matrices with given margin. In comparison to
the vast literature on the empirical spectral distribution of various random matrix ensembles,
there has not been much work for random matrices with i.i.d. entries conditioned on margins
and existing works only consider constant margins. In 2010 (published in 2014) Chatterjee, Dia-
conis, and Sly [CDS14] established the limiting ESD of large n ×n uniformly random doubly sto-
chastic matrices (nonnegative entries with rows and columns summing to one) is the Marchenko-
Pastur quarter-circle law. Adopting their approach with an additional combinatorial argument,
Wu [Wu23] recently obtained the quarter-circle law for the empirical singular value distribution
of the uniformly random contingency tables with constant linear margins. These works utilize an
elementary form of the transference principle by comparing the corresponding random matrices
to the ones with i.i.d. entries from the exponential and the geometric distributions with mean 1.

Our Corollary 1.34 establishes that the same quarter-circle law is universal for random matrices
with sub-Gaussian entries conditioned to have constant linear margins. However, our result does
not directly imply the two earlier results since the entry-wise distributions there after tilting (expo-
nential and geometric, respectively) have only sub-exponential tails. The authors of the aforemen-
tioned works overcome super-exponential transference costs by first showing that the maximum
of the margin-conditioned random matrices behaves as that of the corresponding comparison
models with i.i.d. entries, so the support of the entries can be truncated to [0,C logn] with high
probability. Then one can apply the sub-Gaussian concentration of ESD for bounded entries in
[GZ00] based on Talagand’s inequality (see, e.g., [Tal96, Thm. 6.6]). We conjecture that the behav-
ior of the maximum entry should remain the same for general base measures and δ-tame margins
replacing constant linear margins:

Conjecture 2.1. Let (r,c) be a (m×n)δ-tame margin and let X ∼λr,c. Then maxi j Xi j ≤C log(m+n)
with high probability for some constant C =C (µ,δ) > 0.

The authors in [CDS14, Wu23] showed Conjecture 2.1 for constant linear margins for base mea-
sures Leb(R≥0) and Counting(Z≥0) by appealing to a precise volume estimate for the transporta-
tion polytope in Canfield and McCay [CM07] and Barvinok [Bar09], respectively. This approach
does not seem to generalize well to the broader class of base measures µ and non-uniform δ-tame
margins. However, at least for the classical Lebesgue or counting base measure cases, we suspect
that the above conjecture can be addressed by existing combinatorial techniques, especially when
the margin has a small number of blocks.

Our Theorem 1.33 characterizes the limiting ESD for random matrices with i.i.d. sug-Gaussian
entries conditioned to have general δ-tame margins. We conjecture that the sub-Gaussianity as-
sumption in Theorem 1.33 (ii) is not necessary.

Conjecture 2.2. Theorem 1.33 (ii) holds without µ being sub-Gaussian.

One way to address this conjecture is to establish Conjecture 2.1 and use a similar truncation ar-
gument as in [CDS14] with our Theorem 1.33 (i).
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The authors of [CDS14] conjectured that for the uniformly random doubly stochastic matrices,
the limiting empirical eigenvalue distribution is the circular law. This conjecture was established
by Ngyuen [Ngu14]. We conjecture that the same holds for constant linear margins universally for
arbitrary base measure µ that satisfies the hypothesis of Corollary 1.34.

Conjecture 2.3. Under the same setting as in Corollary 1.34, the empirical eigenvalue distribution
of X̃n = (2ψ′′(ϕ(a))n)−1/2(X −a11>) converges weakly to the circular law in probability.

2.6. Random graphs with given degree sequence. Many scientific applications naturally prompt
the investigation of graphs with specific topological constraints, such as a fixed number of edges,
triangles, and so forth [YW09, DGKTB10, ODCdS+15]. As the degree sequence is one of the most
fundamental observables in network science, the study of random graphs with a given degree se-
quence has been a major topic in the field in the last decades [MR95, MR98, CL02, CG08, BH13].

We mention two seminal works on this topic. Diaconis, Chatterjee, and Sly [CDS11] and Barvi-
nok and Hartigan [BH13], taking statistical and combinatorial perspectives, respectively. Under
a certain condition on the convergent sequence of degree sequences, the authors of [CDS11]
showed that uniformly random graphs with a given degree sequence converge almost surely to
a limiting graphon in the cut metric and also identified the limit. The limiting graphon is the
limit of the expectation of an underlying maximum likelihood inhomogeneous statistical model
for random graphs known as the ‘β-model’. Similar results were obtained by Barvinok and Har-
tigan [BH13] from the combinatorial perspective. Their key observation was that the adjacency
matrix of a large random graph with a given degree sequence concentrates around a ‘maximum
entropy matrix’, which corresponds to the notion of typical tables for contingency tables [Bar10b].
Our present work generalizes and leverages both of these statistical and combinatorial perspec-
tives. In particular, our Theorem 1.7 shows that these two approaches are in fact in a strong duality.

2.7. Tame margins and the Erdős-Gallai (EG) condition. For a sequence of nonnegative integers
d1 ≤ ·· · ≤ dn , the necessary and sufficient condition for this sequence to represent the degree
sequence of a simple graph with n nodes is given by the Erdős-Gallai (EG) condition [EG60]:

min
1≤k≤n

(
k(k −1)+

n∑
i=k+1

di ∧k −
k∑

i=1
di

)
≥ 0.(2.9)

Chatterjee, Diaconis, and Sly [CDS11] assumed the limiting continuum degree distribution satis-
fies a continuous analog of the EG condition, ensuring the maximum likelihood estimate (MLE)
of the underlying inhomogeneous random graph model remains uniformly bounded. Barvinok
and Hartigan [BH13] instead assumed the degree sequence is δ-tame, meaning that the typical ta-
bles stay uniformly away from boundary values 0 and 1. The same notion of δ-tameness with the
counting base measure is also crucial for obtaining asymptotic formulas for the number of con-
tingency tables with unbounded nonnegative integer entries [BLSY10]. These two hypotheses of
boundedness of the MLEs and the typical tables are equivalent to our notion of δ-tameness (Def.
1.8) due to the strong duality relation Z r,c =ψ′(α⊕β) in Theorem 1.7.

Our Theorems 1.20 and 1.24 are closely related to the EG condition (2.9) above. Note that if
(A,B) = (0,1), then the inequality (1.21) in Theorem 1.20 determining the phase diagram becomes
(s + t )2 < 4s. Also, specializing the EG condition for n sufficiently large for the linear degree se-
quence with two values sn and tn, one obtains (s+ t )2 ≤ 4s. In fact, Barvinok and Hartigan [BH13,
Thm. 2.1] showed that the strict inequality here implies uniform tameness of a degree sequence,
which corresponds to the special case of our Theorem 1.20 with µ = Uniform({0,1}) restricted to
symmetric margins.
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In 2011, Chatterjee, Diagonis, and Sly [CDS11, Lem 4.1] showed that if a degree sequence is
quadratically deep inside the EG-polytope in the sense of (1.25), then the corresponding MLE
for the β-model is uniformly bounded. They furthermore conjectured that this condition is also
equivalent to the δ-tameness in Barvinok and Hartigan [BH13]. Our Theorem 1.24 on symmet-
ric margins (together with Theorem 1.7) establishes this conjecture not just for the Bernoulli base
measure, but also for any base measures with bounded support. It would be interesting to obtain
an analogous characterization of δ-tameness for general asymmetric margins.

3. EXAMPLES

In this section, we discuss various examples of our framework. The first two examples with the
Gaussian and the Poisson base measure are ‘exactly solvable’ in that the conditional law and the
typical table can be expressed as an explicit function of the margins.

Example 3.1 (Gaussian base measure). Fix an m ×n margin (r,c). Suppose the base measure µ is

the standard Gaussian distribution on R, given by µ(d x) = e−x2/2p
2π

d x. In this case, we have

Θ=R, (A,B) =R, ψ(θ) = θ2

2
, ψ′(θ) = θ, ϕ(x) = x.

The function ψ′′(θ) = 1 is increasing and log-convex. The titled measure µθ is just a Gaussian
distribution with mean θ and variance 1. Also, the function D(µϕ(x)‖µ) defined in (1.7) is

D(µϕ(x)‖µ) = xϕ(x)−ψ(ϕ(x)) = x2

2
.

This is the KL-divergence from the standard normal N (0,1) to shifted normal N (x,1). The typical
table Z r,c = (zi j ) that uniquely solves (1.7) in this case is given by

zi j = r(i )

n
+ c( j )

m
− N

mn
for all i ∈ [m] and j ∈ [n].(3.1)

In particular, the margin (r,c) is δ-tame for a prespecified constant δ> 0 if and only if

−δ−1 ≤ r(i )

n
+ c( j )

m
− N

mn
≤ δ−1 for all i ∈ [m] and j ∈ [n].

Thus in this case the set of all δ-tame margins is a convex polytope.
Note that X ∼λr,c is distributed according to a degenerate Gaussian distribution on Rm×n sup-

ported on the transportation polytope T (r,c) satisfying

E[X ] = Z r,c, Cov(Xi j , Xkℓ) =


(m−1)(n−1)

mn if i = k, j = ℓ,

−n−1
mn if i 6= k, j = ℓ,

−m−1
mn if i = k, j 6= ℓ,

1
mn if i 6= j ,k 6= ℓ.

One can see that the entries of X after conditioning on the margin are asymptotically indepen-
dent. Also, the correlation between two distinct entries is negative if they belong to the same
row/column and positive otherwise. Finally, note that the maximum likelihood tilted model Y in
the Gaussian case has the law of X + Z r,c, which has the same conditional law as X given their
margins as (r,c). ▲
Example 3.2 (Poisson base measure). Suppose the base measure µ is the Poisson measure on
N∪ {0} given by µ(k) = 1

k ! for k ∈Z≥0. In this case, we have

Θ=R, (A,B) = (0,∞), ψ(θ) = eθ, ψ′(θ) = eθ, ϕ(x) = log x.
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Note that ψ′′(θ) = eθ is increasing and log-convex. The function D(µϕ(x)‖µ) defined in (1.7) is

D(µϕ(x)‖µ) = xϕ(x)−ψ(ϕ(x)) = x log x −x.

Noting that for any matrix X = (xi j ) with margin (r,c) the total sum
∑

i , j xi j is constant and equals
to N =∑m

i=1 r(i ) =∑n
j=1 c( j ), the typical table problem in (1.7) reduces to

argmin
X∈T (r,c)∩(0,∞)m×n

∑
i , j

xi j log xi j .(3.2)

Notice that (3.2) is an instance of discrete Schrödinger bridge problem (2.2) with uniform prior
measure R(i , j ) ≡ 1/mn.

Since ψ′(θ) = eθ, the typical table Z r,c = (zi j ) that uniquely solves (3.2) takes the following form

zi j = eα(i )+β( j ) for all i ∈ [m] and j ∈ [n]

for some dual variables (Schrödinger potentials, see (2.3)) α,β. Invoking the margin condition
Z r,c ∈T (r,c), we find that the typical table is precisely the Fisher-Yates table

zi j = r(i )c( j )

N
for all i ∈ [m] and j ∈ [n].(3.3)

In [Goo63], Good referred the typical table above as the ‘independence table’ and observed that it
maximizes the entropy function

∑
i , j

xi j

N log N
xi j

subject to the margin constraint, which is equiva-

lent to (3.2) since
∑

i , j xi j = N for matrices in the polytope T (r,c).
The Poisson case is exactly solvable in the sense the margin-conditioned Poisson matrix X ∼λr,c

follows the multivariate hypergeometric (Fisher-Yates) distribution

P(X = x) =
∏m

i=1 r(i )!
∏n

j=1 c( j )!

N !
∏m

i=1

∏n
j=1 xi j !

(3.4)

for x ∈ T (r,c)∩Zm×n
≥0 . This fact holds for a more general model of independence in the statistic

literature [DS98], where X has independent Poisson entries Xi j with mean pi q j for some pi , q j ≥
0. Together with (3.3), it follows that the conditional expectation of X is exactly the typical table:

E[X ] = (
r(i )c( j )/N

)
i , j = Z r,c.

In [Bar10b, p.5], Barbinok wrote that “It looks plausible that the independence table in (3.3) is
close with high probability to the random contingency table X ∈ T (r,c) if it was sampled from the
Fisher-Yates distribution (3.4) instead of the uniform distribution.” Our Theorem 1.32 specialized
to µ= Poisson(1) confirms this speculation. ▲
Example 3.3 (Binomial base measure). Suppose the base measure µ is the Binomial distribution
with parameters (B , 1

2 ), given by µ(i ) = (B
i

)
2−B for i ∈ {0,1, · · · ,B}. For any θ ∈ R, the measure µθ is

the Binomial distribution with parameters
(
B , eθ

1+eθ

)
. We also have

Θ=R, (A,B) = (0,B), ψ(θ) = B log
1+eθ

2
, ψ′(θ) = Beθ

1+eθ
, ϕ(x) = log

x

B −x
.

In this case the function f (x) = D(µϕ(x)‖µ) defined in (1.7) is

f (x) = xϕ(x)−ψ(ϕ(x)) = x log x + (B −x) log(B −x)+B log
2

B
.

The typical table Z r,c = (zi j ) that uniquely solves (1.7) is given by

zi j = B

e−α(i )−β( j ) +1
, i ∈ [m], j ∈ [n],

where α,β depend on (r,c) implicitly so as to satisfy Z r,c ∈T (r,c).
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In particular, taking B = 1 we get the Bernoulli base measure, which was studied using the max-
imum entropy principle in Barvinok and Hartigan [BH10]. Note that the function f above (up to
a constant) is the negative entropy of the Binomial distribution with mean x. Hence the typical
table in this case is the mean of the Binomal random matrix with independent entries maximizing
the entropy within the transportation polytope T (r,c).

Unlike the Gaussian and the Poisson case, with the above information alone it is not clear how
X ∼λr,c would look like. Our Theorem 1.14 states that X can be approximated by a random matrix
Y with independent Binomial entries with mean E[Y ] = Z r,c. ▲

Example 3.4 (Counting base measure). Suppose the base measure µ is counting measure on Z≥0,
given by µ(i ) = 1 for i ∈Z≥0. In this case, for any θ ∈Θ◦, the measure µθ is a Geometric distribution
with parameter p = 1−eθ. Also we have

Θ= (−∞,0), (A,B) = (0,∞), ψ(θ) =− log(1−eθ), ψ′(θ) = eθ

1−eθ
, ϕ(x) =− log(1+x−1).

Note that ψ′′(θ) = eθ(1− eθ)2 is increasing and log-convex on Θ. The function f (x) = D(µϕ(x)‖µ)
defined in (1.7) is

f (x) = xϕ(x)−ψ(ϕ(x)) = x log x − (1+x) log(1+x)

for x ∈ (0,∞). The typical table Z r,c = (zi j ) that uniquely solves (1.7) with this f is given by

zi j = 1

e−α(i )−β( j ) −1
, i ∈ [m], j ∈ [n],

where α,β depend on (r,c) implicitly so as to satisfy Z r,c ∈T (r,c). Recall that f (x) is defined to be
the relative entropy from the base measure µ to the geometric distribution µϕ(x) on {0,1, . . . } with
mean x. Since the base measure µ is the counting measure, it coincides with the negative entropy
of µϕ(x). Hence our definition of the typical table in this case coincides with that of Barvinok and
Hartigan [BH10] formulated through the maximum entropy principle.

Clearly, X ∼ λr,c is uniformly distributed over the set T (r,c)∩Zm×n
≥0 of all nonnegative inter-

valued contingency tables with margin (r,c). Our Theorem 1.13 states that X can be approxi-
mated by a random matrix Y with independent geometric entries with mean E[Y ] = Z r,c. Also,
our Theorem 1.32 shows that X is very close to the deterministic matrix Z r,c in cut norm with
high probability as long as the margin is δ-tame for some δ > 0. This is warranted if the ratios
between the extreme values in the row/column sums are strictly less than the critical threshold
λc = 1+

p
1+ s−1, where s > 0 is a constant lower bounding the linearly rescaled row and column

sums (see Cor. 1.23). ▲

Example 3.5 (Negative binomial base measure). Suppose the base measure µ puts the mass µ(i ) =(r+i−1
i

)
, for i ∈ Z≥0. Here r is a positive integer, which, following standard negative binomial ter-

minology, can be thought of as the number of heads/successes r , and µ(i ) is the number of ways
one can get i tails/failures before getting r heads/successes. We note that this µ is the r -fold con-
volution of the counting measure on Z≥0. In this case, we have

Θ= (−∞,0), (A,B) = (0,∞), ψ(θ) =−r log(1−eθ), ψ′(θ) = r eθ

1−eθ
, ϕ(x) =− log

(
1+ r

x

)
.

Also ψ′′(θ) = r eθ(1− eθ)2 is increasing and log-convex on Θ. The tilted measure µθ is a negative
binomial distribution with parameters (r, p = 1− eθ). The function f (x) = D(µϕ(x)‖µ) defined in
(1.7) is just f (x) =−(x+r ) log(x+r )+x log x+r logr , which is the entropy of the negative binomial
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distribution with mean x. The the typical table Z r,c = (zi j ) that uniquely solves (1.7) with this f is
given by

zi j = r

e−α(i )−β( j ) −1
, i ∈ [m], j ∈ [n],

where α,β depend on (r,c) implicitly so as to satisfy Z r,c ∈T (r,c).
Our Theorem 1.14 states that X ∼λr,c can be approximated by a random matrix Y with negative

binomial entries with mean E[Y ] = Z r,c. Our Theorem 1.32 yields that X is very close to the typical
table Z r,c in cut norm with high probability as long as the margin is δ-tame for some δ > 0. Note
that the threshold for δ-tameness now becomes λc = 1+

p
1+ r s−1 (see Cor. 1.23). ▲

Example 3.6 (Lebesgue base measure on positive reals). Suppose the base measure µ is Lebesgue
measure on (0,∞), given by µ(d x) = d x. In this case, for any θ < 0, the measure µθ is the Exponen-
tial distribution with mean − 1

θ . We also have

Θ= (−∞,0), (A,B) = (0,∞), ψ(θ) =− log(−θ), ψ′(θ) =−1

θ
, ϕ(x) =−1

x
.

Note that ψ′′(θ) = θ−2 is increasing and log-convex on Θ. The function f (x) = D(µϕ(x)‖µ) defined
in (1.7) is just f (x) =−1− log x, which is the negative entropy of the exponential distribution with
mean x. The the typical table Z r,c = (zi j ) that uniquely solves (1.7) with this f is given by

zi j = −1

α(i )+β( j )
, i ∈ [m], j ∈ [n],(3.5)

where α,β depend on (r,c) implicitly so as to sayisfy Z r,c ∈ T (r,c). The typical table Z r,c is also
known as the analytic center of T (r,c)∩Rm×n

≥0 , which uniquely maximizes the product of the co-
ordinates over the polytope. It has served a central role in the development of interior point meth-
ods, see [Ren88].

Our Theorem 1.13 states that X ∼λr,c can be approximated by a random matrix Y with indepen-
dent exponential entries with mean E[Y ] = Z r,c. Chatterjee, Diaconis, and Sly [CDS14] analyzed
large uniformly random doubly stochastic matrices, which is the special case of the Lebesgue base
measure with constant margin r = c = n1n and exact margin condition ρ = 0. In this case, the max-
imum likelihood tilted model is simply the n ×n random matrix of i.i.d. exponential entries with
mean one and the typical table is 1n1>

n . ▲
Example 3.7 (Gamma distribution). Suppose the base measure µ has Gamma density µ(d x) =
e−ax xγ−11(x > 0)d x with rate parameter a ≥ 0 and shape parameter γ > 0. This measure entails
several special cases. Taking a = 1/2 and γ = k/2 for k ≥ 1 an integer, µ becomes χ2-distribution
with k degrees of freedom. Also, taking a = 0 and γ = k, µ becomes the k-fold convolution of the
Lebesgue measure on R≥0. In particular, it becomes the Lebesgue measure on R≥0 when a = 0 and
γ = 1. For any θ < a, the tilted measure µθ is the Gamma distribution with parameters (a −θ,γ).
Also, we have

Θ= (−∞, a), (A,B) = (0,∞), ψ(θ) = logΓ(γ)−γ log(a −θ), ψ′(θ) = γ

a −θ
, ϕ(x) = a − γ

x
.

Note that ψ′′(θ) = γ(a −θ)−2 is increasing and log-convex on Θ. The function f (x) = D(µϕ(x)‖µ)
defined in (1.7) is f (x) = ax−γ+ logΓ(γ)−γ log(x/γ), which is the negative entropy of the Gamma
distribution with mean x and shape parameter γ. The typical table Z r,c = (zi j ) that uniquely solves
(1.7) with this f is given by

zi j = γ

a − (α(i )+β( j ))
, i ∈ [m], j ∈ [n],

where α,β depend on (r,c) implicitly so as to satisfy Z r,c ∈T (r,c).
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Our Theorem 1.14 states that X ∼ λr,c can be approximated by a random matrix Y with inde-
pendent Gamma entries with mean E[Y ] = Z r,c. Our Theorem 1.32 shows that it is very close to
the deterministic matrix Z r,c in cut norm with high probability as long as the margin is δ-tame for
some δ> 0. This is warranted if the ratios between the extreme values in the row/column sums are
strictly less than the critical threshold λc = 2 regardless of the shape parameter γ (see Cor. 1.23). ▲

Example 3.8 (Laplace base measure). Suppose the base measure is the Laplace measure with
mean 0 and scale parameter b = 1, which has a density on R with respect to the Lebesgue mea-
sure given by µ(d x) = 1

2 exp(−|x|)d x. In this case, we have

Θ= (−1,1), (A,B) =R, ψ(θ) =− log(1−θ2), ψ′(θ) = 2θ

1−θ2 , ϕ(x) = x

1+
p

1+x2

In this case the function f (x) = D(µϕ(x)‖µ) defined in (1.7) is just f (x) = (x+k)/2− k
2 log x+ k

2 logk.
The typical table Z r,c = (zi j ) that uniquely solves (1.7) with this f is given by

zi j = 2(α(i )+β( j ))

1− (α(i )+β( j ))2 , i ∈ [m], j ∈ [n],

where α,β depend on (r,c) implicitly so as to sayisfy Z r,c ∈T (r,c). Our Theorem 1.32 shows that
it is very close to the deterministic matrix Z r,c in cut norm with high probability as long as the
margin is δ-tame for some δ > 0. However, our Theorem 1.22 on the phase diagram for δ-tame
margins does not apply for the Laplace case since ψ′′ is not increasing. ▲

Example 3.9 (A counterexample to strong transference). Suppose µ= Uniform({0,1,
p

2}) and (r,r)
is an n×n margin with r = n1n . On the one hand, note that U ∼µ⊗(n×n) satisfies U ∈T (r,r) if and
only if Ui j ≡ 1 for all i , j . Thus, the conditioned random matrix X ∼ λr,r is almost surely the all
ones matrix 1n1>

n . On the other hand, note that the symmetric MLE is (α,α) for (r,r) is given by
α = α∗1n with α∗ = ϕ(1), where ϕ = (ψ′)−1 with ψ(x) = log((1+ exp(x)+ exp(x

p
2))/3). A direct

computation shows α∗ = log(1+2−1/2) ≈ 0.6232. Thus the deterministic matrix X = 1n1>
n cannot

be approximated by the random matrix Y with i.i.d. entries from the non-degenerate probability
distribution µα∗ . For instance, the event X = 1n1>

n occurs almost surely, but the transferred event

Y = 1n1>
n occurs with probability µα∗({1})n2 = exp(−O(n2)), where µα∗({1}) = exp(α∗−ψ′(α∗))/3 ≈

0.3532. Consequently, subsequent results about the marginal distribution of an entry and limiting
ESD based on strong transference must also not hold for X . For instance, the law of X11 is the
point mass δ1 but the law of Y11 is µα∗ with support {0,1,

p
2}. Also, X = 1n1>

n is rank one so its
limiting ESD is the point mass δ0, whereas Y ∼µα⊕α has i.i.d. entries from µα∗ , which has limiting
ESD the quarter-circle law. ▲

4. PROOF OF THE STRONG DUALITY

In this section, we prove Theorem 1.7 on the strong duality between the MLEs and the typical
tables.

First we remark that the parameters α ∈Rm and β ∈Rn in the (α,β)-model are not identifiable,
since (α,β) and (α+δ1m ,β−δ1n) generates the same distribution on Rm×n . More precisely,

(α,β)-model
d= (α′,β′)-model ⇐⇒ ∃λ ∈R s.t. α′−α≡λ≡β−β′,(4.1)

where the condition on the right states that the coordinate-wise difference vectors α′ −α and
β−β′ have a constant value of λ. The above claim is easy to verify. Since we have the total sum
condition

∑m
i=1 r(i ) =∑n

j=1 c( j ), one of the m+n linear equations that define the polytope T (r,c) is
redundant. Consequently, an MLE, even if it exists, is not unique. Thanks to this shift equivalence
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property, the standard MLE uniquely exists if an MLE exists. Also, because of the non-compactness
of the parameter space, the MLE may not even exist.

In the lemma below, we deduce a set of equations characterizing MLEs for a given margin (r,c).

Lemma 4.1 (The MLE equation). (α̂, β̂) is a solution of (1.6) if and only if
n∑

j=1
ψ′(α̂(i )+ β̂( j )) = r(i ) for i ∈ [m],

m∑
i=1

ψ′(α̂(i ))+ β̂( j )) = c( j ) for j ∈ [n],(4.2)

that is, the expected matrix ψ′(α⊕β) = Eµα+β [Y ] satisfies the margin (r,c) when (α,β) = (α̂, β̂). We
call (4.2) the MLE equation for the (α,β)-model.

Proof. The log-likelihood function g r,c in (1.6) is smooth and concave and the set of admissible
dual variables (α,β) for the MLE problem (1.6) is open. It follows that (α̂, β̂) is a global maximizer
of g r,c if and only if it is a critical point of g r,c, i.e., ∇g r,c(α̂, β̂) = 0. This holds precisely if the system
of equations (4.2) hold. □

Instead of arguing the existence of MLEs directly by solving the MLE equations, we will first
show that the typical table is uniquely defined under a mild condition and then establish equiv-
alence between typical tables and MLEs. The key advantage in analyzing the typical table first is
that the objective function H defining the usual table in (1.7) is strictly convex. To see this, denote
f (x) = D(µϕ(x)‖µ) defined in (1.8). Note that f is strictly convex since

f ′(x) =ϕ(x)+xϕ′(x)−ψ′(ϕ(x))ϕ′(x) =ϕ(x), f ′′(x) =ϕ′(x) = 1

ψ′′(ϕ(x))
= 1

Var(µϕ(x))
> 0.(4.3)

Thus the objective function H in (1.7) is strictly convex on the set T (r,c)∩ (A,B)m×n . As long as
this set it is nonempty, there is a unique minimizer of H , which is exactly the typical table Z r,c.

Lemma 4.2 (Existence and uniqueness of typical table). For an m×n margin (r,c), the typical table
Z r,c in (1.7) exists if and only if the set T (r,c)∩ (A,B)m×n is non-empty. Furthermore, the typical
table is unique if it exists.

Proof. If a typical table Z r,c exists, it belongs to the intersection T (r,c)∩ (A,B)m×n . To show the
other direction, suppose there exists some W = (wi j ) ∈T (r,c)∩ (A,B)m×n . Then there exists δ> 0
such that W ∈ [Aδ,Bδ]m×n (see Def. 1.8). Also H(W ) <∞ so infZ∈T (r,c) H(Z ) <∞. Let Z (k) be a
sequence of matrices in T (r,c)∩ (A,B)m×n satisfying

H(Z (k)) ≤ inf
Z∈T (r,c)

H(Z )+ 1

k

We begin by showing that for any i , j ,

A < liminf
k→∞

z(k)
i j ≤ limsup

k→∞
z(k)

i j < B.(4.4)

By passing to a subsequence, assume that z(k)
i j → z(∞)

i j ∈ [A,B ] for all i j , where Z (∞) = (z(∞)
i j )i j is a

(possibly) extended real-valued matrix.
For any λ ∈ [0,1] let Z (k,λ) := (1−λ)Z (k) +λW and note that Z (k,λ) ∈ T (r,c)∩ [Aλδ,Bλδ]m×n .

Hence for all sufficiently large k ≥ 1,

H(Z (k)) ≤ inf
Z∈T (r,c)∩[Aλδ,Bλδ]m×n

H(Z )+ 1

k
≤ H(Z (k,λ))+ 1

k
.

By convexity of H ,

1

kλ
≥ H(Z (k))−H(Z (k,λ))

λ
≥ 〈∇H(Z (k,λ)), Z (k) −W 〉 =∑

i , j
ϕ

(
z(k,λ)

i j

)
(z(k)

i j −wi j ),(4.5)
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where we used (4.3). Letting k →∞ followed by λ↘ 0 in (4.5) we get

0 ≥−∑
i j

ϕ(z(∞)
i j )(z(∞)

i j −wi j )

= ∑
(i , j )∈IA

ϕ(A)(A−wi j )+ ∑
(i , j )∈IB

ϕ(B)(B −wi j )+ ∑
(i , j )∈IA,B

ϕ(z(∞)
i j )(z(∞)

i j −wi j ),

where

IA := {(i , j ) : z(∞)
i j = A}, IB = {(i , j ) : z(∞)

i j = B}, IA,B := {(i , j ) : z(∞)
i j ∈ (A,B)}.

Note that IA =; if A =−∞ and ϕ(A) =−∞ if A is finite. Similarly, IB =; if B =∞ and ϕ(B) =∞ if
B is finite. Since the third term above is finite, the above equality holds only if IA =IB =;, which
gives (4.4).

Given (4.4), we have the existence of δ> 0 such that

inf
Z∈T (r,c)

H(Z ) = inf
Z∈T (r,c)∩[Aδ,Bδ]m×n

H(Z ).

The right-hand side has a minimizer since it is for minimizing a strictly convex function H(·) over
a compact set. □

Now we establish Theorem 1.7.

Proof of Theorem 1.7. We have already shown in Lemma 4.2 that Z r,c exists if and only if T (r,c)∩
(A,B)m×n is non-empty. Next, we show this set is non-empty if and only if an MLE exists. If an MLE
(α,β) exists, thenψ′(α⊕β) ∈T (r,c)∩(A,B)m×n by Lemma 4.1. Conversely, if this set is non-empty,
then Z r,c exists. From (4.3), we have ∇H(Z ) = (

ϕ(zi j )
)

i j . Since ϕ is differentiable, we can apply the

multivariate Lagrange multiplier method, to conclude the existence of dual variables α ∈ Rm and
β ∈ Rn such that ϕ(Z ) =α⊕β, or equivalently, Z =ψ′(α⊕β). Since Z satisfies the margins (r,c),
Lemma 4.1 implies that (α,β) is an MLE.

Next, we show the first two equivalences in (1.9). The first equivalence is shown in Lemma
4.1. For the second equivalence, in the paragraph above we have shown Z r,c =ψ′(α⊕β) for some
(α,β), and it has to be an MLE by Lemma 4.1 since Z r,c has margin (r,c). Conversely, suppose
there exists α,β such that Z := ψ′(α⊕β) ∈ T (r,c). We claim that Z = Z r,c. Since Z has margin
(r,c), it follows that (α,β) is an MLE for (r,c) due to Lemma 4.2. Therefore, the claim follows once
we prove the strong duality relation (1.10).

Now we show (1.10). For this, fix an MLE (α,β) and denote Z = (zi j )i j :=ψ′(α⊕β). Then since
Z ∈T (r,c) by Lemma 4.1,

H(Z ) =
m∑

i=1

n∑
j=1

(α(i )+β( j ))zi j −
∑
i , j

ψ(ϕ(zi j ))

=
m∑

i=1
α(i )

m∑
j=1

zi j +
n∑

j=1
β( j )

n∑
i=1

zi j −
∑
i , j

ψ(α(i )+β( j )) = g r,c(α,β),

where g r,c(α,β) is defined in (1.6). Thus the above yields

H(Z ) = g r,c(α,β) = sup g r,c(·, ·).

Also, from the previous part, we can write Z r,c =ψ′(α∗⊕β∗) for some MLE (α∗,β∗). It follows that

sup g r,c(·, ·) = H(ψ′(α∗⊕β∗)) = H(Z r,c) ≤ H(Z ) = g r,c(α,β) = sup g r,c(·, ·).

Thus all terms that appear above must equal, verifying (1.10). □

We conclude this section with a simple remark on the boundedness of the standard MLE.
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Remark 4.3. If (α,β) is the standard MLE for a δ-tame margin (r,c), we have

‖(α,β)‖∞ ≤ 2max{|ϕ(Aδ)|, |ϕ(Bδ)|}.(4.6)

Note that we have ϕ(Z r,c) =α⊕β and α(1) = 0. Since (r,c) is δ-tame, we get ϕ(Aδ) ≤α(i )+β( j ) ≤
ϕ(Bδ) for all i , j . Setting i = 1 and recalling that α(1) = 0, the above gives ϕ(Aδ) ≤β( j ) ≤ϕ(Bδ) for
all j . In turn, it follows that

ϕ(Aδ)−ϕ(Bδ) ≤α(i ) ≤ϕ(Bδ)−ϕ(Aδ) for all i .

This implies (4.6).

5. PROOF OF THE TRANSFERENCE PRINCIPLES

5.1. The weak transference principle. In this section, we prove the weak transference principle
stated in Theorem 1.10. To prove the second part, we need the following lemma.

Lemma 5.1 (Concentration of quadratic forms for the (α,β)-model). Let (r,c) be an m ×n δ-tame
margin and Y ∼µα⊕β, where (α,β) is an MLE for the margin (r,c). Define positive constants

L1 := min
{
ϕ(Aδ)−ϕ(Aδ/2), ϕ(Bδ/2)−ϕ(Bδ)

}
, L+ := sup

|s|≤L1

ψ′′(s).

Denote Ỹ = Y −E[Y ]. For each t > 0, x ∈ [−1,1]m , and y ∈ [−1,1]n ,

P
(
x>Ỹ y ≥ t‖x‖2‖y‖2)≤ 2exp

(
−‖x‖2‖y‖2 t (t ∧L1L2)

2L2

)
.(5.1)

Furthermore, for s ∈ [0,L1L2],

P(Y ∈Tsmn(r,c)) ≥ 1−2(3m +3n)exp

(
− s2mn

2L2

)
.(5.2)

In particular, for ρ =p
16L2mn(m +n) and if m,n ≥ 1 are large enough so that 1

m + 1
n ≤ L2

1L2/16,

P(Y ∈Tρ(r,c)) ≥ 1−2(1/3)m+n .(5.3)

Proof. We will first show (5.1). Note that if T ∼µθ, then

E[exp(s(T −E[T ]))] = exp(ψ(s +θ)−ψ(θ)− sψ′(θ)).

Write t ′ := t‖x‖2‖y‖2 and s′i j = s x(i )y( j ). For each s ≥ 0, we have

P
(
x>Ỹ y ≥ t ′

)≤ exp

(
−st ′+∑

i , j
ψ(s′i j +θi j )−ψ(θi j )− s′i jψ

′(θi j )

)
.

Denote φ(s) :=ψ(s +θ)−ψ(θ)− sψ′(θ). Then

φ′(s) =ψ′(s +θ)−ψ′(θ), φ′(0) = 0, φ′′(s) =ψ′′(s +θ) ≥ 0.

Hence φ is concave and is minimized at 0. Let Z = (zi j ) denote the typical table for (r,c). Since
(r,c) is δ-tame, by Theorem 1.7, E[Y ] = Z ∈ [Aδ,Bδ]m×n . So we have

ϕ(Aδ/2) ≤ s +ϕ(zi j ) ≤ϕ(Bδ/2)

whenever |s| ≤ L1. Hence sup|s|≤L1
|φ′′(s)| ≤ L2. Then by Taylor’s theorem,

φ(s) ≤φ(0)+φ′(0)s + L2

2
s2 = L2

2
s2 for all s ∈ [−L1,L1].

Applying the above bound for θ =ϕ(E[Yi j ]) and s = s′i j all i , j , from the previous inequality we get

P
(
x>Ỹ y ≥ t‖x‖2‖y‖2)≤ exp

(
−‖x‖2‖y‖2

(
st − L2

2
s2

))
for all s ∈ [−L1,L1],(5.4)
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where we have also used
∑

i , j x(i )2y( j )2 = ‖x‖2‖y‖2. In order to optimize the above bound, denot-
ing t̄ = t ∧L1L2, write

st − L2

2
s2 = s(t − t̄ )+

(
st̄ − L2

2
s2

)
.

The quadratic function in s in the second term of the right-hand side above is minimized at s =
t̄/L2 ∈ [−L1,L1] with minimum value t̄ 2/2L2. For this choice of s, and noting t ≥ t̄ , the above is at
least t t̄

2L2
. Hence we deduce (5.1) from (5.4).

Next, we deduce (5.2). Fix x ∈ [−1,1]m and y ∈ [−1,1]n . Substituting t = s mn
‖x‖2‖y‖2 for s ∈ [0,L1L2]

in (5.1), we get

P
(
x>Ỹ y ≥ smn

)≤ 2exp

(
− smn

2L2

(
smn

‖x‖2‖y‖2 ∧L1L2

))
≤ 2exp

(
− s2mn

2L2

)
,(5.5)

where the last inequality uses ‖x‖2 ≤ m and ‖y‖2 ≤ n. For a vector w, let w+ := w∧0 and w− :=
(−w)∧0, where minimum and maximum are applied coordinatewise. Now observe that

‖r (Ỹ )‖1 = ‖r (Ỹ )+‖1 +‖r (Ỹ )−‖1 ≤ 2 max
x∈{0,1}m

|x>Ỹ 1n | ≤ 2 max
x∈{−1,0,1}m

x>Ỹ 1n .(5.6)

Hence by using (5.5),

P (‖r (Y )− r‖1 ≥ smn) ≤
(
2 max

x∈{−1,0,1}m
x>Ỹ 1n ≥ smn

)
≤ 3m2 exp

(
− s2mn

8L2

)
.

A similar upper bound holds for ‖c(Ȳ )‖1. Thus by a union bound,

P(Y ∉Tsmn(r,c)) =P (max{‖r (Y )− r‖1, ‖c(Y )−c‖1} > smn) ≤ 2(3m +3n)exp

(
− s2mn

8L2

)
.

Lastly, choose s =
√

16L2(m−1 +n−1). Then s ≤ L1L2 by the hypothesis, so we can apply (5.2).
The bound (5.3) then follows immediately. □

Proof of Theorem 1.10. Let (α,β) denote the standard MLE for (r,c). by (4.6), their L∞-norm is at
most C = 2max{ϕ(Aδ),ϕ(Bδ)}. Then by Hölder’s inequality,

|g r (x),c(x)(α,β)− g r,c(α,β)| ≤C‖(r (x),c(x))− (r,c)‖1 ≤Cρ =: D.

Hence

sup
x∈Tρ(r,c)

exp
(
g r (x),c(x)(α,β)

)≤ exp
(
g r,c(α,β)+D

)
,

inf
x∈Tρ(r,c)

exp
(
g r (x),c(x)(α,β)

)≥ exp
(
g r,c(α,β)−D

)
.

By Assumption 1.1, µ⊗(m×n)
(
Tρ(r,c)

) ∈ (0,∞). Hence for each measurable set E ⊆Rm×n ,

P(Y ∈ E |Y ∈Tρ(r,c)) =
∫
Tρ(r,c) 1(x ∈ E )exp(g r (x),c(x)(α′,β′))µ⊗(m×n)(dx)∫

Tρ(r,c) exp(g r (x),c(x)(α,β)) µ⊗(m×n)(dx)

≥ exp
(
g r,c(α′,β′)−D

)
exp

(
g r,c(α′,β′)+D

) ∫
Tρ(r,c) 1(x ∈ E ) µ⊗(m×n)(dx)∫

Tρ(r,c) µ
⊗(m×n)(dx)

≥ exp(−2D)P(X ∈ E ).

This is enough to conclude (1.12). The second part in (1.13) follows immediately from (1.12) and
Lemma 5.1. □
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5.2. The strong transference principles. Next, we prove the strong transference principle stated
in Theorem 1.11 under Assumption 1.2 and prove the subsequent transference results in Corollary
1.12 and Theorems 1.13 and 1.14.

We first give some further details on the disintegration construction of λr,c under Assumption
1.2. Since µ is assumed to be σ-finite, according to [CP97, Thm. 1 and 2], there exists a family of
σ-finite Borel measures {λt} on Rm+n that disintegrate µ⊗(m×n) w.r.t. π (i.e., π-disintegration):

(i) For η-almost all t ∈ Rm+n , λt lives on {π= t}, that is, λt{π 6= t} = 0. Also, each λt is a probability
measure.

(ii) For each nonnegative measurable function h : Rm×n →R, t 7→∫
h dλt is measurable and∫

h(x)µ⊗(m×n)(dx) =
Ï

h(x)λt(dx)ν(dt).

Furthermore, such a π-disintegration of µ⊗(m×n) is unique up to an almost-sure equivalence: if
{λ∗

t } is another π-disintegration of µ⊗(m×n), then ν{t : λt 6=λ∗
t } = 0.

Since ν is assumed to be σ-finite under Assumption 1.2, the above properties ensure that for
ν-almost all (r,c) ∈Rm×n , and for each µ⊗(m×n)-integrable random variable T ,

∫
T dλt is a version

of the conditional expectation E[T |π= (r,c)]. Hence λr,c gives the law P(· |π= (r,c)) of the margin-
conditioned random matrix X for ν-almost all margins.

Proof of Theorem 1.11. Recall that the the law of Y is absolutely continuous w.r.t. µ⊗(m×n) with
probability density exp(g r (·),c(·)(α,β)), which is a positive constant over each fiber π−1(r,c). Let
νY := π#(µα⊕β) denote the pushforward of the law µα⊕β of Y on Rm+n . Then νY is absolutely
continuous w.r.t. ν = π#(µ⊗(m×n)) with positive density exp(g r(·),c(·)(α,β)). Since ν is assumed to
be σ-finite, it follows that νY also σ-finite. Hence [CP97, Thm. 3] implies that the π-disintegration
{λt} for µ⊗(m×n) is the π-disintegration for µα⊕β as well. It follows that the law of Y conditional
on Y ∈ T (r,c) is given by λr,c, which is the law of X conditional on X ∈ T (r,c) for ν-almost all
margins. This shows (i).

Next, we show (ii). Let λr,c denote the law of Y ∈ R(m−1)×(n−1) conditional on π(Y ) = (r,c). Let
µα⊕β denote the law of unconditional Y . Note that λr,c is the pullback of λr,c via the completion

map Γr,c defined in (1.14). To show λr,c ¿µα⊕β for ν-almost all margins, fix S ⊆R(m−1)×(n−1) write
y = (y, y̌). Using the disintegration property,

P(Y ∈ S) = E
[
P

(
Y ∈ S

∣∣∣r (Y ),c(Y )
)]

=
∫

λr′,c′(S)exp(g r′,c′(α,β)) ν(d(r′,c′)).

Thus if µα⊕β(S) = 0, then λr′,c′(S) = 0 for ν-almost all margins (r′,c′). This yields the Radon-

Nikodym derivative pr,c for which λr,c(dy) = pr,c(y)µα⊕β(dy) for ν-almost all margins. By using
(i), for ν-almost all margins and bounded measurable functions h,

E[h(X )] =
∫

h(x)λr,c(dx) =
∫

h(y)pr,c(y)µα⊕β(dy) = E[pr,c(Y )h(Y )].

Now in order to conclude (1.15) from the above, it is enough to justify Bayes’ theorem to deduce
pr,c(y) = py(r,c) for µα⊕β⊗ν-almost all (y, (r,c)).

Given y ∈R(m−1)×(n−1), y̌ ∈Rm+n−1 is in one-to-one correspondence with the margin (r,c) by the
relationship yi j = Γr,c(y) for (i , j ) with i = m or j = n. Accordingly, we define a new measure ζ on
Rm×n as the pushforward of the law of Y via the one-to-one map S : y 7→ (y, (r (y),c(y))). Let πi for
i = 1,2 denote the projection of (y, (r (y),c(y))) onto the i th coordinate. Clearly (π1)#(ζ) =µα⊕β and

(π2)#(ζ) = νY . Then ζ(dy,d(r,c)) := λr,c(dy)νY (d(r,c)), meaning that the π2-disintegration of ζ is



34 HANBAEK LYU AND SUMIT MUKHERJEE

given by λr,c. Indeed, for nonnegative functions h, using the fact that the law of Y given its margin
(r,c) is λr,c,

E[h(Y ,r (Y ),c(Y ))] = E [(h ◦S)(Y )] = E[E[(h ◦S)(Y ) |r (Y ),c(Y )]]

=
Ï

h(y, (r,c))λr,c(dy)νY (d(r,c)).

Next, we disintegrate the measure ζ using the other projection π1 : (y, (r,c)) 7→ y. Let νy(d(r,c))

give the π1-disintegration of ζ, which are the laws of the margin of Y given Y = y. Since the push-
forward of ζ via this projection map is µα⊕β, the two different ways of disintegrating ζ give the
following Bayes’ theorem:

λr,c(dy)νY (d(r,c)) = νy(d(r,c))µα⊕β(dy).

Using P((r (Y ),c(Y )) ∈ E) = E[P((r (Y ),c(Y )) ∈ E) |Y )], we see that νy ¿ νY for µα⊕β-almost all y’s.
Hence the Radon-Nikodym derivative py(r,c) exists such that νy(d(r,c)) = py(r,c)νY (d(r,c)). It
follows that

pr,c(y)µα⊕β(dy)νY (d(r,c)) = py(r,c)νY (d(r,c))µα⊕β(dy).

From this we conclude pr,c(y) = py(r,c) for µα⊕β⊗νY -almost all (y, (r,c)). Since νY has a positive
density w.r.t. ν, this finishes the proof. □

Next, we prove Corollary 1.12. We extract the key mechanism behind this result in the following
corollary of Theorem 1.11.

Corollary 5.2 (Sufficient condition for strong transference). Keep the same setting as in Theorem
1.11. Further assume that there exists a Borel measure ζ on R such that

(a) For almost all y under the law of Y , νy(·) ¿ ζ⊗(m+n−1) with bounded Radon-Nikodym deriva-
tive qy(r,c); and

(b) ζ⊗(m+n−1) ¿ ν locally ν-a.s. That is, there exists a σ-finite Borel set V such that νY (V ) = 1 and
for each (r′,c′) ∈V , there exists an open neighborhood U of (r′,c′) such that ζ⊗(m+n−1)|U ¿ ν|U .

Then (1.15) in Theorem 1.11 holds with

sup
y

py(r,c) = (
sup

y
qy(r,c)

)
E[qY (r,c)]−1.

Proof. We claim that for each (r,c) ∈V , the map y 7→ py(r,c) is proportional to qy(r,c). This will be
enough to conclude. Indeed, taking h ≡ 1 in (1.15) in Theorem 1.11, we have E[pY (r,c)] = 1. Hence
from the claim and since νY (V ) = 1, the normalizing constant for py(r,c) must be E[qY (r,c)]−1.
This and (1.15) yield

E[h(X )] = E

[
qY (r,c)

E[qY (r,c)]
h(Y )

]
= (

sup
y

py(r,c)
)
E[qY (r,c)]−1E[h(Y )],

as desired.
It remains to justify the claim. For simplicity denote ζ̃ := ζ⊗(m+n−1). First note that the hypoth-

esis, for µα⊕β⊗νY -almost all (y, (r,c)),

py(r,c)νY (d(r,c)) = νy(d(r,c)) = qy(r,c) ζ̃(d(r,c)).(5.7)

Fix (r,c) ∈ V . By the hypothesis, there exists an open neighborhood U ∈ Rm+n−1 of (r,c) such that

ζ̃|U ¿ ν|U . Hence the local Radon-Nikodym derivative d ζ̃|U
dνY |U exists. From (5.7). it follows that, for
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µα⊕β-almost all y,

py(r,c) = qy(r,c)
d ζ̃|U

dνY |U
(r,c).

This shows the claim, as desired. □
Proposition 5.3. The map π : Rm×n → Rm+n−1 defined by π(x) = (r1(x), . . . ,rm−1(x),c1(x), . . . ,cn(x))
is an open map.

Proof. The proof is straightforward and we omit the details. □
Proof of Corollary 1.12. We will verify the hypothesis of Corollary 5.2 holds. Given that, let p i j

denote the Radon-Nikodym derivative of µα(i )+β( j ) w.r.t. ζ. Then using in (1.17) for νy,

qy(r,c) = dνy

d ζ̃
= ∏

i = m or j = n
p i j (Γr,c(y)i j ).(5.8)

Specifically, under the hypothesis,

p i j (x) = exp(x(α(i )+β( j ))−ψ(α(i )+β( j )))p(x).(5.9)

It follows that

E[qY (r,c)] = exp(g r,c(α,β))
∫∏

i , j
p(Γr,c(x)i j ) ζ⊗(m−1)×(n−1)(dx).(5.10)

Now we give the remaining details for the discrete and the continuous cases. First, when ζ is the
counting measure on Z, then for each (r,c) in the support of ν, νY {(r,c)} =P(r (Y ) = r,c(Y ) = c) > 0
so using the expression in (1.17) for νy,

py(r,c) = dνy

dνY
(r,c) = P(Y̌ = Γ̌r,c(y))

P(r (Y ) = r,c(Y ) = c)
.

Then we can choose qy(r,c) =P(Y̌ = Γ̌r,c(y)) and the counting measure ζ⊗(m+n−1) is trivially locally
absolutely continuous w.r.t. νY on the support of νY . This justifies the hypothesis of Corollary 5.2.
(In fact, the above identity is trivially true in the discrete case without appealing to Corollary 5.2.
Also, noting that the supremum of P(Y̌ = Γ̌r,c(y)) over y is one, we deduce that supy py(r,c) in this
case is the reciprocal of the right-hand side of (5.10).)

Next, assume ζ is the Lebesgue measure on R. Note that the support of the law µα⊕β of Y
is supp(p)m×n , where supp(p) is the closure of C := {p > 0}. Since C is an open subset in R, it
follows that supp(p) \ C has Lebesgue measure zero. Hence letting V = π({p > 0}m×n) where π

is the margin map, we have νY (V ) = 1. Also, by Proposition 5.3, V is an open subset of Rm+n−1.
We will verify that Corollary 5.2(b) holds. Indeed, fix (r,c) ∈ V . Since V is open in Rm+n−1, we
can choose an open neighborhood Ur,c of this margin that is contained in V . Now it must be that
ζ⊗(m+n−1) ¿ νY on Ur,c. If this is not the case, then there must be some open ball B ⊆Ur,c such
that νY (B) = 0, which must have positive Lebesgue measure ζ⊗(m+n−1)(B) > 0. However, B ⊆ V
and by construction V ⊆ supp(νY ). Hence the open ball B contains some margin (r′,c′) in V , so
νY (B) > 0, which is a contradiction. □

We will also use the lower bound on the number of integer-valued contingency tables due
to Brändén, Leake, and Pak [BLP23], which were obtained by using Lorentzian polynomials by
Brändén and Huh [BH20].

Lemma 5.4. Let (r,c) be a (m × n) integer-valued margin such that 0 < r(i )/n < bDc and 0 <
c( j )/m < bDc for all i , j for some D > 1. Then the following hold:
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(i) T (r,c)∩ ({0,1, . . . ,dDe)m×n is non-empty.

(ii) Let µ be the counting measure on [0,B ]∩Z≥0 for any B ∈ {dDe,dDe+1, . . . }∪ {∞}. Let Y ∼ µα⊕β
where (α,β) is an MLE for margin (r,c) and let N :=∑

i r(i ) =∑
j c( j ). Then

P
(
Y ∈T (r,c)

)≥ N−(11/2)(m+n).

Proof. Note that (i) follows immediately from (ii) with B = dDe, so it suffices to show (ii). Exis-
tence of MLE (α,β) for the margin (r,c) follows from Theorem 1.7 since the Fisher-Yates table(
r(i )c( j )/N

)
i , j takes entries from the open interval (0,B). Recall that the log-likelihood of Y at any

matrix in T (r,c) with entries from [0,B ]∩Z≥0 w.r.t. the counting measure µ⊗(m×n) is g r,c(α,β). So

P
(
Y ∈T (r,c)

)= exp
(
g r,c(α,β)

)
CT(r,c),

where CT(r,c) = |T (r,c)∩ {0,1, . . . ,B}m×n | denotes the number of contingency tables with mar-
gin (r,c) and entries from {0,1, . . . ,B}. Then the result will follow once the following inequality is
verified:

CT(r,c) ≥ N−(11/2)(m+n) exp
(−g r,c(α,β)

)
.(5.11)

To deduce (5.11), we use the lower bound on CT(r,c) in [BLP23, Thm. 2.1] in conjunction with
the discussion in [BLP23, Sec. 7.1] to get

CT(r,c) ≥ N−(11/2)(m+n)Cap(r,c),

where

Cap(r,c) := inf
x∈(0,∞)m ,y∈(0,∞)n

(
m∏

i=1
x−ri

i

n∏
j=1

y
−c j

j

∏
i , j

1− (xi y j )B+1

1−xi y j

)
.

By making change of variables xi 7→ eα(i ) and y j 7→ eβ( j ),

log Cap(r,c) = inf
x,y

(
−

m∑
i=1

r(i ) log xi −
n∑

j=1
c(y) log y j +

∑
i , j

log
1− (xi y j )B+1

1−xi y j

)

= inf
α,β

(
−

m∑
i=1

r(i )α(i )−
n∑

j=1
c( j )β( j )+∑

i , j
ψ(α(i )+β( j ))

)
=−g r,c(α,β).

This is enough to conclude (5.11). □

Proof of Theorem 1.13 . First assume µ is the counting measure on [0,b]∩ Z for some b ∈ [0,∞].
By Lemma 5.4, P(Y ∈ T (r,c)) ≥ N−(11/2)(m+n) with N = ∑

i r(i ). Now notice that the upper bound
on the transference cost in Corollary 1.12 is simply P(Y ∈ T (r,c))−1 (see the proof of Corollary
1.12; one can also use Theorem 1.10 with ρ = 0 instead of Corollary 1.12.)

Next, assume ζ is the Lebesgue measure on R and let p(x) = 1(x ≥ 0). Here we use the lower
bound on the volume of the transportation polytope due to Barvinok [Bar09, Thm. 1.2] to get∫∏

i , j
h(Γr,c(x)i j ) ζ⊗(m−1)×(n−1)(dx) ≥ a emn N−γ(m+n),

where γ > 0 is an absolute constant and a = supx∈T (r,c)∩Rm×n
≥0

∏
i j xi j . Since Z r,c minimizes the

function f (x) =−1− log x over T (r,c)∩Rm×n
≥0 (see Ex. 3.6), we have

aemn = e−H(Z r,c) = e−g r,c(α,β),

where the second equality is due to Theorem 1.7.
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Lastly, note that the tilted law µα(i )+β( j ) for Yi j is the exponential distribution with mean Z r,c
i j ,

so its density w.r.t. ζ has maximum value 1/Z r,c
i j . In the proof of [Bar09, Thm. 1.2], Barvinok shows

Z r,c
i j ≥ N−1

(
n

r(i )
+ m

c( j )

)−1

.(5.12)

This lower bound can be justified easily as follows. Recall that Z r,c
i j = −1

α(i )+β( j ) from (3.5). By shifting

the MLE, without loss of generality assume α(i ),β( j ) < 0 for all i , j . If −α(i ) > N n/r(i ) for some
i , then Z r,c

i j ≤ −1/α(i ) < r(i )/N n for all j , so summing it over j we get r(i ) < r(i )/N , which is a

contradiction since N ≥ 1. Hence −α(i ) ≤ N n/r(i ) for all i , and similarly −β( j ) ≤ N m/c( j ). Then
(5.12) follows at once. Hence for qy (r,c) in Corollary 1.12, using the hypothesis r(i ) ≥ 1,c( j ) ≥ 1,

sup
y

qy(r,c) = ∏
i = m or j = n

1

Z r,c
i j

≤ N m+n(n +m)m+n ≤ 2N 2(m+n).

Thus by Corollary 1.12 we obtain

sup
y

py(r,c) ≤ 2N 2(m+n) exp(−g r,c(α,β))exp(g r,c(α,β))Nγ(m+n) = 2N (γ+2)(m+n).

□
Remark 5.5. Although the volume estimate [Bar09, Thm. 1.2] we used in the proof above is
stated only for the integer-valued margins, its proof does not require the margins to be integer-
valued. A close inspection of the proof reveals that for the upper bound, one needs a uniform
lower bound on the row and column sums, which is guaranteed by the assumption that they are
positive integer-valued. The lower bound, on the other hand, does not require such an assump-
tion because it is a direct consequence of the general result [Bar09, Thm. 3.1 (1)] on the volume of
the affine subspace intersecting the standard symplex.

Remark 5.6. Chatterjee, Diaconis, and Sly obtained a similar result in [CDS14, Lem. 2.1] for con-
stant margins and Lebesgue base measure by relying on (the lower bound of) the volume estimate
of the Birkoff polytope (i.e., T (1,1)) due to Canfield and McKay [CM07].

In the rest of this section, we prove Theorem 1.14. Recall thatΓr,c(Y ) is the m×n matrix obtained
from the interior matrix Y uniquely completing it so that the margin is (r,c) (see (1.14)). In the
following lemma, we show that it is enough to lower bound the probability that the entries in the
last row and the last column of Γr,c(Y ) take values from a compact interval.

Lemma 5.7. Keep the same setting as in Corollary 1.12. Suppose (r,c) is δ-tame and the Radon-
Nikodym derivatives of µθ w.r.t. ζ for θ ∈ [ϕ(Aδ),ϕ(Bδ)] is uniformly upper bounded by some con-
stant M = M(µ,δ) > 0. Fix a Borel set I ⊆ R and assume that cI := infx∈I p(x) > 0. Then (1.15) in
Theorem 1.11 holds with

sup
y

py(r,c) ≤ (M/dI cI )m+n P
(
Γr,c(Y )i j ∈ I ∀(i , j ) s.t. i = m or j = n

)−1
(5.13)

for some constant dI = dI (µ,δ) > 0.

Proof. Denote T =∏
i = m or j = n p i j (Γr,c(Y )i j ), where p i j denotes the Radon-Nikodym derivatives

of µθ w.r.t. ζ (see (5.9)). Note that T equals qy(r,c) = dνy/dζ⊗(m+n−1) in Corollary 1.12 evaluated at

Y (see (1.17)). Let E denote the event in the probability in (5.13). Denote

dI := inf
ϕ(Aδ)≤θ≤ϕ(Bδ)

inf
x∈I

exθ−ψ(θ) ∈ (0,∞).
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Then on the event E ,

T ≥ ∏
i = m or j = n

inf
x∈I

p i j (x) ≥ (dI cI )m+n .

It follows that by Corollary 1.12,

sup
y

py(r,c) ≤ M m+n E[T ]−1 ≤ (M/dI cI )m+nP(E )−1.

□
Proof of Theorem 1.14. Let E (I ) denote the event in (5.13). By Lemma 5.7, it suffices to lower
bound the probability of E (I ) for some compact interval I in the support of µ. Our argument is
based on partitioning Y into a 2×2 block matrix where the size of the (2,2) block is about

p
m ×p

n. By concentration inequalities and union bounds, the largest block Y 11 will have its row and
column sums close to its expectations with probability bounded away from zero. On this event,
we will show that there is a sufficient probability to assign values of the entries in the remaining
three blocks except the ones in the last row and the law column in a way that the required values
to complete Y to Γr,c(Y ) all lie in a compact interval in the support of µ.

In the rest of the proof, we will use C =C (µ,δ) > 0 to denote a positive constant depending only
on µ and δ whose value can change from line to line.

Denote m0 := bpm logmc, n0 := bpn lognc, m′ := m −m0 and n′ := n −m0. Partition the row
indices into sets {1, . . . ,m′} and {m′+1, . . . ,m}. Make a similar partitioning for the column indices.
Also, we have the following 2×2 block partitioning of the m ×n random matrix Y :

Y =
[

Y 11 Y 12

Y 21 Y 22

]
where Y 22 is m0 × n0. The expected margin of Y is exactly (r,c). Partition the typical table Z
similarly. Denote Z kℓ for 1 ≤ k,ℓ ≤ 2 for the block entries of the corresponding partitioning of
the Z . Note that E[Y ] = Z so E[Y kℓ] = Z kℓ for all k,ℓ ∈ {1,2}. Note that each Yi j ∼ µα(i )+β( j ) with
ϕ(Aδ) ≤α(i )+β( j ) ≤ ϕ(Bδ) by δ-tameness of (r,c). Hence {Yi j }′s have a uniformly bounded sub-
exponential norm, so by Bernstein’s inequality for sums of independent sub-exponential random
variables (see, e.g., [Ver18, Thm. 2.8.1]),

P
(∣∣Y 11

•• −Z 11
••

∣∣≤ c
√

mn logmn
)
≥ 1−2exp

(−2a logmn
)

,

P
(∣∣Y 11

i• −Z 11
i•

∣∣≤ c
√

n logn
)
≥ 1−2exp

(−2a logn
)

for 1 ≤ i ≤ m′,

P
(∣∣∣Y 11

• j −Z 11
• j

∣∣∣≤ c
√

m logm
)
≥ 1−2exp

(−2a logm
)

for 1 ≤ j ≤ n′

for some constant c = c(µ,δ) > 0. Let D11 denote the intersection of all events that appear on the
left-hand side of the above inequalities. By a union bound,

P(D11) ≥ 1−6(m ∨n)(m ∧n)−2a ≥ 1−6(m ∧n)−a .

By the hypothesis m,n ≥ 1 are sufficiently large so that the last expression above is at least 1/2.
Then P(D11) ≥ 1/2. Hence by Lemma 5.7, it suffices to show

P(E (I ) |D11) ≥ exp(−C (m
p

n logn +n
p

m logm) logmn),(5.14)

where I ⊆R is a Borel set such that cI = infx∈I p(x) > 0.
We first argue for the discrete case when ζ is the counting measure on Z and µ has probabil-

ity density p w.r.t. ζ. We will take I = [0,dBδ/2e] ∩Z. By the hypothesis, {p > 0} = [A,B ] ∩Z.
By translating µ, without loss of generality we assume bAδ/2c = 0. Then p(0) > 0. We also have
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{1,dBδ/2e} ⊂ {p > 0} since p cannot be concentrated at a single value (otherwise ν is not σ-finite).
Write r = (r1,r2) and c = (c1,c2) where r2 ∈Rm0 and c2 ∈Rn0 . Define events

D22 := {
Y 22
•• = Z 22

•• +Y 11
•• −Z 11

•• , Y 22 ∈ I m0×n0
}

,

D12 :=
{
‖π(Y 12)− (r1 − r (Y 11),c2 − c(Y 22))‖∞ = 0, Y 12 ∈ I m′×n0

}
,

D21 :=
{
‖π(Y 21)− (r2 − r (Y 22),c1 − c(Y 11))‖∞ = 0, Y 21 ∈ I m0×n′}

,

where π is the map that sends a matrix x to its margin (r (x),c(x)). We claim

P(D22 |D11) ≥ exp(−C m0n0),(5.15)

P(D12 |D22 ∩D11) ≥ exp(−C mn0),

P(D21 |D22 ∩D11) ≥ exp(−C m0n).

Since D22∩D12∩D21 implies E (I ) and since D12, D21 are conditionally independent on D11∩D22,
this would be enough to conclude (5.14).

To justifty the first inequality in (5.15), recall that since (r,c) is δ-tame, Z 22•• ∈ [Aδm0n0,Bδm0n0].
Since |Y 11•• −Z 11•• | ≤ c

√
mn logmn ¿ m0n0 on D11,

Aδ/2m0n0 ≤ Z 22
•• +Y 11

•• −Z 11
•• < Bδ/2m0n0 on D11

for m,n large enough depending only on δ. The term in the middle is an integer since Z 22•• −
Z 11•• = ∑

n′< j≤n c( j )−∑
1≤i≤m′ r(i ). Note that since µ assigns a positive probability for all values in

the support, so does its exponential tilt with finite tilting parameter. Hence, there exists a matrix
y22 ∈ I m0×n0 such that y22•• = Z 22•• +Y 11•• −Z 11•• and P(Y 22 = y22) > 0. Since the m0n0 entries of Y 22 are
independent, it follows that

P(D22 |D11) ≥P(Y 22 = y22 |D11) =P(Y 22 = y22) ≥ exp(−C m0n0).

Next, consider the second inequality in (5.15). The event D12 requires the row and column sums
of Y 12 to take the prescribed values so that the first m′ row sums and the last n0 columns sums of
Y match the corresponding values in the target margin (r,c). Denote the required row and column
sums for Y 12 as r12 := r1 − r (Y 11) and c12 := c2 − c(Y 22), respectively. On D22, they have the same
total sum (hence (r12,c12) is a margin for Y 12) since∑

i
r12(i ) = ∑

1≤i≤m′
r(i )−Y 11

•• = Z 11
•• +Z 12

•• −Y 11
•• ,∑

j
c12( j ) = ∑

n′< j≤n
c( j )−Y 22

•• = Z 12
•• +Z 22

•• −Y 22
••

and the last expressions in each line above coincide on D22. Proceeding as before, it remains to
show that there is at least one realization of Y 12 in I m′×n0 with margin (r12,c12). According to
Lemma 5.4 (i), we only need to verify that

Aδ/2n0 < r(i )−Y 11
i• < Bδ/2n0 for all 1 ≤ i ≤ m′ and

Aδ/2m0 < c( j )−Y 22
• j < Bδ/2m0 for all n′ < j ≤ n.

Writing r(i ) = Z 11
i• + Z 12

i• for 1 ≤ i ≤ m′ and c( j ) = Z 12
• j + Z 22• j

for n′ < j ≤ n, and noting that Z ∈
[Aδ,Bδ]m×n , one can see that the above inequalities hold almost surely for all sufficiently large
m,n (depending only on c,δ) on the event D11. A symmetric argument applies for Y 21. This shows
(5.15), completing the proof for the discrete case.

Lastly, we argue for the continuous case with I = [Aδ/4,Bδ/4]. By a discretization and perturba-
tion argument, we will show that (5.15) still holds with some negligible error. Assume ζ = Leb(R)
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and supp(p) = [A,B ]∩R. Consider the rescaled integer grid εZ in R for ε = O(δ/m2n2). For each
i , j = 1,2, let [Y i j ] denote the random matrix whose entries are the nearest point in εZ to the cor-
responding entries in Y i j . Since the support of p is an interval, the support of each entry of [Y i j ]
is a set of consecutive points in εZ. By the same argument for Y 22 in the discrete case, we have

P
(∣∣[Y 22]••−

(
Z 22 +Y 11

•• −Z 11
••

)∣∣≤ ε, [Y 22] ∈ Jδ∩εZ
∣∣∣D11

)
≥ exp(−C m0n0),(5.16)

where Jδ = [εbε−1 Aδ/2c,εdε−1Bδ/2e]. Note that for each matrix y22 ∈ I m0×n0 , [Y 22] = y22 with prob-
ability at least Ω(εm0n0 ) ≥ exp(−C m0n0 logmn). Hence denoting Jδ±ε= {x ±ε : x ∈ Jδ},

P
(∣∣Y 22

•• − (
Z 22 +Y 11

•• −Z 11
••

)∣∣≤ (m0n0 +1)ε, Y 22 ∈ (Jδ±ε)m0×n0

∣∣∣D11
)
≥ exp(−C m0n0 logmn).

Let D22
ε denote the event in (5.16) and define

D12
ε :=

{
‖π(Y 12)− (r1 − r (Y 11),c2 − c(Y 22))‖∞ ≤ (m +n)ε, Y 12 ∈ (Jδ±ε)m′×n0

}
,

D21
ε :=

{
‖π(Y 21)− (r2 − r (Y 22),c1 − c(Y 11))‖∞ ≤ (m +n)ε, Y 21 ∈ (Jδ±ε)m0×n′}

.

Similarly, we can show

P(D12
ε |D11 ∩D22

ε ) ≥ exp(−C mn0 logmn),

P(D21
ε |D11 ∩D22

ε ) ≥ exp(−C m0n logmn).

Combining the above, we deduce

P
(
Γr,c(Y )i j ∈ Jδ± (m +n +1)ε ∀(i , j ) s.t. i = m or j = n

∣∣∣D11
)
≥ exp(−C (mn0 +m0n) logmn),

Hence for m,n large enough dependong only on δ so that Jδ± (m +n +1)ε ⊆ [Aδ/4,Bδ/4] = I , we
verify (5.14). □

Remark 5.8 (Combinatorial applications). Our probabilistic argument above gives some interest-
ing combinatorial results. In the proof of Theorem 1.14 we have bounded above the transference
cost (1.16) with qy(r,c) given by (5.8). Then using (5.10), we obtain∫∏

i , j
p(Γr,c(x)i j ) ζ⊗(m−1)×(n−1)(dx)

≥ exp(−g r,c(α,β))

supy qy(r,c)
exp(−C (m

p
n logn +n

p
m logm) logmn).

The integral on the left-hand side above is a p-weighted volume of the transportation polytope
T (r,c) in units of basic cells in R(m−1)×(n−1). When p(x) = 1(x ≥ 0) so that µ is the Lebesgue mea-
sure on R≥0, it gives a lower bound on the volume of the nonnegative transportation polytope (in
this case supy qy(r,c) = 1), which may be compared to the result of Barvinok [BH12] and Barvi-
nok and Rudelson [BR24]. Our lower bound is weaker than their results but ours applies for more
general non-constant densities p.

In the discrete case, the integral above becomes the weighted count
∑

x∈T (r,c)∩Zm×n
∏

i j p(xi j ) of
the inter points in the transportation polytope T (r,c) and supy qy(r,c) = 1. Setting p(x) = 1(x ≥ 0),
it gives a lower bound on the number of contingency tables with margin (r,c). This gives a weaker
lower bound than the known result (5.11) of Brändén, Leake, and Pak [BLP23] but ours also applies
for non-constant densities p. For the discrete case, we essentially lower bounded P

(
Y ∈ T (r,c)

)
,

which equals exp
(
g r,c(α,β)

)
µ⊗(m×n)(T (r,c)) noting that g r,c(α,β) is the log-likelihood of Y taking

any matrix in T (r,c) w.r.t. µ⊗(m×n). This is why our upper bound on the transference cost implies



LARGE RANDOM MATRICES WITH GIVEN MARGINS 41

a lower bound on the corresponding weighted volume of the polytope. It would be interesting to
know if the above results can be obtained by a purely combinatorial argument.

6. PROOF OF SCALING LIMIT OF THE TYPICAL TABLES AND MLES

Our goal in this section is to prove Theorem 1.19. This will take several steps.

6.1. Lipschitz continuity of typical tables and standard MLEs. In this section, we establish a sta-
bility result (Theorem 6.1 below) that bounds the perturbation on the typical tables in terms of the
perturbation of the margin. This result is central to our limit theory and it will be extended to the
continuum setting (Theorem 6.7), which will be used critically in proving Theorem 1.19.

Theorem 6.1 (Lipschitz continuity of typical table w.r.t. margin). For each m ×n δ-tame margins
(r,c) and (r′,c′), denoting Cδ = max{|ϕ(Aδ)|, |ϕ(Bδ)|}, we have

‖Z r,c −Z r′,c′‖2
F ≤ 4Cδ

(
sup

ϕ(Aδ)≤w≤ϕ(Bδ)
ψ′′(w)

)
‖(r,c)− (r′,c′)‖1.(6.1)

Our key insight behind the proof of the above result is to use the dual variable (MLE) to bridge the
margin and the corresponding typical table. Namely, while it is difficult to directly construct a map
from a margin to the corresponding typical table, being the solution of a constrained optimization
problem (1.7), it is easy to write down the margin and the typical table corresponding to a given
MLE, by using Theorem 1.7. A schematic for this approach is given in the diagram below:

margin MLE typical table

(r(1), . . . ,r(m),c(1), . . . ,c(n)) (α(1), . . . ,α(m),β(1), . . . ,β(n))
Λoo Φ // VEC(Z )

Here for each matrix X ∈ Rm×n , let VEC(X ) ∈ Rmn denotes is vectorization, which is obtained by
stacking the j th column underneath its ( j −1)st column for j = 2, . . . ,n.

Denote q := m +n and p := mn. Define a map Λ : Rq →Rq , (α,β) 7→ (r,c) where{
r(i ) =∑n

j=1ψ
′(α(i )+β( j )) for all i = 1, . . . ,m,

c( j ) =∑m
i=1ψ

′(α(i )+β( j )) for all j = 1, . . . ,n.

Also define a map Φ : Rm+n → Rm×n , (α,β) 7→ Z = (zi j ) by Z = ψ′(α⊕β). Both maps are well-
defined and are differentiable. It is important to understand the structure of the Jacobian matrices
of these maps:

JΛ(α,β) :=
[

∂(r(1), . . . ,r(m),c(1), . . . ,c(n))

∂(α(1), . . . ,α(m),β(1), . . . ,β(n))

]
q×q

,

JΦ(α,β) :=
[

∂VEC(Φ(α,β))>

∂(α(1), . . . ,α(m),β(1), . . . ,β(n))

]
p×q

.

These matrices turn out to admit precise factorization into some important matrices, which we
introduce below. For each dual variables (α,β), (α′,β′) ∈Rm ×Rn , define matrices

Pα,β := diag
(
ψ′′(α(1)+β(1)), . . . ,ψ′′(α(1)+β(n)), . . . ,ψ′′(α(m)+β(n))

) ∈Rp×p

Pα,β;α′,β′
:=

∫1

0
P (1−t )(α,β)+t (α′,β′) d t .
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Let hi (X ) and h j (X ) denote the i th row sum and j th columns sum of X , respectively. Then ∇hi (X )
is the m ×n matrix where the i th row is filled with 1s and 0s elsewhere. Similarly, ∇h j (X ) is the
m ×n matrix with 1s on the j th column and 0s elsewhere. Then define a matrix

Q := [
VEC(∇h1) . . . VEC(∇hm) VEC(∇h1) . . .VEC(∇hn)

] ∈Rp×q .

Proposition 6.2. JΛ0 (α,β) =Q>Pα,βQ, JΦ0 (α,β) = Pα,βQ.

Proof. Fix a matrix E = (Ei j )i , j ∈Rm×n . We claim that

Q> diag(VEC(E))Q =



E1• E11 . . . E1n
. . .

. . .
Em• Em1 . . . Emn

E11 . . . Em1 E•1
. . .

. . .
E1n . . . Emn E•n


.(6.2)

To see this, note that the columns of Q are the indicators of entries in the corresponding row/column
sum for a m×n matrix. Hence, the (1,1) entry in the left-hand side of (6.2) is the sum of all entries
in E that appear in the first row sum, which is E1•; Its (1,2) entry is zero since there is no entry of E
shared in the first and the second row sums; Its (1,m) entry is the sum of all entries in E appearing
in the first row sum and the first column sum, which is E11.

Now one can directly compute the Jacobian JΛ;α,β and it has the 2×2 block matrix form in the
right-hand side above with Ei j =ψ′′(α(i )+β( j )). Hence the first formula in the assertion follows
from the identity (6.2). The second formula can be verified by a straightforward computation. □

Suppose we have two δ-tame margins (r,c) and (r′,c′). Can we find a canonical path within
M δ that interpolates between these two δ-tame margins? A natural candidate would be the linear
interpolation between the two margins. However, it is not necessarily true that a convex combina-
tion of two δ-tame margins is again δ-tame. It turns out that the right way is to linearly interpolate
between the corresponding MLEs in the dual space and map it back to the space of tables and
margins. More precisely, let (α,β) and (α′,β′) be any MLEs for margins (r,c) and (r′,c′), respec-
tively, which exist by Theorem 1.7. For each λ ∈ [0,1], let (αλ,βλ) := (1−λ)(α,β)+λ(α′,β′) be the
convex combination of the MLEs. Define a margin

γ(λ) := the margin satisfied by Zλ,(6.3)

where the m×n table Zλ = ((zλ)i j ) is defined by Zλ =ψ′(αλ⊕βλ). Notice that for any λ ∈ [0,1], the
interpolated dual variable (αλ,βλ) is an MLE for the margin γ(λ) due to Lemma 4.1.

Proposition 6.3 (C 1-connectedness of M δ). Keep the same setting as before. Then γ in (6.3) defines
a C 1-path γ from [0,1] into the set of all δ-tame m ×n margins such that γ(0) = (r,c), γ(1) = (r′,c′).

Proof. The argument is straightforward and we omit the details. □

We can write the change in margin and the typical table as we move along the secant line be-
tween the two MLEs by a line integral. Using Proposition 6.2 along the way, we derive the following
key lemma for the proof of Theorem 6.1.

Lemma 6.4. Keep the same setting as before. Then denoting v := VEC(α′−α,β′−β) ∈Rq , we have

(r′,c′)− (r,c) =Q>Pα,β;α′,β′
Qv and VEC(Z ′)−VEC(Z ) = Pα,β;α′,β′

Qv.
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Proof. We first use the chain rule to write

d

d t
γ(t ) = JΛ(αt ,βt )v.

By Proposition 6.2, we can write

γ(1)−γ(0) =
∫1

0
JΛ(αt ,βt )v d t =Q>

[∫1

0
Pαt ,βt d t

]
Qv =Q>Pα,β;α′,β′

Qv,

where the integral in the rightmost expression above is done entry-wise. Similarly, using Proposi-
tion 6.2, we get

Φ(α′,β′)−Φ(α,β) =
∫1

0
JΦ(αt ,βt )v d t =

[∫1

0
Pαt ,βt d t

]
Qv.

This shows the assertion. □

Now we are ready to show Theorem 6.1.

Proof of Theorem 6.1. Let (α,β) := (αr,c,βr,c) and (α′,β′) := (αr′,c′ ,βr′,c′) denote the standard MLEs

for margins (r,c) and (r′,c′), respectively. Write P := Pα,β;α′,β′
and R := P

1/2
Q ∈ Rp×q . Then by

Lemma 6.4, we have the following relations

VEC(Z ′)−VEC(Z ) = P
1/2

Rv, γ(1)−γ(0) = R>Rv,

where v is as in Lemma 6.4. On the one hand, by Proposition 6.3, Aδ ≤ψ′(αt (i )+βt ( j )) ≤ Bδ for
all t ∈ [0,1] and i , j . Hence ‖P‖2 ≤ supϕ(Aδ)≤w≤ϕ(Bδ)ψ

′′(w), so we get

‖Z −Z ′‖F = ‖VEC(Z ′)−VEC(Z )‖2 ≤ ‖P
1/2‖2‖Rv‖2 ≤

(
sup

ϕ(Aδ)≤w≤ϕ(Bδ)
ψ′′(w)

)1/2

‖Rv‖2.(6.4)

On the other hand, by Hölder’s inequality,

‖Rv‖2
2 = v>R>Rv ≤ ‖v>‖∞ · ‖R>Rv‖1 ≤ 4C ‖(r,c)− (r′,c′)‖1,(6.5)

where C = max{|ϕ(Aδ)|, |ϕ(Bδ)|} as in (4.6). Then (6.1) follows from (6.4) and (6.5). □

6.2. Stability of typical kernels and continuous MLEs. In this section, we prove Theorem 1.19.
Let µ be a measure as in the introduction and let A,B be endpoints of supp(µ) as in (1.1). Let

W := L1([0,1]2) denote the set of all measurable functions from [0,1]2 7→ R which are integrable.
We will equip W with the cut-metric topology defined as follows. The strong cut metric on W is
defined by dä(U ,W ) = ‖U −W ‖ä using the cut norm ‖·‖ä in (1.30). The weak cut metric δä on W

is defined as

δä(U ,W ) := inf
ξ,η:[0,1]→[0,1]

‖U (p(·), q(·))−W ‖ä,

where the infimum above is over all Lebesgue-measure-preserving maps ξ,η on the unit interval
[0,1]. Note that the following gives an equivalent definition of the cut-norm in (1.30):

‖W ‖ä = sup
a,b:[0,1]→[0,1]

∣∣∣∣∫
[0,1]2

a(x)W (x, y)b(y)d xd y

∣∣∣∣ ,(6.6)

where the supremum above is over all continuous functions a,b on the unit interval [0,1]. The two
definitions (1.30) and (6.6) differ upto multiplicative universal constants ([Lov12, Lem. 8.10]).
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Let W (A,B) denote the set of all kernels W in W taking calues from (A,B). Similarly, define W [A,B ]

to be the set of all kernels taking values from [A,B ]. With f (x) = D(µϕ(x)‖µ) being as in (1.7), define
a function G : W (A,B) 7→R by

G(W ) :=
∫

[0,1]2
f (W (x, y))d xd y.(6.7)

Let W (·,•) := ∫
[0,1] W (·, y)d y and W (•, ·) := ∫

[0,1] W (x, ·)d x be univariate functions which denote
the row and column marginals of W . Let (r,c) be a continuum margin (defined above (1.19)).
Define

Wr,c :=
{

W ∈W : W (·,•) = r(·),W (•, ·) = c(·)
}

, W (A,B)
r,c :=Wr,c ∩W (A,B), W [A,B ]

r,c :=Wr,c ∩W [A,B ].

Here Wr,c is the set of all kernels with continuum margin (r,c).
Now for each continuum margin (r,c), consider the minimization problem

inf
W ∈W (A,B)

r,c

G(W ).(6.8)

If Wr,c is non-empty, then it is a convex subset of W . Consequently, invoking strict convexity of G
w.r.t. the cut-metric topology (see Proposition 6.10), there can exist at most one global minimizer
of the above optimization problem. We denote it by W r,c, if it exists. In this case, we call W r,c the
typical kernel for the margin (r,c). We say a continuum margin (r,c) δ-tame if a typical kernel W r,c

exists and satisfies Aδ ≤W ≤ Bδ.
Our proof of Theorem 1.19 will follow by combining the following three results. First, we char-

acterize the typical kernels for δ-tame margins using continuous dual variables in the same way
as we did in the discrete case in Theorem 1.7.

Lemma 6.5 (Characterization of typical kernels and tame margins).

(i) Fix a δ-tame continuum margin (r,c) in L1[0,1]. Let C =Cδ as before. Then there exists bounded
measurable functions α : [0,1] → [−2C ,2C ] and β : [0,1] → [−C ,C ] such that

W r,c(x, y)
a.s.= ψ′(α(x)+β(y)).(6.9)

(ii) Conversely, suppose there exists bounded measurable functions α,β : [0,1] → R such that the
function W ∗(x, y) = ψ′(α(x) +β(y)) satisfies the margin (r,c) ∈ L1[0,1]. Then W ∗ is the
unique typical kernel for the margin (r,c).

We record an immediate consequence of Lemma 6.5 (ii) below.

Proposition 6.6. Let (r,c) be an m ×n margin with typical table Z r,c ∈ (A,B)m×n . Then WZ r,c is the
unique typical kernel for the continuum margin (r̄, c̄) (see (1.19)).

Second, we have the following continuous extension of Theorem 6.1, which establishes Lips-
chitz continuity of typical kernels w.r.t. tame margins. In addition, we also establish Lipschitz
continuity of the dual variables w.r.t. tame margins.

Theorem 6.7 (Lipschitz continuity of typical kernels and dual variables). Let (r,c), (r′,c′) be δ-tame
continuum margins on [0,1]2. Furthermore, let Cδ := max{|ϕ(Aδ)|, |ϕ(Bδ)|}. Then

‖W r,c −W r′,c′‖2
2 ≤ 4Cδ

(
sup

ϕ(Aδ)≤w≤ϕ(Bδ)
ψ′′(w)

)
‖(r,c)− (r′,c′)‖1.(6.10)



LARGE RANDOM MATRICES WITH GIVEN MARGINS 45

Furthermore, let (α,β) and (α′,β′) denote the dual variables characterizing W r,c and W r′,c′ via (6.9),
respectively. Without loss of generality, assume

∫1
0 α(x)d x =∫1

0 α′(x)d x = 0. Then

‖α−α′‖2
2 +‖β−β′‖2

2 ≤ 4Cδ

(
supϕ(Aδ)≤w≤ϕ(Bδ)ψ

′′(w)

infϕ(Aδ)≤w≤ϕ(Bδ)ψ′′(w)

)
‖(r,c)− (r′,c′)‖1.(6.11)

Lastly, we show that the L1-limit of discrete δ-tame margins is a δ-tame continuum margin.

Proposition 6.8. Let (rk ,ck )k≥1 be a sequence of (mk ×nk ) δ-tame discrete margins converging to
some continuum margin (r,c) in L1. Then (r,c) is δ-tame and

W (r̄k ,c̄k ) →W r,c in L2 as k →∞.

Assuming these three results, we deduce Theorem 1.19 below.

Proof of Theorem 1.19. By the hypothesis and Proposition 6.8, the limiting continuum margin
(r,c) is δ-tame. Hence the existence of continuum dual variable (α,β) and the claimed charac-
terization of the typical kernel W r,c in part (i) follows from Lemma 6.5. Part (ii) follows directly
from Theorem 6.7 and Proposition 6.6. □

The rest of this section is devoted to showing the three results stated above. We first prove
Lemma 6.5.

Proof of Lemma 6.5. We first show (i). By the hypothesis of part (i), the typical table W r,c exists
and it is δ-tame. Let U (·, ·) be a measurable function from [0,1]2 to [−1,1] which satisfies U (·,•) =
U (•, ·) a.s.= 0. Then the function W̃ (λ) := W r,c +λU ∈Wr,c for all λ ∈ (−δ,δ). Since W r,c is the typical
table, the function λ 7→G(W̃ (λ)) is uniquely maximized on (−δ,δ) at λ= 0, which gives

0 = ∂

∂λ
G(W̃ (λ))

∣∣∣
λ=0

=
∫

[0,1]2
ϕ

(
W r,c(x, y)

)
U (x, y)d xd y.

Since this holds for all bounded measurable U which integrates to 0 along both marginals, it fol-
lows that there exists functions α,β : [0,1] 7→R such that

ϕ
(
W r,c(x, y)

) a.s.= α(x)+β(y), which implies W r,c(x, y)
a.s.= ψ′(α(x)+β(y)).

Finally, the fact that W r,c is δ-tame implies ϕ(Aδ)
a.s.≤ α(x)+β(y)

a.s.≤ ϕ(Bδ). Since changing (α,β)
to (α+η,β−η) has no impact on W r,c for any η ∈R, we can assume without loss of generality that∫

[0,1]α(x)d x = 0. This, along with the previous display implies

ϕ(Aδ)
a.s.≤ β(y)

a.s.≤ ϕ(Bδ),

which in turn implies

ϕ(Aδ)−ϕ(Bδ)
a.s≤ α(x)

a.s≤ ϕ(Bδ)−ϕ(Aδ).

The desired conclusion of part (a) follows.
Next, we show (ii). Let W̃ ∈ Wr,c be arbitrary. It suffices to show that G(W ∗) ≥ G(W̃ ). Since

G is strictly convex, it suffices to show that the function λ 7→ G
(
(1−λ)W ∗+λW̃

)
on [0,1] has a

derivative which vanishes at λ= 0. This is equivalent to checking∫
[0,1]2

ϕ
(
W ∗(x, y)

)
U (x, y)d xd y = 0, where U =W ∗−W̃ .

But this follows on noting that ϕ
(
W ∗(x, y)

)=α(x)+β(y), and U (·,•) =U (•, ·) a.s.= 0. □
Our next aim is to prove Theorem 6.7. We will need some preparation. We first recall the follow-

ing standard fact about step function approximation.
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Lemma 6.9 (Approximation by stepfunctions in L1). Suppose |A|, |B | <∞ and let h : [A,B ]d →R be
a measurable function for some integer d ≥ 1. Then there exists a sequence of stepfunctions (hn)n≥1

such that ‖hn −h‖1 → 0 as n →∞.

Typical construction of such stepfunctions in Lemma 6.9 is by block-averaging over diadic par-
titions. The L1 convergence can be shown by applying Lévy’s upward convergence theorem. We
omit the details.

Next, we establish the basic properties of the function G in (6.7).

Proposition 6.10. The function G in (6.7) is well-defined and strictly convex. Furthermore, for any
δ> 0, G restricted on W [Aδ,Bδ] is lower semi-continuous with respect to the cut distance δä.

Proof. By the assumption on µ, there exists some tilting parameter θ0 ∈Θ, for which µθ0 is a prob-
ability measure. Fix θ ∈Θ. Noting that the KL divergence between two probability distributions is
nonnegative,

D(µθ‖µ) = D(µθ ‖µθ0 )+θ0ψ
′(θ)−ψ(θ0) ≥ θ0ψ

′(θ)−ψ(θ0).

It follows that for the function f (x) = D(µϕ(x)‖µ) in (1.7), f (x) ≥ θ0x−ψ(θ0). This yields that G(W ) ∈
(−∞,∞] for all W ∈W (A,B) since

G(W ) =
∫

[0,1]2
f (W (x, y))d xd y ≥ θ0

∫
[0,1]2

W (x, y)d xd y −ψ(θ0) >−∞.

For strict convexity, fix λ ∈ (0,1). Since f is strictly convex on (A,B) (see (4.3)), we have f (λy +
(1 −λ)x) < λ f (y) + (1 −λ) f (x) for x, y ∈ (A,B) and x 6= y . It follows that G(λW ′ + (1 −λ)W ) <
λG(W ′)+ (1−λ)G(W ) for W,W ′ ∈W (A,B) with W 6=W ′ almost surely.

Next, we consider G restricted on W [Aδ,Bδ]. To show lower semi-continuity, let Wk be a sequence
of functions in W [Aδ,Bδ] converging to W ∈W [Aδ,Bδ] in δä-metric. We wish to show that

liminf
k→∞

G(Wk ) ≥G(W ).

Noting that G(W ) = G(W (ξ(·),η(·))) for every measure-preserving transformations ξ,η on [0,1],
without loss of generality we can assume ‖Wk −W ‖ä → 0 as k →∞.

Define W L to be the L ×L block-ageraging of W for every W ∈ W and L > 0. By convexity of G
and Jensen’s inequality, G(Wk ) ≥G(W L

k ). For fixed L, G(W L
k ) →G(W L) using the continuity of G on

L×L stepfunctions. It follows that

liminf
k→∞

G(Wk ) ≥ liminf
L→∞

liminf
k→∞

G(W L
k ) = liminf

L→∞
G(W L).

Hence it suffices to show that

liminf
L→∞

G(W L) ≥G(W ).

To this end, let U ,V be independent uniform [0,1] variables. Then W L(U ,V ) converges to W (U ,V )
in probability. For every integrable function W ′ : [0,1] →R, we have G(W ′) = E[ f (W ′(U ,V ))]. Then
noting that f is continuous and the range of f ◦W L is in [Aδ,Bδ] for all L ≥ 1, we get

lim
L→∞

G(W L) = lim
L→∞

E[ f (W L(U ,V ))] = E[ f (W (U ,V ))] =G(W ),

where the equality in the middle follows from the bounded convergence theorem noting that f ◦W
is bounded for W taking values from [Aδ,Bδ]. □

We now prove Lipschitz continuity of typical kernels and dual variables stated in Theorem 6.7.
Our approach is to extend the discrete analog (Theorem 6.1) to the continuous case by discretizing
the dual variables and passing to the limit. The key ingredient for these continuous extensions is
Lemma 6.5, which we have established above.
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Proof of Theorem 6.7. We will first show (6.10) by pushing the discrete result in Theorem 6.1 to
the continuum limit by block averaging the MLEs. Fix an integer L ≥ 1. Then by Lemma 6.5, there
exists bounded and measurable functions α,β,α′,β′ : [0,1] → [−2Cδ,2Cδ] such that

W r,c(x, y) =ψ′(α(x)+β(y)) and W r′,c′(x, y) =ψ′(α′(x)+β′(y)),(6.12)

where W r,c,W r′,c′ ∈W [Aδ,Bδ]. In particular,

r(x) =
∫1

0
ψ′(α(x)+β(y))d y, c(y) =

∫1

0
ψ′(α(x)+β(y))d x,

and similarly for (r′,c′).
For each function h : [0,1] → R and an integer L ≥ 1, let hL denote the block average of h over

intervals [(i −1)2−L , i 2−L) for i = 1, . . . ,2L . By Lemma 6.9, there exists ε= ε(L) > 0 such that

‖α−αL‖1 +‖β−βL‖1 +‖α′−α′
L‖1 +‖β′−β′

L‖1 ≤ ε(L) → 0 as L →∞.

Now define block margin (rL ,cL) by

rL(x) =
∫1

0
ψ′(αL(x)+βL(y))d y, cL(y) =

∫1

0
ψ′(αL(x)+βL(y))d x.

Namely, the block margin (rL ,cL) is obtained by taking block-average of the dual variable (α,β).
Further, note that from (6.12),

ϕ(Aδ) ≤αL(x)+βL(y) ≤ϕ(Bδ) and ϕ(Aδ) ≤α′
L(x)+β′

L(y) ≤ϕ(Bδ).

Hence (rL ,cL) and (r′L ,c′L) are both δ-tame margins for all L ≥ 1.
Denote Dδ := supϕ(Aδ)≤w≤ϕ(Bδ)ψ

′′(w) > 0. Note that

‖r− rL‖1 +‖c−cL‖1 ≤ Dδ

∫
[0,1]2

|αL(x)−α(x)|+ |βL(y)−β(y)|d y d x ≤ 2Dδε(L).(6.13)

By a similar argument,

‖r′− r′L‖1 +‖c′−c′L‖1 ≤ 2Dδε(L).(6.14)

Then by a triangle inequality,

‖W r,c −W r′,c′‖2 ≤ ‖W r,c −W rL ,cL‖2 +‖W r′,c′ −W r′L ,c′L‖2 +‖W rL ,cL −W r′L ,c′L‖2.(6.15)

In order to bound the last term, we can apply Theorem 6.1 since both the margins and the typical
kernels are stepfunctions on the intervals [(i − 1)2−L , i 2−L), i = 1, . . . ,2L and rectangles form by
them, respectively. Thus by Theorem 6.1 and inequalities (6.13) and (6.14),

‖W rL ,cL −W r′L ,c′L‖2
2 ≤ 2CδDδ‖(rL ,cL)− (r′L ,c′L)‖1 ≤ 2CδDδ

(
4Dδε+‖(r,c)− (r′,c′)‖1

)
.

The first two terms on the right-hand side of (6.15) vanishes as L,L′ →∞ by Proposition 6.8. This
shows (6.10).

Next, we show the Lipschitz continuity of MLEs as stated in (6.11). By mean value theorem and
(4.3), ϕ restricted on [Aδ,Bδ] is L-Lipschitz continuous for

L = sup
Aδ≤t≤Bδ

1

ψ′′(ϕ(t ))
= 1

infϕ(Aδ)≤w≤ϕ(Bδ)ψ′′(w)
.

Define a kernel V (x, y) :=α(x)+β(y) = ϕ(W r,c(x, y)) for x, y ∈ [0,1] and similarly define V ′ using
(α′,β′). Then by a simple computation using the fact that

∫1
0 α(x)d x =∫1

0 α′(x)d x = 0, we have

‖α−α′‖2
2 +‖β−β′‖2

2 = ‖V −V ′‖2
2 ≤ L‖W r,c −W r′,c′‖2

2.

Then (6.11) follows from the above and (6.10). □
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Lastly in this section, we prove Proposition 6.8.

Proof of Proposition 6.8. Let Zk denote the typical table for the (mk×nk )δ-tame margin (rmk ,cnk ).
By Proposition 6.6, Wk := WZk is the typical kernel for the corresponding continuum step margin
(r̄mk , c̄nk ) (see (1.19)). By Theorem 6.7, Wk converges to some kernel W ∗ in L2 as k → ∞. Since
Wk ∈W [Aδ,Bδ], it follows that W ∗ ∈W [Aδ,Bδ]. It is easy to see that W ∗ has continuum margin (r,c).

By Lemma 6.5, there exists a constant C =Cδ > 0 such that for each k ≥ 1, there exists bounded
measurable functions αk ,βk : [0,1] → [−C ,C ] for which

Wk (x, y)
a.s.= ψ′(αk (x)+βk (y)).

Without loss of generality, we may assume
∫1

0 αk (x)d x = 0 for all k ≥ 1. Then by (6.11) in Theorem
6.7, we have that αk → α∗ and βk → β∗ in L2 for some bounded measurable functions α∗,β∗ :
[0,1] → [−C ,C ]. Note that

∫1
0 α∗(x)d x = 0.

Now define a kernel W ∗(x, y) = ψ′(α∗(x)+β∗(x)). By mean value theorem, ψ′ restricted on
[ϕ(Aδ),ϕ(Bδ)] is L-Lipschitz continuous for some constant L = L(δ) > 0. Hence

‖Wk −W ∗‖2
2 ≤ L(‖αk −α∗‖2

2 +‖βk −β∗‖2
2).

It follows that Wk → W ∗ in L2. Since Wk ∈ W
[Aδ,Bδ]

r̄k ,c̄k
and (r̄k , c̄k ) → (r,c) in L1, this yields W ∗ ∈

W
[Aδ,Bδ]

r,c . By definition of W ∗ and Lemma 6.5, we deduce that W ∗ is the unique typical kernel for
margin (r,c). Since W ∗ takes values from [Aδ,Bδ], we conclude that (r,c) is δ-tame. □

7. PROOF OF PHASE DIAGRAMS FOR TAME MARGINS

In this section, we prove various sufficient conditions for tame margins stated in Section 1.5.
Our first goal is to prove Theorem 1.22, which requires some preparation. We first reduce the
problem to symmetric margins.

Lemma 7.1 (Reduction to symmetric margins). Suppose µ is such that Θ◦ is unbounded. Fix an
m×n margin (r,c) with T (r,c)∩(A,B)m×n non-empty and assume s < r(i )/n < t and s < c( j )/n < t
for all i , j for some s, t ∈ (A,B). Then for all k0 sufficiently large, there exists a k0 × k0 symmetric
margin (r̃, r̃) such that (r,c) is δ-tame if (r̃, r̃) is so, and s < r̃(i )/k0 < t for all i .

Proof. Without loss of generality we assume (−∞, a) ⊆ Θ◦ for some a ∈ R. By Lemma 4.2, there
exists an MLE (α,β) and a unique typical table Z for (r,c). By permuting the rows and columns,
without loss of generality assume that the coordinates in α and β are ascending. We will consider
to symmeri cases: (1) α(m)−α(1) ≤ β(n)−β(1) and (2) α(m)−α(1) > β(n)−β(1). We will first
argue for case (1).

Assume α(m)−α(1) ≤ β(n)−β(1). By shifting the MLE, without loss of generality also assume
α(m) = β(n), so β(1) ≤ α(1). Since Θ◦ is an open interval and it is assumed to be unbounded,
This implies that 2α(m) = α(m)+β(n) = 2β(n) < a. Fix an integer k ≥ 1 and define α̃k := ((1k ⊗
α)>,β>)>, which is obtained by concatenating α k times followed by β. Let k0 := km +n. Define
the following symmetric k0 ×k0 matrix with (k +1)× (k +1) block structure:

Z̃ :=ψ′(α̃⊕ α̃>) =
[

1k 1>
k ⊗ψ′(α⊕α>) 1k ⊗ψ′(α⊕β>)

1>
k ⊗ψ′(α>⊕β) ψ′(β⊕β>)

]
.

Let r̃ denote the row sums of Z̃ . Then by Theorem 1.7, (α̃,α̃) is an MLE for (r̃, r̃) and Z̃ is the typical
table for (r̃, r̃). From the construction, it follows that (r,c) is δ-tame if the symmetric margin (r̃, r̃)
is so.
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Next, since α(1) ≥β(1) and α(m) =β(n),

r̃(1) = r(1)+k
∑

1≤i≤m
ψ′(α(1)+α(i )) ≥ r(1)+ ∑

1≤i≤m
ψ′(β(1)+α(i )) = r(1)+k c(1),

r̃(m) = r(m)+k
∑

1≤i≤m
ψ′(α(m)+α(i )) = r(m)+k

∑
1≤i≤m

ψ′(β(n)+α(i )) = r(m)+k c(n),

r̃(km +1) = k c(1)+ ∑
1≤i≤n

ψ′(β(1)+β( j )) ≤ k c(1)+ r(1),

r̃(km +n) = k c(n)+ ∑
1≤ j≤n

ψ′(β(n)+β( j )) = k c(n)+ ∑
1≤ j≤n

ψ′(α(m)+β( j )) = k c(n)+ r(m).

It follows that the largest row sum of Z̃ is r̃(m) = r̃(k0) ≤ kc(n)+ r(m) and its smallest row sum is
r̃(km+1) = kc(1)+M , where M :=∑

1≤ j≤n ψ
′(β(1)+β( j )) is a constant that does not depend on k.

By the hypothesis, r̃(k0) < ktm + tn ≤ tk0 and r̃(km +1) ≥ ks′m +M for some s′ > s. It follows that
for k sufficiently large, r̃(km +1)/k0 ≥ (s + s′)/2 > s, as desired.

For case (2), we switch the roles of α and β (e.g., β̃k := ((1k ⊗β)>,α>)>) and apply the same
argument for case (1). □

Next, we establish a technical lemma, which essentially reduces the proof of Theorem 1.22 to
an extreme Barvinok margin. Recall that we say a function h(t ) log-convex if logh(x) is convex.

Lemma 7.2 (Reducing symmetric margin to Barvinok margin). Suppose ψ′′ is log-convex on Θ. Fix
a symmetric n×n margin (r̃, r̃) such that 0 < r̃(1) ≤ ·· · ≤ r̃(n). Let (α̃,α̃) be its symmetric MLE. Then
there exists a symmetric margin (r∗,r∗) such that

r̃(1) ≤ r∗(1) = ·· · = r∗(n −1) ≤ r∗(n) ≤ r̃(n)(7.1)

and the corresponding symmetric MLE (α∗,α∗) satisfies α̃(1) ≤α∗(1) ≤α∗(n) = α̃(n).

Proof. Without loss of generality assume A ≤ 0 < B and n ≥ 3. The overall idea of the construc-
tion is to evolve the MLEs smoothly so that the first n −1 row sums merge together while the last
coordinate of the MLE stays put.

1. Computing the Jacobian.
Next, for each α ∈ [α̃(1),α̃(n)]n , define the corresponding row margin r(α) ∈Rn by

r(α)(i ) =
n∑

j=1
ψ′(α(i )+α( j )) for 1 ≤ i ≤ n.

That is, (r(α),r(α)) is the symmetric margin corresponding to the symmetric MLE (α,α). Let
E(α) = (Ei j )i , j denote the n × n positive symmetric matrix with Ei j = ψ′′(α(i ) +α( j )). Let Ei•
and E• j denotes the i th row sum and the j th column sum of E , respectively. Since E is symmetric,
E•i = Ei•. Then the Jacobian of the margin r w.r.t. the MLE α is given by

Jr(α);α =


E11 +E•1 E12 E13 · · · E1n

E21 E22 +E•2 E23 · · · E2n
...

...
En1 En2 · · · En,n−1 Enn +E•n

 .

2. Evolution of the MLE to synchronize the first n −1 coordinates.
Now we define a piecewise smooth evolution of the MLEαt , t ≥ 0 withα0 = α̃. Our construction

is so that αt converges to α∗ where

α̃(1) ≤α∗(1) = ·· · =α∗(n −1) ≤α∗(n) = α̃(n).(7.2)

Furthermore, the corresponding row sum vector, say r∗, should satisfy (7.1). The evolution αt will
be defined inductively. Let i1 ∈ {1, . . . ,n −2} be such that the gap α0(i1 +1)−α0(i1) is maximized.
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Then we evolve αt so that its i1th coordinate increases and its i1 +1st coordinate decreases until
some time t1 that the gap becomes zero. During this time interval [0, t1], we wish the minimum
and the maximum row sums move toward each other so that (7.1) holds at intermediate times.
The time derivative α̇t is defined as

α̇t = ei1 −a(t )ei1+1 with a(t ) = En,i1 (αt )

En,i1+1(αt )
as long as αt (i1) <αt (i1 +1),(7.3)

where ei denotes the i th standard basis vector in Rn From now we will supress the dependence on
αt in Ei j (αt ). Let t1 = inf{t ≥ 0 : αt (i1) =αt (i1 +1)}. Note that t1 ≤α0(i1 +1)−α0(i1).

Starting from time t1, let i2 ∈ {1, . . . ,n − 2} such that the gap αt1 ( j2 + 1)−αt1 (i2) is maximized
and we define the dynamics similary using the index i2 until some finite time t2 ≥ t1 such that
αt2 (i2) =αt2 (i2 +1), and so on. During this process, the last coordinate α0(n) remains the same.

Next, we will observe that the αt converges to some α∗ satisfying (7.2) as t →∞. To this effect,
we claim

αtk (n −1)−αtk (ik ) ≤
(
1− 1

2n

)
(αtk−1 (n −1)−αtk−1 (ik )).(7.4)

To show the claim, write A = αtk−1 (n −1)−αtk−1 (ik ) and A ′ = αtk (n −1)−αtk (ik ). Denote ∆ j :=
αtk−1 ( j +1)−αtk−1 ( j ) ≥ 0 so that we can write A =∑

ik≤ j<n−1∆ j . Since a(t ) ∈ [0,1] for all t ≥ 0, for
each k ≥ 1, the two coordinates αtk−1 (ik ) <αtk−1 (ik +1) (setting t0 = 0) are replaced by some value
between their mean and the larger one αtk−1 (ik +1) at time tk . In particular,

αtk−1(ik +1)−αtk (ik +1) ≤∆ik /2.

Writing A ′ =∆n−2 +·· ·+∆ik+1 +αtk−1 (ik +1)−αtk (ik +1) (using αtk (ik ) =αtk (ik +1)),

A ′ ≤∆n−2 +·· ·+∆ik+1 +
∆ik

2
=A − ∆ik

2
.

Since ∆ik is the largest gap among the n −1 ones at time tk−1,

A −A ′ ≥ ∆ik

2
≥ 1

2n

∑
ik≤ j<n−1

∆ j = 1

2n
A .

Simplifying the above shows the claim (7.4).
Now let liminf

k→∞
ik = i∗ ≥ 1. Then ik ≥ i∗ for all k ≥ k0 for some k0 ≥ 1. In turn, αtk−1 (n − 1)−

αtk−1 (i∗) is a decreasing function in t for t ≥ tk0 and it contracts by at least a constant factor due to
(7.4) whenever ik = i∗ for k ≥ k0. Thus αtk−1 (n−1)−αtk−1 (i∗) → 0 as k →∞. In particular, αtk−1 (ik+
1)−αtk−1 (ik ) → 0 as k →∞. But since this is the maximum gap at time tk−1, we deduce αtk−1 (n −
1)−αtk−1 (1) → 0 as k →∞. Also note that αtk−1 (i∗) is increasing and αtk−1 (n −1) is decreasing for
k ≥ k0. This shows that αtk−1 →α∗ as t →∞ for some α∗ satisfying (7.2).

3. Contraction of the range of the row sums.
Lastly, denoting rt := r(αt ), we will show that ṙt (1) ≥ 0 and ṙ(n) ≤ 0 during (tk−1, tk ) for each

k ≥ 1. This is enough to conclude (7.1). Fix k ≥1. We wish to show

ṙt (1) = E1,ik +E1•1(ik = 1)−E1,ik+1a(t ) ≥ 0,

ṙt (n) = En,ik −En,ik+1a(t ) ≤ 0,

The expressions for the time derivates of the extreme row sums are clear by chain rule and (7.3).

The choice a(t ) = En,ik /En,ik+1 in (7.3) is valid if
E1,ik

E1,ik+1
≥ En,ik

En,ik+1
, equivalently,

ψ′′(αt (1)+αt (ik ))

ψ′′(αt (1)+αt (ik +1))
≥ ψ′′(αt (n)+αt (ik ))

ψ′′(αt (n)+αt (ik +1))
.(7.5)
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Recall that if h(·) is positive and log-convex, then for x ≤ y and z ≤ w , we have

h(x + z)

h(x +w)
≥ h(y + z)

h(y +w)
.

Since the dynamics respects the ordering αt (1) ≤ ·· · ≤αt (n), (7.5) follows since ψ′′ is positive and
log-convexity. This finishes the proof. □

We are now ready to establish the first part of Theorem 1.22.

Proof of the first part of Theorem 1.22. Suppose (1.23) holds. By Lemma 7.1, without loss of gen-
erality, we assume r = c and m = n ≥ N0 for some large constant N0 to be determined. Let (α,α) be
the unique symmetric MLE for (r,r). Without loss of generality, assume n ≥ 3 and r(1) ≤ ·· · ≤ r(n).
Then α(1) ≤ ·· · ≤α(n). Let Z = (zi j ) denote the typical table for (r,r). By the hypothesis, we may
choose δ> 0 small enough so that

ϕ(A) <ϕ(Aδ) < 3ϕ(s)−2ϕ(t ) and 2ϕ(t )−ϕ(s) <ϕ(Bδ) <ϕ(B).

We will first show zn,n ≤ Bδ. Let α∗ and r∗ be as in Lemma 7.2. Since α(n) =α∗(n), it suffices
to upper bound α∗(n). By the margin condition, Lemma 7.2, and Jensen’s inequality (ψ′ is convex
since ψ′′ is increasing by the hypothesis),

s ≤ n−1r(1) ≤ n−1r∗(1) = (1−n−1)ψ′(2α∗(1))+n−1ψ′(α∗(1)+α∗(n)),(7.6)

t ≥ n−1r(n) ≥ n−1r∗(n) = (1−n−1)ψ′(α∗(1)+α∗(n))+n−1ψ′(2α∗(n))

≥ψ′((1+n−1)α(n)+ (1−n−1)α∗(1)
)≥ψ′(α∗(n)+α∗(1)

)
.

Combining the two inequalities, we get s ≤ (1−n−1)ψ′(2α∗(1))+n−1t , which yields

ϕ
(
(1−n−1)−1s −n−1t

)≤ 2α∗(1).

Then combining the above with t ≥ψ′(α∗(1)+α∗(n)) from (7.6),

2α∗(n) ≤ 2ϕ(t )−2α∗(1) ≤ 2ϕ(t )−ϕ
(
(1−n−1)−1s −n−1t

)
.(7.7)

By continuity of ϕ, the right-hand side above converges to 2ϕ(t )−ϕ(s) as n →∞. Hence exists a
constant N0 depending only on µ, s, t such that the right-hand side above is well-defined and it is
at most ϕ(Bδ) for all n ≥ N0. Recalling α(n) =α∗(n), this shows

zn,n =ψ′(2α(n)) ≤ψ′(ϕ(Bδ)) = Bδ for all n ≥ N0.

Next, it now remains to show z11 ≥ Aδ. Note that

s ≤ n−1r(1) = n−1
n∑

j=1
ψ′(α(1)+α( j )) ≤ψ′(α(1)+α(n)).

Using the upper bound on α(n) in (7.7), this gives

2α(1) ≥ 2ϕ(s)−2α(n) ≥ 2ϕ(s)−2ϕ(t )+ϕ
(
(1−n−1)−1s −n−1t

)
.

The last expression above converges to 3ϕ(s)−2ϕ(t ). By enlarging N0 if necessary, it follows that
the last expression above is at leastϕ(Aδ) for all n ≥ N0. This yields z11 =ψ′(2α(1)) ≥ Aδ, as desired.

□

Instead of proving the second part of Theorem 1.22 directly, we will establish a stronger result
in Proposition 7.3 below on the sharp phase transition of typical tables for Barvinok margins. Es-
sentially for Barvinok margins, the sufficient condition for tameness in Theorem 1.22 is also nec-
essary. A special case of this result, specifically for contingency tables, was previously established
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by Dittmer, Lyu, and Pak [DLP20, Lem. 5.1]. The argument presented here for the general case is
significantly simpler. The following result also directly implies Corollary 1.21.

Proposition 7.3 (Sharp phase transition in typical tables for Barvinok margins). Suppose µ is a
mearsure on R≥0 such that A = 0, B = ∞, and ϕ(B) < ∞. Fix constants s, t ∈ (A,B) with s ≤ t
and a ρ ∈ [0,1). Fix two converging sequences sn → s and tn → t in (A,B). Consider the following
symmetric margin (r,r) with (1.22). Then the following hold:

(i) If 2ϕ(t )−ϕ(s) <ϕ(B), then

z11 = sn +O(nρ−1), z1,n = tn +O(nρ−1),

znn =ψ′ (2ϕ(tn −O(nρ−1))+O(nρ−1)−ϕ(sn −O(nρ−1))
)=O(1).

In particular, for some fixed δ> 0, (r,c) is δ-tame for all n ≥ 1.

(ii) If 2ϕ(t )−ϕ(s) >ϕ(B), then

z11 = sn +O(nρ−1), z1,n =ψ′
(
ϕ(B)+ϕ(sn +ε)

2
+o(1)

)
,

bnρ−1cψ′(znn) = tn −ψ′
(
ϕ(B)+ϕ(sn +O(nρ−1))

2
+o(1)

)
=Ω(1).

In particular, (r,c) is not δ-tame for all n ≥ 1 for any fixed δ> 0.

Proof. Note that for each n, T (r,c) contains a positive real-valued matrix since it contains the
Fisher-Yates table (r(i )c( j )/N )i , j where N denotes the total sum. Hence by Lemma 4.2, there exists
a unique typical table Z = Z r,c. By Theorem 1.7, there exists an MLE (α,β) for margin (r,c). By
shifting the MLE, we may assume that α(1) = β(1). By symmetry, Z is symmetric, so this implies
α = β. Denoting α1 := α(1) and α2 := α(n). Then α1 ≤ α2, zi j = ψ′(2α1) for 1 ≤ i , j ≤ n −bnρc,
zi j =ψ′(α1 +α2) for 1 ≤ i ≤ n −bnρc and j > n −bnρc, and zi j =ψ′(2α2) for i , j > n −bnρc. Hence
the margin condition for Z reduces to the following system of equations:

snn = (n −bnρc)ψ′(2α1)+bnρcψ′(α1 +α2)(7.8)

tnn = (n −bnρc)ψ′(α1 +α2)+bnρcψ′(2α2).

Sinceψ′ ≥ 0, from the second equation, we deduceψ′(α1+α2) ≤ tn =O(1). From the first equation,

2α1 =ϕ(sn −O(nρ−1)).(7.9)

It follows that, dropping the term bnρcψ′(2α2) ≥ 0 from the second equation in (7.8),

α2 ≤ϕ(tn)−ϕ(sn −O(nρ−1))/2.(7.10)

Now suppose 2ϕ(t )−ϕ(s) <ϕ(B). Since ϕ is continuous, there exists ε> 0 such that

2ϕ(t +ε)+ε−ϕ(s −ε) <ϕ(Bε).

From (7.10), it follows that for all sufficiently large n ≥ 1, 2α2 ≤ ϕ(Bε). Hence ψ′(2α2) = O(1), so
from the second equation in (7.8), α1 +α2 =ϕ(tn −O(nρ−1))+O(nρ−1), so using (7.9),

α2 =ϕ(tn −O(nρ−1))+O(nρ−1)−ϕ(sn −O(nρ−1))/2 <ϕ(Bε)/2

for n ≥ 1 large. Thus in this case, (r,r) is δ-tame for a fixed δ for all n ≥ 1 sufficiently large. The
asymptotic expressions for zi j follow from z11 =ψ′(2α1), z1,n =ψ′(α1 +α2), and znn =ψ′(2α2).

Next, suppose 2ϕ(t )−ϕ(s) >ϕ(B). Then there exists ε> 0 such that for all n large enough,

2ϕ(tn −ε)−ϕ(sn) >ϕ(B).(7.11)
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Using 2α2 <ϕ(B) with (7.9) and (7.11), for all sufficiently large n ≥ 1,

α1 +α2 <α1 + ϕ(B)

2
= ϕ(sn −O(nρ−1))+ϕ(B)

2
≤ϕ(tn −ε).

Thus, in the second equation in (7.8), (n −bnρc)ψ′(α1 +α2) can be at most n(tn −ε) and the other
term bnρcψ′(2α2) must make up for the linearly large remainder term ≥ εn. Namely,

bnρ−1cψ′(2α2) = tn − (1−bnρc/n)ψ′(α1 +α2) ≥ ε(7.12)

for all n large enough, so we have 2α2 ≥ ϕ(εn1−ρ). Hence znn ≥ εn1−ρ →∞ as n →∞ and 2α2 =
ϕ(B)− o(1). Thus (r,r) is not δ-tame for all n ≥ 1 sufficiently large for any fixed δ > 0. We can
further obtain an asymptotic expression for znn . Using (7.9) and 2α2 = ϕ(B)− o(1), 2α1 + 2α2 =
ϕ(B)+o(1)+ϕ(sn −O(nρ−1))). Plugging this in to the equality in (7.12),

bnρ−1cψ′(2α2) = tn −ψ′
(
ϕ(B)+ϕ(sn −O(nρ−1))

2
+o(1)

)
.

□
Remark 7.4. Recently in [BR24], Barvinok and Rudelson observed that the Barvinok margin r =
c = (n, . . . ,n,λn) is δ-tame if λ< 2 and it is not if λ> 2 when µ is the Lebesgue measure on R≥0. In
particular, they noted that znn =Ω(n). Recall that for this base measure, we have ψ′(θ) = ϕ(θ) =
−1/θ (see Ex. 3.6). Hence our Proposition 7.3 implies more precise asymptotics of the typical table
in the supercritical case λ> 2. For instance, znn = λ

2−λ+O(n−1) for λ< 2 and znn = (λ−2+o(1))n+
O(n−1) for λ> 2.

We can now quickly deduce Corollary 1.23 from the results we established above.

Proof of Corollary 1.23. First, we will show that t/s < λc implies tameness. For all base measures
in the statement, ψ′′ is increasing and log-convex (see Sec. 3) with ϕ(A) =∞ and ϕ(B) = 0. Hence
by Theorem 1.22, (r,c) is δ-tame for some δ= δ(µ, s, t ) > 0 if 2ϕ(t )−ϕ(s) < 0. A simple computation
using explicit forms of ϕ shows that this condition is simply t/s < λc , where the critical ratio λc is
given in (1.24). For the other direction, note that by Proposition 7.3, the (n,n) entry of the typical
table corresponding to the Barvinok margin (1.22) with tn = t + o(1), sn = s + o(1) blows up as
n →∞ if 2ϕ(t )−ϕ(s) > 0, which occurs if and only if t/s >λc . This finishes the proof. □

Lastly in this section, we prove the sharp condition for tame margins for B <∞ stated in Theo-
rem 1.20. Our proof is a combination of the symmetrization technique (Lemma 7.1) and a minor
modification of the proof of [BH13, Lem. 12.3].

Proof of Theorem 1.20. By shifting, we may assume A = 0 ≤ B < ∞. Then the inequality (1.21)
reduces to (s + t )2 < 4B s. We first argue that for each (s, t ) ∈ (0,B)2 with s ≤ t , (s, t ) ∉ Ω(µ) if
(s + t )2 > 4B s. Fix such s and t . Fix x, y ∈ (0,1) and c ∈ R. Consider the following n-dimensional
dual variables α= (−n, . . . ,−n,0, · · · ,0) and β= (n + c, · · · ,n + c,c, · · · ,c), where α repeats −n bxnc
times and β repeats n + c bync times. Let Z := ψ′(α⊕β) and let (r,c) denote the margin of Z .
By Theorem 1.7, (α,β) is an MLE for (r,c) and Z is the typical table for (r,c). By construction,
the margin (r,c) is not δ-tame for any constant δ> 0 independent of n since the MLEs diverge as
n →∞.

Since ψ′(−n) → 0 and ψ′(n + c) → B as n →∞, it is easy to see that the row and column sums
rescaled by n−1 as n →∞ have only the following four values:

yψ′(c), yB + (1− y)ψ′(c), xψ′(c)+ (1−x)B , (1−x)ψ′(c).

If y ≤ 1−x, then the minimum and the maximum among the above values are yψ′(c) and xψ′(c)+
(1−x)B , respectively. Thus the proof is finished once we choose x, y ∈ (0,1) and c so that y ≤ 1−x,
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s = yψ′(c), and t = xψ′(c)+ (1− x)B . We choose c so that 0 < s ≤ ψ′(c) ≤ t < B and then choose
x = x(c) and y = y(c) to satisfy the required identities. We can then make ψ′(c) is sufficiently close
to s to make sure y ≤ 1−x. This shows (s, t ) ∉Ω(µ) if (s + t )2 > 4B s.

Next, we show that (s + t )2 < 4B s implies (s, t ) ∈Ω(µ). By Lemma 7.1, without loss of generality,
we assume m = n and r = c. Let (α,α) be the unique symmetric MLE for (r,r). Without loss
of generality, assume n ≥ 3 and r(1) ≤ ·· · ≤ r(n). Then α(1) ≤ ·· · ≤ α(n). We will denote α =
(α1, . . . ,αn). Since ψ′ is increasing and α1 ≤ ·· · ≤αn for all i , j , it follows that

zi ,n =ψ′(αi +αn) ≥ z1,n ≥ψ′(α1 +α j ) = z1, j ,

zn, j =ψ′(αn +α j ) ≥ zn,1 ≥ψ′(αi +α1) = zi ,1.

Fix ε > 0 sufficiently small. Note that ϕ(x) →−∞ as x ↘ 0 and ϕ(B − x) →∞ as x ↘ 0. Hence
there are constants c1,c2 (depending on ε) such that

ϕ(c1)+ϕ(B −ε) ≤ϕ(s −ε), ϕ(c1)+ϕ(B − c2) ≥ϕ(t +ε).

We claim that

ϕ(c1)
(a)≤ α1 ≤αn

(b)≤ ϕ(B − c2).(7.13)

Since ϕ(zi j ) =αi +α j and ϕ is increasing, the assertion follows immediately from this claim. Fur-
thermore, (b) follows from (a). Indeed, suppose (b) is not true while (a) holds. Then

t ≥ n−1r(n) = n−1
∑

i
zi ,n = n−1

∑
i
ψ′(αi +αn) ≥ψ′(ϕ(c1)+ϕ(B − c2)) ≥ (t +ε),

which is a contradiction. Thus it is enough to show (7.13) (a).
Suppose for contradiction (a) does not hold, i.e., α1 < ϕ(c1). Then necessarily αn > ϕ(B − ε),

since otherwise for all 1 ≤ j ≤ n,

z1, j =ψ′(α1 +α j ) ≤ψ′(α1 +αn) ≤ψ′ (ϕ(c1)+ϕ(B −ε)
)≤ψ′(ϕ(s −ε)) = s −ε.

So this implies s ≤ r(1)/n ≤ s −ε, a contradiction.
Now since α1 <ϕ(c1) and αn >ϕ(B −ε),

zi ,n =ψ′(αi +αn) ≥ψ′(αn) ≥ψ′(ϕ(B −ε)) = B −ε if αi ≥ 0 ,

z1, j =ψ′(α1 +α j ) ≤ψ′(α1) ≤ψ′(ϕ(c1)) = c1 if α j ≤ 0.

Let ρ := n−1{1 ≤ i ≤ n : αi ≥ 0}. Then we have

tn ≥ cn =∑
i

zi ,n = ∑
i ;αi≥0

zi ,n + ∑
i ;αi<0

zi ,n ≥ nρ(B −ε)+ (1−ρ)nz1,n ,

sn ≤ r1 =
∑

j
z1, j =

∑
j ;α j<0

z1, j +
∑

j ;α j≥0
z1, j ≥ (1−ρ)c1 +ρnz1,n .

It follows that

t ≥ ρ(B −ε)+ (1−ρ)z1,n , s ≤ (1−ρ)c1 +ρz1,n .(7.14)

Denote τ := z1,n . Since ρ ∈ [0,1],

t +ε≥ ρB + (1−ρ)τ, s − c1 ≤ ρτ.

This yields

t +ε≥ ρB + (1−ρ)τ≥ 2
√

Bρτ−ρτ≥ 2
√

B(s − c1)− (s − c1),
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where second inequality above uses ρB+τ
2 ≥√

ρBτ and last inequaliy uses the fact that the function

x 7→ 2
p

B x −x is increasing for x ∈ [0,B ] together with the second inequality in (7.14). Thus if

t +ε< 2
√

B(s − c1)− (s − c1),(7.15)

then this leads to a contradiction. Note that (7.15) holds for ε,c1 sufficiently small if t < 2
p

B s − s,
or (s + t )2 < 4B s. Thus we conclude that (7.13) (a) hold, as desired. □

Lastly in this section, we prove Theorem 1.24.

Proof of Theorem 1.24. We first show the “only if” part. Fix I ⊆ [n]. δ-tameness implies that there
is a symmetric MLE (α,α) for margin (r,r) such that c1 := δ ≤ψ′(α⊕α) ≤ B −δ =: c2. The typical
table ψ′(α⊕α) = (zi j ) satisfies the margin (r,r), so c1 ≤ r(i )/n ≤ c2 for all i , j . Now writing r(i ) =∑

j∈I zi j +∑
j∉I zi j and using zi j ≤ B −δ,

B |I |2 −∑
i∈I

r(i ) ≥ δ|I |2 −∑
i∈I

∑
j∉I

zi j .

Also, since B |I | ≥∑
i∈I zi j due to zi j ∈ [0,B ],∑

j∉I
B |I |∧ r( j ) ≥ ∑

j∉I

∑
i∈I

zi j .

Combining the above, we deduce

B |I |2 +∑
j∉I

B |I |∧ r( j )−∑
i∈I

r(i ) ≥ δ|I |2.

Hence (1.25) holds with c3 = δ.
Next, we show the “if” part, which is the more substantial implication. For the case of µ =

Uniform({0,1}), Chatterjee, Diaconis, and Sly showed this implication in [CDS11, Lem. 4.1]. The
implication for the general case follows from a minor modification of their argument. Below we
provide a detailed argument for completeness.

Suppose there exist constants c1,c2,c3 > 0 independent of r such that c1 ≤ r(i )/n ≤ c2 for all i
and (1.25) hold. Assume that r(1) ≤ ·· · ≤ r(n) and α(1) ≤ ·· · ≤ α(m). We will show that α(n) ≤ C
for some constant C =C (µ,c1,c2,c3) > 0 independent of r. Given this, we also have a lower bound
α(1) ≥ϕ(c1)−C since

c1n ≤ r(1) ≤
n∑

j=1
ψ′(α(1)+α( j )) ≤ nψ′(α(1)+α(n)) ≤ nψ′(α(1)+C ).

Then ψ′(2ϕ(c1)−C ) ≤ ψ′(α⊕β) ≤ ϕ′(2C ). Hence (r,r) is δ-tame for δ > 0 small enough so that
δ<ψ′(2ϕ(c1)−C ) and ϕ′(2C ) ≤ B −δ.

Without loss of generality, we can assume α(n) ≥ C0 for any constant C0 = C0(µ,c1,c2,c3) > 0.
We first claim that a constant fraction of coordinates of α is large:

|{i : α(i ) ≥α(n)/4}| ≥ c2
1n.(7.16)

To see this, let M := |{i : α(i ) > −α(n)/2}|. Note that M ≥ 1 since α(n) ≥ C0 > 0. Since ψ′ takes
values in (0,B), it follows that

c2n ≥ r(n) =
n∑

j=1
ψ′(α(n)+α( j )) ≥ Mψ′(α(n)/2).

Assuming C0 > 2ϕ(c2), we can impose α(n) > 2ϕ(c2). Then ψ′(α(n)/2) > c2, so the above yields
M < n. It follows that there exists an index j such that α( j ) ≤−α(n)/2. In particular, α(1) < 0. Let

M1 := {i : i 6= j , α(i ) <−α(1)/2}.
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Then using α(1) ≤−α(n)/2, note that

c1n ≤ c(1) ≤ M1ψ
′(α(1)/2)+B(n −M1) ≤ M1ψ

′(−α(n)/4)+B(n −M1).

Assuming C0 >−4ϕ( Bc1
1+c1

), we can further impose α(n) ≥−4ϕ( Bc1
1+c1

) so that ψ′(−α(n)/4) ≤ Bδ/(1+
c1). Hence

M1 ≤ (B −δ)n

B −ψ′(−α(n)/4)
≤ (1− c2

1)n.

Hence n − M1 ≥ c2
1n, so there are at least c2

1n indices i such that α(i ) ≥ −α(1)/2 ≥ α(n)/4. This
shows the claim (7.16).

Next, assume C0 > 172 so that h :=p
α(n) ≥ 17. For each integer k between 0 and h

16 −1, define

Dk :=
{

i : −α(n)

8
+kh ≤α(i ) <−α(n)

8
+ (k +1)h

}
.

Since D0,D1, . . . are disjoint, there exists an integer 1 ≤ k ≤ h
16 −1 such that |Dk | ≤ n

(h/16)−1 . Fix such
an integer k and let

I :=
{

i : α(i ) ≥ α(n)

8
−

(
k + 1

2

)
h

}
.

Since α(n) > 0, we have α(n)
4 ≥ α(n)

8 − (
k + 1

2

)
h, so it follows |I | ≥ c2

1n by the claim (7.16).
Note that since k +1 ≤ h/16, we have α(i ) ≥α(n)/16 for each i ∈ I . Hence get

B |I |2 − ∑
i , j∈I

zi j ≤ (B −ψ′(α(n)/8))|I |2.(7.17)

Next, fix j ∉ I . We consider three cases. First, suppose α( j ) ≥−α(n)
8 + (k +1)h. Then for each i ∈ I ,

we have α(i )+α( j ) ≥ h/2, so

r( j )∧B |I |−∑
i∈I

zi j ≤ B |I |−∑
i∈I

zi j ≤ |I |(B −ψ′(h/2)).

Second, suppose α( j ) ≥−α(n)
8 +kh. Then for each i ∉ I , we have α(i )+α( j ) ≤−h/2, so

r( j )∧B |I |−∑
i∈I

zi j ≤ r( j )−∑
i∈I

zi j =
∑
i∉I

zi j ≤ nψ′(−h/2).

Lastly, the third case is the one in which j ∉ I does not belong to either of the previous two cases.
The set of all such j ’s is contained in the set Dk and for such j ’s, we bound r( j )∧B |I |−∑

i∈I zi j ≤
B |I | ≤ Bn. Hence combining the three cases above with (7.17),

∑
j∉I

(
r( j )∧B |I |)+B |I |2 −∑

i∈I
r(i ) ≤

[
(B −ψ′(h/2))+ψ′(−h/2)+ B

(h/16)−1
+ (B −ψ′(h2/8))

]
n2.

According to (1.25), the left-hand side of the above inequality is bounded below by c3|I |2 ≥ c3c2
1n2.

But the coefficient of n2 on the right-hand side tends to zero as α(n) = h2 →∞, which is a con-
stracition. So there exists a constant C = C (µ,c1,c2,c3) ≥ C0 > 0 such that h > C implies that the
right-hand side above is at most cδ2n2. Then α(n) ≤C , as desired. □
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8. PROOF OF CONVERGENCE OF GENERALIZED SINKHORN ALGORITHM

In this section, we establish Theorem 1.25 on the linear convergence of the generalized Sinkhorn
algorithm (1.26). The key difficulty is showing that the sequence of dual variables along the trajec-
tory of the Sinkhorn algorithm stays bounded. In the special case of entropic optimal transport,
a uniform bound on the norm of the dual variables (e.g., [MG20, Lem. 2.3]) is established relying
heavily on the closed form of Sinkhorn iterates (2.6), which is enjoyed only for the special case of
the Poisson base measure in our setting. In the lemma below, we establish that the generalized
Sinkhorn update weakly contracts in the L∞-norm.

Lemma 8.1 (L∞-monotonicity of the Sinkhorn iterates). Suppose T (r,c)∩(A,B)m×n is non-empty.
Let (αk ,βk ), k ≥ 0 denote the iterates produced by the Sinkhorn algorithm (1.26). Let (α̂, β̂) be an
arbitrary MLE for the margin (r,c).

(i) For each k ≥ 0, ‖(αk+1,βk+1)− (α̂, β̂)‖∞ ≤ ‖(αk ,βk )− (α̂, β̂)‖∞ ≤ ‖α0 − α̂‖∞.
(ii) Suppose (r,c) is δ-tame, ψ′′ is increasing, and α0 = 0. Then (αk ,βk ) is δ-tame for all k ≥ 1.

Proof. By permuting the rows and columns if necessary, we may assume that r(1) ≤ ·· · ≤ r(m) and
c(1) ≤ ·· · ≤ c(n). Since ψ′ is increasing, it follows that α̂(1) ≤ ·· · ≤ α̂(m) and β̂(1) ≤ ·· · ≤ β̂(n). Fix
(α,β) ∈Rm×Rn . Let β 7→ ξ(β) =: α′ denote the Sinkhorn update for the first dual variable given the
second one β. Since ψ′ is increasing and since r(i ) =∑

j ψ
′(α′(i )+β( j )) for all i , it follows that α′

has increasing coordinates. We would like to compute the Jacobian of this map. To do so, define
the function F : Rm ×Rn →Rm as

F (α,β) :=
(

r(1)−∑
j
ψ′(α(1)+β( j )), . . . ,r(m)−∑

j
ψ′(α(m)+β( j ))

)
.

Then α′ = ξ(β) is the unique zero of the equation F (·,β) = 0. Let E = E(α′,β) be the m ×n matrix
whose (i , j ) entry is −ψ′′(α′(i )+β( j )) and let Ei• denote the i th row sum of E for i = 1, . . . ,m. Then
the Jacobian of F with respect to α and β, respectively, are given by

[JF ;α(α′,β)]m×m = diag(E1•, . . . ,Em•), [JF ;β(α′,β)]m×n = E .

The first Jacobian matrix above is always invertible since ψ′′ > 0 on the domain. Hence by the
implicit function theorem,

[Jα′;β]m×n =−[JF ;α(α′,β)]−1
m×m[JF ;β(α′,β)]m×n =−[

E(α′,β)i j /E(α′,β)i•
]

m×n .

Importantly, we observe that −Jα′;β is a row-stochastic matrix.

Now note that ξ′(β̂) = α̂. Let γ(s) = (1− s)β+ sβ̂ denote the linear interpolation between β and
β̂. Then denoting Ps :=−Jξ(γ(s));γ(s), we have

α′− α̂= ξ(β)−ξ(β̂) =
[∫1

0
Ps d s

]
︸ ︷︷ ︸

=:P

(β̂−β).(8.1)

The matrix P defined above is row-stochastic since every intermediate negative Jacobian matrix is
row-stochastic by the earlier observation. In particular, since ‖P‖∞ = 1, this yields

‖α′− α̂‖∞ ≤ ‖P‖∞‖β− β̂‖∞ = ‖β− β̂‖∞.

By a symmetric argument, it also holds
∥∥β′− β̂

∥∥∞ ≤ ‖α̂−α‖∞, where β′ denotes the output of the
Sinkhorn update for the second dual variable given the first dual variable α. It then follows that,
for all k ≥ 0,

‖αk+1 − α̂‖∞ ≤ ‖βk+1 − β̂‖∞ ≤ ‖αk − α̂‖∞ ≤ ‖βk − β̂‖∞.
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By induction, from the above, we can deduce (i).
Next, we show (ii). Assume ψ′′ is increasing and let α0 = 0. We may shift the MLE (which we will

still denote as (α̂, β̂)) if necessary so that α̂≤α0 entrywise. We claim the following:

(a) β̂−βk has increasing nonnegative coordinates for k ≥ 1.

(b) αk − α̂ has decreasing nonneative coordinates for k ≥ 0.

Indeed, note that (b) holds for k = 0 by the hypothesis. We will next show that (b) holds for k ≥ 1 if
(a) holds for the same k. By (8.1) with β=βk and since β̂−βk has nonnegative coordinates,

αk (i )− α̂(i ) =
∫1

0
Ps[i , :](β̂−βk )d s ≥ 0 for all i .(8.2)

Next, we argue that αk − α̂ has decreasing coordintes. Denoting βs := (1 − s)βk + sβ̂, the cor-
responding dual variable αs := ξ(βs) has increasing coordinates by the observation in the first
paragraph. Since ψ′′ is increasing, it follows that Ps is the row-normalization of an m ×n matrix
E(αs ,βs) with coordinates increasing along both row and column indices. So the rows Ps[i , :] and
Ps[i ′, :] for i < i ′ are probability distributions over [n] where the former assigns smaller weights on
lesser indices than the latter. More precisely, there exists an index j∗ such that Ps[i , j ] ≤ Ps[i ′, j ]
for j ≤ j∗ and the inequality reverses for j > j∗. By the induction hypothesis β̂−βk has increas-
ing coordinates, one can easily check that Ps[i , :](β̂−βk ) ≥ Ps[i ′, :](β̂−βk ). Integrating in s, (8.2)
implies that αk − α̂ has decreasing coordinates.

By a symmetric argument, one can show that (a) for k + 1 holds if (b) for k holds. Thus by
induction, this shows (a) and (b) above.

Now we are ready to finish the proof of (ii). Observe that

αk (m)+βk (n) = α̂(m)+ [αk (m)− α̂(m)]+ β̂(n)+ [
βk (n)− β̂(n)

]
= (

α̂(m)+ β̂(n)
)+P [m, :](β̂−βk )− (β̂(n)−βk (n))︸ ︷︷ ︸

≤0

≤ α̂(m)+ β̂(n) ≤ϕ(Bδ),

where the first inequality follows since β̂−βk has increasing (claim (a) above) coordinates and the
second inequality follows since (α̂, β̂) is δ-tame. Similarly,

αk (1)+βk (1) = α̂(1)+ [αk (1)− α̂(1)]+ β̂(1)+ [
βk (1)− β̂(1)

]
= (

α̂(1)+ β̂(1)
)+P [:,1](β̂−βk )− (β̂(1)−βk (1))︸ ︷︷ ︸

≥0

≥ α̂(1)+ β̂(1) ≥ϕ(Aδ).

Since both αk and βk have increasing coordinates, this is enough to conclude (ii). □
Proof of Theorem 1.25. We first claim the following: (1.27) holds if all Sinkhorn iterates (αk ,βk ) for
k ≥ k0 as well as the MLE (α∗,β∗) are ε-tame. Before proving this claim, we will first deduce parts
(i)-(iii) from this claim. First, we remark that there are well-known results from the optimization
literature that are directly applicable to the generalized Sinkhorn algorithm (1.26). Since each
sub-problem in (1.26) has a unique solution due to strict concavity of the block-restricted dual
objective, asymptotic convergence to the critical point of (1.26) follows from a general result for
alternating maximization (e.g., [Ber97, Prop. 2.7.1]). Every critical point of the dual objective is
an MLE, which is a global optimum by Theorem 1.7. Thus it follows that αk ⊕βk → α∗⊕β∗ as
k →∞ entrywise. In particular, if we choose ε> 0 small enough so that (r,c) is ε-tame (i.e., ϕ(Aε) ≤
α∗⊕β∗ ≤ϕ(Bε)), then there exists k0 ≥ 1 such that ϕ(Aε/2) ≤αk ⊕βk ≤ϕ(Bε/2) for all k ≥ k0. Then
(i) follows from the claim. For (ii), the hypothesis of the claim is directly justified by Lemma 8.1
(ii). For (iii), the hypothesis and Lemma 8.1 (i) impliy that entrywise,

αk ⊕βk ≤ϕ(Bε)−2‖α0 −α∗‖∞+‖αk −α∗‖∞+‖βk −β∗‖∞ ≤ϕ(Bε).
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The lower bound follows similarly. Thus (αk ,βk ) is ε-tame for all k ≥ 0.
It now suffices to show the claim. Our analysis for this is inspired by the proof of linear conver-

gence of the Sinkhorn algorithm for entropic optimal transport due to Carlier [Car22]. For sim-
plicity denote F :=−g r,c (see (1.6)). Consider the following centered Sinkhorn iterates (α̃k , β̃k ) for
k ≥ 1 where (α̃0, β̃0) = (α0,β0) and for k ≥ 1, (α̃k , β̃k ) is obtained from β̃k−1 by the same Sinkhorn
update in (1.26) but followed by centering (adding and subtracting the same constants to α̃k and
β̃k , respectively) so that

∑
i α̃k (i ) = 0. By an induction, it is easy to verify

αk ⊕βk = α̃k ⊕ β̃k for all k ≥ 0.

We also let (α̃∗, β̃
∗

) denote the standard MLE for (r,c). Note that
∑

i α̃
∗(i ) = 0 andα∗⊕β∗ = α̃∗⊕β̃∗

.
In particular, F (αk ,βk ) = F (α̃k , β̃k ) for all k ≥ 0 and F (α∗,β∗) = F (α̃∗, β̃

∗
). Thus it is enough to

show the claim for the centered iterates (α̃k , β̃k ) and standard MLE (α̃∗, β̃
∗

). We will omit the tilde
notation in the rest of the proof.

Denote σ2
ℓ
=σ2

ℓ
(ε) for ℓ= 1,2, which are defined in the statement. Note that

∇2
αF (α,β) = diag

(∑
j
ψ′′(α(i )+β( j ); i

)
and ∇2

βF (α,β) = diag

(∑
i
ψ′′(α(i )+β( j ); j

)
.

If (α,β) and (α′,β′) are both ε-tame, then so is their convex combination. Hence F (α, ·) is mσ2
1-

strongly convex and mσ2
2-smooth (i.e., ∇βF (α, ·) is mσ2

2-Lipschitz continuous) on the secant line
between (α,β) and (α′,β). By the first-order optimality of βk+1, ∇βF (αk ,βk+1) = 0. Hence we
deduce the second-order growth property

F (αk ,βk )−F (αk ,βk+1) ≥ nσ2
1

2
‖αk+1 −αk‖2.

Similarly, using ∇αF (αk+1,βk+1) = 0, we get

F (αk ,βk+1)−F (αk+1,βk+1) ≥ mσ2
1

2
‖βk+1 −βk‖2.

Combining the two inequalities above and recalling ∆k = F (αk ,βk )−F (α∗,β∗), we obtain

∆k −∆k+1 ≥
nσ2

1

2
‖αk+1 −αk‖2 + mσ2

1

2
‖βk+1 −βk‖2.(8.3)

Next, note that ψ is σ2
1-strongly convex and σ2

2-smooth on [ϕ(Aε),ϕ(Bε)]. In particular, for each
x, y in that interval,

ψ(x)−ψ(y) ≥ψ′(y)(x − y)+ σ2
1

2
(x − y)2.(8.4)

Then ε-tameness, (8.4), and
∑

i αk = 0 =∑
i α

∗(i ) give∑
i , j

[
ψ(α∗(i )+β∗( j ))−ψ(αk (i )+βk ( j ))

]
≥∑

i , j

[
ψ′(αk (i )+βk ( j ))(α∗(i )+β∗( j )−αk (i )−βk ( j ))

]+ σ2
1

2
‖(α∗⊕β∗)− (αk ⊕βk )‖2

F︸ ︷︷ ︸
=n‖α∗−α‖2+m‖β∗−β‖2

(8.5)

Also, recall that

∇αF (α,β) =
(

r(i )−∑
j
ψ′(α(i )+β( j )); i

)
and ∇βF (α,β) =

(
c( j )−∑

i
ψ′(α(i )+β( j )); j

)
.
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Hence we have

〈∇αF (αk ,βk ), α∗−αk〉+〈∇βF (αk ,βk ), β∗−βk〉 = 〈(r,c), (α∗,β∗)− (αk ,βk )〉− I1,(8.6)

where I1 denotes the first term in (8.5).
Then we can deduce the following strong-convexity-type inequality

−∆k
(a)= 〈(αk ,βk )− (α∗,β∗), (r,c)〉+∑

i , j

[
ψ(α∗(i )+β∗( j ))−ψ(αk (i )+βk ( j ))

]
(b)≥ 〈∇αF (αk ,βk )︸ ︷︷ ︸

=0

, α∗−αk〉+〈∇βF (αk ,βk ), β∗−βk〉+
σ2

1

2

[
n‖α∗−αk‖2 +m‖β∗−βk‖2]

(c)≥ − 1

2mσ2
1

‖∇βF (αk ,βk )−∇βF (αk ,βk+1)‖2

(d)≥ − σ4
2

2σ2
1

(
n‖αk+1 −αk‖2 +m‖βk+1 −βk‖2) ,(8.7)

where (a) follows from the definition of g r,c in (1.6), (b) follows from combining (8.5) and (8.6).

For (c), we used ∇βF (αk ,βk+1) = 0 and Young’s inequality ab ≤ a2

2λ + λb2

2 with a = ‖∇βF (αk ,βk )‖,
b = ‖β∗−βk‖, and λ= mσ2

1, which give

〈∇βF (αk ,βk ), β∗−βk〉 ≥−‖∇βF (αk ,βk )‖ ·‖β∗−βk‖

≥− 1

2mσ2
1

‖∇βF (αk ,βk )−∇βF (αk ,βk+1)‖2 − mσ2
1

2
‖β∗−βk‖2.

Lastly, (d) follows from the Lipschitz continuity of ∇βF and including an additional nonpositive
term for the lower bound.

Combining (8.7) with (8.3), we get

∆k ≤ (σ1/σ2)4(∆k −∆k+1).

Rearranging, this yields ∆k+1 ≤
(
1− (σ1/σ2)4

)
∆k . This shows the second inequality in (1.27).

To show the first inequality in (1.27), we switch (α∗,β∗) and (αk ,βk ) in (8.5) to get∑
i , j

[
ψ(αk (i )+βk ( j ))−ψ(α∗(i )+β∗( j ))

]
≥∑

i , j

[
ψ′(α∗(i )+β∗( j ))(αk (i )+βk ( j )−α∗(i )−β∗( j ))

]
︸ ︷︷ ︸

=〈(r,c), (αk ,βk )−(α∗,β∗)〉

+σ2
1

2
‖(α∗⊕β∗)− (αk ⊕βk )‖2

F ,

where for the summation we used ∇F (α∗,β∗) = 0 and (8.6) with (α∗,β∗) and (αk ,βk ) switched.
Rearranging terms then gives

∆k ≥ σ2
1

2
‖(α∗⊕β∗)− (αk ⊕βk )‖2

F .

Combining the above we obtain (1.27) as claimed. □

9. PROOF OF APPLICATIONS

In this section, we prove all results stated in Section 1.7.
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Proof of Theorem 1.27. We first show that there exists a constant C = C (µ,δ) > 0 such that for ν-
almost all margins (r,c) with an MLE (α,β), the following holds for each t ≥ 0:

dT V
(
ξ̃I ,J , µ̃α(I )⊕β(J )

)≤ t +
[

exp(Cρ)P
(
Y ∈Tρ(r,c)

)−1 ∧ sup
y

py(r,c)

]
exp

(−2t 2|I × J |) ,(9.1)

where py(r,c) is defined in Theorem 1.11. To see this, fix a measurable set D ⊆ R and for each
matrix W ∈Rm×n , denote

SD (W ) := 1

|I × J |
∑

(i , j )∈I×J
1(Wi j ∈ D).

Then µ̃I ,J (D) = E[SD (X )] and ξ̃α(I )⊕β(J )(D) = E[SD (Y )]. Denoting the expression in the bracket in
(9.1) by K and using Theorems 1.10 and 1.11,

|ξ̃I ,J (D)− µ̃α(I )⊕β(J )(D)| = E [|SD (X )−E[SD (Y )]|]
≤ t P (|SD (X )−E[SD (Y )]| ≤ t )+P (|SD (X )−E[SD (Y )]| > t )

≤ t +K P (|SD (Y )−E[SD (Y )]| > t ) .

By Hoeffding’s inequality,

P (|SD (Y )−E[SD (Y )]| > t ) ≤ 2exp
(−2t 2|I | · |J |) .

This shows (9.1).
Note that K is at most exp(Fµ(r,c)) due to Theorems 1.10, 1.14, and 1.13. Then the bound (1.29)

follows from (9.1) by choosing t =O(
√

Fµ(r,c)/|I × J |). □

Proof of Theorem 1.29. By Theorem 1.27, triangle inequality, and the convexity of the TV distance,
it suffices to show that

E

[
dT V

(
µ
αm (U )+βn (V ), µα(U )+β(V )

)4
]
=O (‖(r,c)− (r̄m , c̄n)‖1) .

By Pinsker’s inequality, for each θ,θ′ ∈ [ϕ(Aδ),ϕ(Bδ)], for Cδ := supϕ(Aδ≤w≤ϕ(Bδ)) |ψ′(w)|,
2dT V (µθ,µθ′)2 ≤ D(µθ ‖µθ′) = (θ−θ′)ψ′(θ)−ψ(θ)+ψ(θ′) ≤Cδ|θ−θ′|.

It follows that

4dT V

(
µᾱm (U )+β̄n (V ), µα(U )+β(V )

)4 ≤C 2
δ|ᾱm(U )+ β̄n(V )−α(U )+β(V )|2.

Using the fact that E[ᾱm] = E[α] = 0 and Theorem 1.19, the expectation of the right-hand side is at
most

C 2
δ

(‖ᾱm −α‖2
2 +‖β̄n −β‖2

2

)=O(‖(r̄m , c̄n)− (r,c)‖1).

□

Proof of Corollary 1.30. Recall from Ex. 1.9 that the sequence of k-cloning of (r0,c0) is uniformly
δ-tame for some δ depending only on (r0,c0). Specifically, if (α0,β0) is an MLE for (r0,c0), then its
concatenation (α0 ⊗1k ,β0 ⊗1k ) is an MLE for the k-cloning of (r0,c0). By symmetry, the entries
in the first k ×k submatrix of X have the same distribution. The same holds for Y ∼ µα⊕β since
the first k ×k submatrix of α⊕β has constant entries, namely, α0(1)+β0(1). Then the assertion
follows from Theorem 1.27. □

Next, we establish the scaling limit of X in the cut norm stated in Theorem 1.19. We begin with
a simple observation of the cut norm.
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Proposition 9.1. Let A ∈Rm×n and let WA denote the corresponding kernel. Then

mn‖WA‖ä = sup
x∈{0,1}m ,y∈{0,1}n

|x>Ay|.

Proof. Write Ii = ((i −1)/m, i /m] for i = 1, . . . ,m and J j = (( j −1)/n, j /n] for j = 1, . . . ,n. We claim
that the supremum in ‖WA‖ä in (1.30) is attained over a measurable rectangle S×T ⊆ [0,1]2, where
S is the disjoint union of some of the intervals Ii ’s and T is the disjoint union of some of the inter-
vals J j ’s. This will be enough to conclude.

Now we show the claim. Since WA takes the constant value Ai j over the rectangle Ii × J j ,∫
S×T

WA d x d y =∑
i
|S ∩ Ii |

(∑
j
|T ∩ J j |Ai j

)
.

If the quantity in the parenthesis on the right-hand side is nonnegative, then replacing S ∩ Ii with
Ii can only increase the total value; otherwise, replace S ∩ Ii with ;. In this way, we find a new set
S̄ that is the disjoint union of some intervals Ii ’s such that∫

S×T
WA d x d y ≤

∫
S̄×T

WA d x d y.

Similarly, we can find a disjoint union T̄ of some of J j ’s such that∫
S×T

WA d x d y ≤
∫

S̄×T
WA d x d y ≤

∫
S̄×T̄

WA d x d y.

Repeating the same argument with −WA , we can deduce the claim. □

We also record a simple consequence of Lemma 5.1 that the (α,β)-model concentrates around
its expectation in cut norm.

Lemma 9.2 (Concentration of the (α,β)-model in cut norm). Let (r,c) be an m×n δ-tame margin
and Y ∼ µα⊕β, where (α,β) is an MLE for the margin (r,c). Define positive constants L1 and L2 as
in Lemma 5.1. Denote Ỹ = Y −E[Y ]. For each s ∈ [0,L1L2],

P
(‖WỸ ‖ä ≥ s

)≤ 2m+n+1 exp

(
− s2mn

2L2

)
,

P
(
‖Y −Γr,c(Y )‖1 ≥ smn)

)
≤ 3m+n exp

(
− s2mn

18L2

)
.(9.2)

Proof. Using Proposition 9.1, union bound, and Lemma 5.1 with t = s mn
‖x‖2‖y‖2 (see (5.5)),

P
(‖WỸ ‖ä ≥ s

)≤ ∑
x∈{0,1}m y∈{0,1}n

P
(|x>Ỹ y| ≥ smn

)≤ 2m+n+1 exp

(
− s2mn

2L2

)
.

To show (9.2), note that

‖Y −Γr,c(Y )‖1 = ‖r (Y )− r‖1 +‖c(Y )−c‖1 +|Ymn −Y ••+
m−1∑
i=1

r(i )−c(n)|

≤ ‖r (Y )− r‖1 +‖c(Y )−c‖1 +|Z••−Y••|
with Z = E[Y ]. Hence by using the observation (5.6) and Lemma 5.1,

P
(
‖Y −Γr,c(Y )‖1 ≥ smn

)
≤ 3P

(
max

x∈{−1,0,1}m ,y∈{−1,0,1}n
x>Ỹ y ≥ smn

3

)
≤ 3m+n exp

(
− s2mn

18L2

)
.

□
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Proof of Theorem 1.19. Let (αm ,βn) be the standard MLE for (rm ,cn) and let Y ∼ µαm⊕βn
. By

Lemma 9.2, there exists a constant C =C (µ,δ) > 0 such that

P(‖WY −WE[Y ]‖ä ≥ t ) ≤ exp

(
(m +n +1)log2− t 2mn

C

)
.

By Proposition 9.1 and Lemma 9.2, whenever t ∈ [0,L1L2],

P
(
‖WY −WΓrm ,cn (Y )‖1 ≥ t

)
≤ 3m+n exp

(
− t 2mn

18L2

)
.

Combining the above by a union bound,

P
(
‖WΓrm ,cn (Y ) −WE[Y ]‖ä ≥ t

)
≤ exp

(
(m +n +1)log3− t 2mn

C ′

)
for some constant C ′ =C ′(µ,δ) > 0.

Then by the transference principles (Theorems 1.10 and 1.11), for ν-almost surely for each t ≥ 0,

PX (‖WX −WZ rm ,cn ‖ä ≥ t ) ≤ 3e
[

exp(C1ρ)P
(
Y ∈Tρ(r,c)

)−1 ∧ sup pr,c(·)
]

exp

(
m +n − t 2mn

C ′

)
.

Hence by using a similar argument as in the proof of the second part of Theorem 1.27,

P

‖WX −WZ rm ,cn ‖ä ≥
√

Fµ(r,c)

mn

≤ 2exp
(−Fµ(r,c)

)
.

By triangle inequality and Theorem 1.19,

‖WX −W r,c‖ä ≤ ‖WX −WZ rm ,cn ‖ä+C ′′‖(r̄m , c̄n)− (r,c)‖1

for some constant C ′′′ =C ′′(µ,δ). This is enough to conclude (1.31). By Borel-Cantelli lemma, this
yields that WX →W r,c in cut norm almost surely as m,n →∞. □

Next, we establish the limit of the ESD of X .

Proof of Theorem 1.33. In this proof, we will use ‘ESD’ to refer to the empirical eigenvalue (spec-
tral) distribution of a matrix. Without loss of generality, we assume the sequence of δ-tame mar-
gins (rm ,cn) is indexed by k so that m = m(k) and n = n(k) and simply denote (rm ,cn) = (rk ,ck ).
Let (αk ,βk ) denote the standard MLE for margin (rk ,ck ) and let (α,β) denote the limiting MLE
from Theorem 1.19. Let ξ̂k denote the ESD of the gram matrix Ξ̂k := Ỹk Ỹ ∗

k . Similarly, let ξk denote

the ESD of ˆ̃Xk X̃ ∗
k . Let Rk (z) := (Ξ̂k − zI )−1, z ∈C\R denote the resolvent of Ξ̂k .

We will first argue for the unique existence and boundedness of the solution τ for the Dyson
equation (1.32). By Proposition 6.8 the limiting continuum margin (r,c) is δ-tame so ϕ(Aδ) ≤
α(x)+β(y) ≤ ϕ(Bδ) for all (x, y) ∈ [0,1]2. It follows that the kernel ψ′′(α⊕β) for the integral oper-
ator S is uniformly bounded away from zero and from ∞. According to the discussion in [AEK17,
Sec. 3.1] (with a slight modification for the operator setting), the problem reduces to showing the
same statement about the quadratic vector equation (QVE) − 1

σ·(z) = z +S σ·(z) with S the sym-
metrization of S. The hypothesis of [AEK19, Thm. 2.1] is easily verified, so the solution σ is unique
and uniformly bounded for every z ∈H.

Let Sk denote the integral operator with step-kernel ψ′′(ᾱk ⊕ β̄k ) : (0,1]2 → R, where (ᾱk , β̄k ) is
as in Theorem 1.19. By δ-tameness, this kernel is uniformly bounded away from zero and from ∞
with the bounds depending only on δ and µ. By the same argument, the solution σk to the QVE
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− 1
σk·

= ζ+Skσ
k· is unique and uniformly bounded. Since ψ′′ is Lipschitz continuous on bounded

domain, by Theorem 1.19

‖ψ′′(α⊕β)−ψ′′(ᾱk ⊕ β̄k )‖2
2 ≤C‖(r,c)− (r̄k , c̄k )‖1 = o(1)

for some constant C =C (µ,δ) > 0. Thus the variance kernels ψ′′(ᾱk ⊕ β̄k ) converge to ψ′′(α⊕β) in
L2. This and the stability theorem [AEK19, Thm. 2.13] imply that σk converges to σ. Following the
discussion in [AEK17, Thm. 3.1], we can transform σk s to solutions of the Dyson equation (1.32)
with Sk in place of its symmetrization Sk , which we denote as τk s. This shows τk converges to τ

pointwise.
Now we deduce the convergence of the expected singular value distribution of Ỹk . The entries

of Yk have uniform subexponential norms due to the δ-tameness. This and the uniform bound-
edness of the variance kernel verifies the hypothesis in [AEK17]. So by [AEK17, Thm. 2.2], the
Stieltjes transform of ξ̂k , m−1trRk (z), is very close to 〈τk (z)〉 in the half-plane Im(z) ≥ ε∗ for any
fixed ε∗ > 0. (see the reference for a precise statement). Since we know τk → τ pointwise, it follows
that the Stieltjes transforms of ξ̂k converge pointwise to τ. Hence ξ̂k converges weakly to the prob-
ability measure ξ given by the inverse Stieltjes transform of τ. In fact, by the convergence of local
laws in [AEK17, Thm.2.7, 2.9], it also follows that E[ξ̂k ] → ξ weakly. At this point, we have shown (i)
for the tilted models Ỹk .

To show (ii), we wish to show that ξk converges to ξ in probability as k → ∞. Let dW1 denote
the Wasserstein-1 distance between probability measures. Fix ε > 0. Then by the transference
principles that hold under (A1) (see Theorem 1.10 and Theorem 1.14),

P
(
dW1 (ξk ,E[ξ̂k ]) ≥ ε

)≤ exp(C n3/2(logn)2)P
(
dW1 (ξ̂k ,E[ξ̂k ]) ≥ ε

)
for some constant C = C (µ,δ,κ) > 0. We will first consider the special case when µ has compact
support. According to [GZ00, Cor. 1.8] of Guionnet and Zeitouni (also see the remark following the
statement), we have the following sub-Gaussian concentration of ESD of the Wishart matrix Ξ̂k :

P
(
dW1 (ξ̂k ,E[ξ̂k ]) ≥ ε

)≤ exp(−c(ε)(m +n)2).(9.3)

Combining the above, for some constant D = D(µ,δ,κ,ε) > 0,

P
(
dW1 (ξk ,E[ξ̂k ]) ≥ ε

)≤ exp(−D(m +n)2).

Since E[ξ̂k ] → ξ weakly, it follows that ξk → ξ weakly in probability, as desired.
It remains to justify the sub-Gaussian ESD concentration for Ξ̂k (9.3) for the more general case

when µ is sub-Gaussian. We remark that the sub-Gaussian ESD concentration for Wishart matri-
ces in [GZ00, Cor. 1.8] is a direct consequence of the similar result for the Wigner matrices stated
in [GZ00, Thm. 1.1] using Girko’s symmetrization trick (see the discussion above [GZ00, Cor. 1.8]).
This result for the Wigner matrices holds when the laws of the entries have common compact
support or satisfy the log-Sobolev inequality with a uniform constant. Klochkov and Zhivotovskiy
[KZ20, Lem. 1.4] showed that such a result holds when the laws of the entries are uniformly sub-
Gaussian. It is an elementary fact that the bounded exponential tilt of a sub-Gaussian distribution
is sub-Gaussian with a uniform sub-Gaussian norm. It follows that the sub-Gaussian norms of the
entries of Y are uniformly bounded by a constant depending only on µ and δ. This is enough to
conclude. □
Proof of Corollary 1.34. This follows immediately from Theorem 1.33 by the argument sketched
above the statement of Corollary 1.34. □
Proof of Corollary 1.35. When µ is standard Gaussian, then according to the computations in Ex.
3.1, the variance matrix ψ′′(α⊕β) is always the all-ones matrix 1m1>

n . Hence, the Dyson equation
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(1.32) is the same as the one that characterizes the limiting ESD of a m×n matrix with independent
and unit variance entries. The limiting ESD for such matrices is known to be the Marchenko-
Pastur distribution given in the statement (see, e.g., [AEK17]). □

10. CONCLUDING REMARKS

Finally, we provide some concluding remarks and discuss several intriguing open problems.

Random measure perspective. Our main result stated in Theorem 1.19 assumes that the sequence
of margins (rm ,cn) converges (after rescaling) in L1. This assumption is natural from the perspec-
tive of viewing random matrices as random functions. A natural question that we have not inves-
tigated in this work is to view the random matrices as random measures on [0,1]2 (as done in the
permutation limit theory [HKM+13, BDMW24]) and ask if the marginal measures converge weakly,
then the joint random measure should also converge to a limiting measure, possibly a determin-
istic one. We conjecture that if the marginal measures converge to limiting ones with density with
respect to the Lebesgue measure, then the joint random measure in the limit should be given by
the deterministic measure whose density is the limiting typical kernel as in Theorem 1.19.

Conditioning on other constraints. In this work, we only considered conditioning a large random
matrix on dense margins, in which the row and column sums are proportional to the number of
columns and rows, respectively. Can one develop an analogous concentration and limit theory
of random matrices conditioned on sparse margins? Also, note that row and column margin of
an m ×n matrix X are particular linear constraints of the form X1m = r and 1nX = c>. Can one
develop an analogous concentration and limit theory of random matrices conditioned on general
linear constraints of the form Xu = b and u′X = b′ for vectors u,u′,b,b′ of appropriate dimensions?
Moreover, can one establish similar results for symmetric random matrices under constraints? For
instance, this will give a concentration and limit theory for Wigner matrices with a given row sum,
which aligns well with the limit theory of random graphs with given degree sequences [CDS11].

Large deviations principle. Dhara and Sen [DS22] established a large deviations principle for ran-
dom graphs with prescribed degree sequences, building upon foundational work by Chatterjee,
Diaconis, and Sly [CDS11]. We anticipate a similar large deviations principle for random matri-
ces conditioned on given margins, with the information projection (2.7) likely serving as the rate
function. This is currently an ongoing work by the authors.

Schrödinger bridge and optimal transport. Drawing an analogy from the connection between
the static Schrödinger bridges and the entropic optimal transport (see Sec. 2.1), we can also con-
sider an ‘entropic optimal transport’ version of our conditioned random matrix problem. Namely,
let γ : Rm×n → R≥0 be a cost function on m ×n real matrices. Then replacing the base model R

with a probability measure proportional to e−γ/εR, (2.7) becomes

min
H ∈P m×n

∫
Rm×n

γ(x)H (dx)+εDK L(H ‖R) subject to EX∼H [(r (X ),c(X ))] = (r,c).

It remains to be seen whether the ‘typical tables’ in this generalized setting exhibit interesting
structures.
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